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From Editors’ Desk

The Scientific world has been blessed by incarnations of several geniuses throughout the cen-
turies, who decipher the mysteries of the Universe and did several inventions that would facili-
tate the human life. It is believed that they have been naturally gifted with such extraordinary
capabilities. However, besides this natural gift, their achievements are significantly due to the
fact that they have devoted their lives to find answers to the questions arising in their minds due
to their curiosity and keen observation of the surrounding universe.
The achievements of some of these geniuses are so mind blowing that the scientific world of-
ten wonders how it is possible to do so much of research in a number of fields in one life-span.
The brain of such geniuses has been a subject of much research and speculations. According to
Wikipedia, Einstein’s brain has attracted attention because of Einstein’s reputation as one of the
foremost geniuses of the 20th century, and apparent regularities or irregularities in the brain have
been used to support various ideas about correlations in neuroanatomy with general or mathe-
matical intelligence.
Some other brains which were preserved and discussed in a similar manner were those of the
German mathematician Carl Friedrich Gauss almost a hundred years earlier and the mathemati-
cian Sofia Kovalevskaya. It would have been interesting if the brain of the ever great Indian
Mathematician Srinivasa Ramanujan, who was ranked ahead of David Hilbert on the basis of
pure talent by G. H. Hardy, was preserved and studied. It would have certainly confirmed earlier
theories and could have revealed some more facts about the human brain.
Contribution of Ramanujan to Mathematics is so immense that several Mathematicians all around
the world are working on many results stated by him even after 100 years of his death. Number
of new branches emerged out of the work of Ramanujan. The first article in this issue by Prof. B.
Sury from ISI, Bangalore, gives a brief account of the work of Ramaujan and thereby pays tributes
to him on his death centenary year 2020.
People give full credit to the then leading Mathematician G. H. Hardy for recognizing the rare
talent in Ramanujan and polishing his work from formal mathematical point of view. This is true
beyond doubt, but there is a precursor to that. Ramanujan had a most illuminating spark in him
which before anyone else he himself realized. He knew the value of the work that he was doing.
In spite of all the adverse conditions he was in, he kept working on the problems he was interested
in and simultaneously he was desperately trying to get recognition for his work and in the process
he reached Prof. Hardy in UK.
In the second article, Prof. A. M. Vaidya talks about people who had a spark in them and who
kept working on number theoretic problems in spite of severe social, economical, educational and
physical limitations. They also recognized the importance of their work and were desperately
trying for recognition in which they ultimately succeeded to some extent.
The point I am trying to convey to our young readers is, each person has a spark having more or
less illuminating intensity, which he has to realize himself first and then make consistent efforts
with full conviction and devotion to develop that skill or trait to a level, so that the wider world
will be forced to recognize it.
Among the other articles, Prof. V. P. Saxena shares memories of his Cambridge days in the illu-
minating presence of Sir Stephen Hawking. Dr. D. V. Shah writes about important events which
occurred in the Mathematics world and pays tributes to those Mathematicians who left us in re-
cent past. Dr. Udayan Prajapati poses a problem in Number Theory for readers. In the end Prof.
Katre gives an account of some TMC activities and Dr. Ramesh Kasilingum gives calendar of
Academic events to take place in April and May 2020.
We are really happy to bring out the third issue of Volume 1 of the bulletin in January, 2020. We
thank all the authors who have contributed the articles for this issue, all the editors, our designers
Mrs. Prajkta Holkar and Dr. R. D. Holkar and all those who have directly or indirectly helped us
in bringing out this issue on time.

Chief Editor, TMC bulletin.
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1. Ramanujan’s mathematics—some glimpses

B. Sury
Indian Statistical Institute, Bangalore1

In India, if the common man is asked to name great mathematicians
from our country, it is almost certain that the first name that would appear is
that of S. Ramanujan (22 December 1887-26 April 1920). Ramanujan’s initial
struggles in India followed by his departure for England to collaborate with
G. H. Hardy, one of topmost mathematicians of those times, have been well-
chronicled. The book by Robert Kanigel and the feature film made on his life
have splendidly showcased these aspects. However, understandably, they
do not feature technical descriptions of his mathematical work in detail. In

a short life span, Ramanujan made deep contributions which are still of significance in present
day mathematics. In this article, we provide a brief glimpse into a wide variety of topics that he
contributed to significantly.

1.1 A CONTINUED FRACTION OF RAMANUJAN

e−2π/5
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−

√
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2
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This continued fraction appeared in Ramanujan’s very first letter to Hardy written on January 16,
1913. Of this and some other formulae in that letter, Hardy said in 1937:

“They defeated me completely. I had never seen anything in the least like them before. A single look at
them is enough to show that they could only be written down by a mathematician of the highest class. They
must be true because, if they were not true, no one would have had the imagination to invent them."

We mention briefly what a simple continued fraction is. It is an expression

a0 +
1

a1 +
1

a2+
1

a3+···

A less cumbersome notation is

l = a0 +
1

a1+

1
a2+

· · · · · ·

That is, l = a0 + 1/l1, l1 = a1 + 1/l2, l2 = a2 + 1/l3 etc. and l is the limiting value which can be
shown to exist.
For instance, 1 + 1

1+
1

1+ · · · equals the golden ratio. Akin to decimal expansions, this is a device
to express any positive real number in terms of positive integers. Decimal expansions of rational
numbers are recurring and, an analogous thing happens for real numbers satisfying a quadratic
equation over integers.

For instance,
√

7 = 2 + 1
1+

1
1+

1
1+

1
4+ · · · where the 1, 1, 1, 4 will keep repeating; one writes

briefly as √
7 = [2; 1, 1, 1, 4, · · · ].

Actually, writing continued fractions for rational numbers p/q is familiar to all if one realizes that
it is essentially equivalent to the Euclidean division algorithm of finding the GCD of p and q. In
fact, it is also equivalent to very efficiently solving the linear Diophantine equation px + qy =
(p, q). For example:
Suppose we wish to solve 72x + 57y = 1 in integers x, y. Look at the following divisions:
57 = 78125 = 1085 × 72 + 5; 72 = 14 × 5 + 2; 5 = 2 × 2 + 1; 2 = 2 × 1 + 0
Then 78125

72 = [1085; 14, 2, 2].

1This is an expanded version of talks delivered to undergraduate students of science
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The penultimate convergent [1085; 14, 2] = 1085 + 1/(14 + 1
2 ) = 1085 + 2

29 = 31467
29 provides us

with a solution of 72x + 57y = 1; viz. (x, y) = (−31467, 29)!
It is easy to write the above as an algorithm to solve linear equations.
Indeed, if m < n and we wish to solve mx + ny = (m, n), their GCD.

1. Write n
m = [a0; a1, · · · , ak].

2. Compute [a0; a1, · · · , ak−1] =
u
v .

3. Then (x, y) = ((−1)ku, (−1)k−1v) is a solution of mx + ny = (m, n).

The continued fraction of Ramanujan quoted in the beginning can be proved using the so-called
Rogers-Ramanujan identities which are, in turn, intimately connected to the theory of partitions
to which Ramanujan made fundamental contributions.

1.2 A QUICK PEEK AT PARTITIONS

Given a natural number n, the number p(n) of ways of partitioning n as a sum of natural numbers
seems simple enough to study but turns out to be deceptively difficult. The 7 partitions of 5 are:
5, 4 + 1, 3 + 2, 3 + 1 + 1, 2 + 2 + 1, 2 + 1 + 1 + 1, 1 + 1 + 1 + 1 + 1.
The first few values

p(1) = 1, p(2) = 2, p(3) = 3, p(4) = 5, p(5) = 7

do not seem to give a clue as to either a formula or even of how these numbers grow astronomi-
cally. For instance, p(200) is almost 4 × 1012.
So, it would be impossible to enumerate big numbers like p(200) actually.
Ramanujan first observed empirically, then conjectured the following amazing congruences:

p(5n + 4) ≡ 0 (mod 5); p(7n + 5) ≡ 0 (mod 7); p(11n + 6) ≡ 0 (mod 11).

He proved the first two and the last one was proved by Atkin. Ramanujan also conjectured that
congruences modulo powers of 5, 7, 11 must also hold.
The partition function has a nice generating function : ∑∞

n=0 p(n)qn = ∏∞
r=1

1
1−qr , where the con-

vention is to put p(0) = 1.
The above identity is formally seen to be true as an identity in q by expanding each term of the
right hand side as a geometric series.
The following wonderful algebraic identities have reformulation in terms of the partition func-
tions.
Rogers-Ramanujan identities:
If |q| < 1, then

1 + ∑
n≥1

qn2

(1 − q) · · · (1 − qn)
= ∏

n≥0

1
(1 − q5n+1)(1 − q5n+4)

and

1 + ∑
n≥1

qn(n+1)

(1 − q) · · · (1 − qn)
= ∏

n≥0

1
(1 − q5n+2)(1 − q5n+3)

.

These identities are equivalent forms of the partition-theoretic statements (see P. A. MacMahon,
Combinatory Analysis, vol. 2, Cambridge University Press, New York, NY, USA, 1916):

(i) The number of partitions of n into parts, any two of which differ by at least 2, equals the number of
partitions of n into parts congruent to ±1 modulo 5.

(ii) The number of partitions of n into parts > 1, any two of which differ by at least 2, equals the number
of partitions of n into parts congruent to ±2 modulo 5.

[ 2 \



1. Ramanujan’s mathematics—some glimpses

Partition identities are intimately related to many subjects like statistical mechanics, representa-
tion theory, modular forms etc.
A natural question is whether there is a formula to express the exact number of partitions. The
remarkable exact formula below is due to Rademacher but it was based on an asymptotic formula
of Hardy and Ramanujan.

p(n) =
1√
2π

∞

∑
q=1

Aq(n)
√

q[
d

dx
sinh((π/q)( 2(x−1/24)

3 )1/2)

(x − 1/24)1/2 ]x=n

where Aq(n) = ∑ ωp,qe−2npπi/q, the last sum being over p’s prime to q and less than it, ωp,q is a
certain 24q-th root of unity.
Here is an interesting aspect which may not be well-known! More than 30 years back, a conference
was held in TIFR Bombay to celebrate Ramanujan’s centenary, where the mathematician Atle
Selberg (who won the Fields medal for his elementary proof of the prime number theorem) spoke
thus:
“If we look at Ramanujan’s first letter to Hardy, there is a statement which has relation to his later
work on the partition function. He claims an approximate expression for a certain coefficient of
a reciprocal of a theta series. This is the exact analogue of the leading term in Rademacher’s
formula. Ramanujan, in whatever way, had been led to the correct term. It must have been, in
a way, Hardy who did not fully trust Ramanujan’s insight and intuition when he chose another
expression which they developed into an asymptotic formula p(n) ∼ exp(c

√
n)/4n

√
3 where

c = π
√

2/3. If Hardy had trusted Ramanujan more, they would have inevitably ended with the
Rademacher series."
He also went on to say: “One might speculate, although it may be somewhat futile, about what
would have happened if Ramanujan had come in contact not with Hardy but with a great mathe-
matician of more similar talents, someone who was more inclined in the algebraic directions, for
instance, Erich Hecke in Germany. This might perhaps have proved much more beneficial and
brought out new things in Ramanujan that did not come to fruition by his contact with Hardy. But
Hardy deserves greatest credit for recognizing Ramanujan’s originality and assisting him and his
work in the best way he could."

1.3 RAMANUJAN’S TAU FUNCTION

Ramanujan’s work on the tau function (named after him) is among the most influential in several
parts of mathematics. We discussed the partition function p(n) which has the generating function

∞

∑
n=0

p(n)qn =
∞

∏
r=1

1
1 − qr

Related to p(n) is the function

∆(z) := q
∞

∏
n=1

(1 − qn)24

where q = e2iπz and z = x + iy with y > 0.
∆(z) has strong transformation properties under the transformations z 7→ z + 1 and z 7→

−1/z; indeed ∆(z + 1) = ∆(z). So ∆(z) has a Fourier expansion in powers of q = e2iπz:

∆(z) = q
∞

∏
n=1

(1 − qn)24 = ∑
n≥1

τ(n)qn

where τ(n) is now known as Ramanujan’s tau function.
Ramanujan predicted remarkable properties of the tau function and they have been proved much
later leading to some more deep discoveries. Ramanujan’s tau function takes integer values and
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he conjectured:
τ(mn) = τ(m)τ(n) if m, n are coprime;
τ(pr+1) = τ(pr)τ(p)− p11τ(pr−1) for r > 0 and p prime;
|τ(p)| ≤ 2p11/2 for prime p.
The first two conjectures were proved by Mordell not very long after they were made but the
third one was proved by Pierre Deligne who won a Fields medal for that work in 1974 (see “La
conjecture de Weil I" Pierre Deligne, Publications Mathématiques de l’IHÉS, Volume 43 (1974),
p. 273-307 and “Formes modulaires et représentations l-adiques" by Pierre Deligne, Séminaire
Bourbaki, vol. 1968/69, exposé 355).
An elementary (but perhaps strange-looking) implication is that for any natural number n, the
value τ(n) differs from σ11(n) by a multiple of the prime 691. Here σ11(n) denotes the sum of
the 11-th powers of the divisors of n. A famous unsolved conjecture of D. H. Lehmer from
1947 asserts that Ramanujan’s tau function never vanishes! In fact, even the question whether p
divides τ(p) for infinitely many primes p is open.
One curious recent result shows that each integer N 6= 0, 1,−1 is expressible as ∑148000

i=1 τ(ni)
where max ni << |N|2/11exp(−c log |N|/ log log |N|). This is optimal in view of Deligne’s result
proving Ramanujan’s conjecture that |τ(n)| ≤ d(n)n11/2.

1.4 RAMANUJAN PRIMES

A beautiful theorem about primes which goes under the name Bertrand’s postulate asserts that
there is always a prime n < p ≤ 2n for any n > 1. Several proofs are known including an elegant
one due to Ramanujan. The wandering mathematician Paul Erdős wrote his first paper on a proof
of this. It happens to be close to Ramanujan’s proof. But, Ramanujan went further and analyzed
the number of primes between n and 2n-this increases with n. Indeed, for each r, if nr is the
smallest positive integer such that there are at least r primes between N/2 and N for any N ≥ nr,
then clearly nr is itself a prime-called the r-th Ramanujan prime2. The first few such ‘Ramanujan
primes’ are 2, 11, 17, 29, 41, 47.
It is a consequence of the prime number theorem (PNT) that the n-th Ramanujan prime is between
the 2n-th prime and the 4n-th prime for every n. We mention that the PNT is the statement that the
number of primes up to x is asymptotic to x/ log(x); equivalently, the n-th prime is asymptotic
to n log(n). Recently, it has been proved that the n-th Ramanujan prime Rn is asymptotic to the
2n-th prime.
There are interesting open conjectures like there are arbitrarily long strings of primes which con-
sist entirely of Ramanujan primes etc.!

1.5 A DIOPHANTINE EQUATION WITH PRIMES

A beautiful observation due to Ramanujan is:

2 + (1/2)2 = (3/2)2; 2.3 + (1/2)2 = 5/2)2; 2.3.5 + (1/2)2 = (11/2)2;

2.3.5.7 + (1/2)2 = (29/2)2; 2.3.5.7.11.13.17 + (1/2)2 = (1429/2)2.

The natural question arises as to whether there are other solutions to the equations p1 p2 · · · pk +
r2 = y2 where r, y are non-zero rational numbers and pi’s are certain primes.
Diophantine equations seeking prime number solutions are notoriously difficult to solve com-
pared to solutions in arbitrary integers. Very recently, new techniques from subjects like dynam-
ical systems, ergodic theory and ‘thin subgroups of arithmetic groups’ have enabled us to obtain
results such as there are infinitely many Pythagorean triangles whose area is an ‘almost’ prime
for some r (an r-almost prime is a product of at the most r primes).

2The name Ramanujan prime in this context was given by J. Sondow; there is another very different notion of
Ramanujan prime coming from automorphic forms

[ 4 \
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1.6 RAMANUJAN AND DENESTING

It is elementary to prove that the ‘nested’ radical converges and gives√
1 + 2

√
1 + 3

√
1 + 4

√
1 + · · · = 3.

Ramanujan had posed similar, more complicated problems of “de-nesting radicals"-that is replac-
ing an expression with radicals by another with fewer radical symbols. In this regard, he proved
the following very beautiful theorem:
If m, n are arbitrary, then √

m 3
√

4m − 8n + n 3
√

4m + n =

±1
3
( 3
√
(4m + n)2 + 3

√
(4m − 8n)(4m + n)− 3

√
2(m − 2n)2).

Of course, as in the case of many algebraic or number-theoretic identities, it is easy to verify
simply by manipulation; in this case, by squaring both sides! However, a priori, it is neither clear
how this formula was arrived at by Ramanujan nor how general it is. Are there more general
formulae? In fact, it turns out that Ramanujan was absolutely on the dot here; the following
result shows Ramanujan’s result cannot be bettered :

Let α, β ∈ Q∗ such that α/β is not a perfect cube in Q. Then,
√

3
√

α + 3
√

β can be denested if and only if

there are integers m, n such that α
β = (4m−8n)m3

(4m+n)n3 .

For instance, it follows by this theorem that
√

3
√

3 + 3
√

2 cannot be denested.
In fact, the proof of theorems like the one above uses Kummer theory of Galois extensions. Ra-
manujan probably did not know this theory but then he had this uncanny ability to unearth a
special result which turns out each time to be the only one of its kind!

1.7 HOUSE NUMBERS

Every one has heard the story of the famous taxi-cab number 1729. We know this story thanks to
P. C. Mahalanobis who was a contemporary of Ramanujan at the Cambridge university.
About Ramanujan’s thought process or his familiarity with specific natural numbers, G. H. Hardy
wrote:
“I have often been asked whether Ramanujan had any special secret; whether his methods dif-
fered in kind from those of other mathematicians; whether there was anything really abnormal
in his mode of thought. I cannot answer these questions with any confidence or conviction; but,
I do not believe it. My belief is that all mathematicians think, at bottom, in the same kind of
way, and that Ramanujan was no exception. He had, of course, an extraordinary memory. He
could remember the idiosyncrasies of numbers in an almost uncanny way. It was Mr Littlewood
(I believe) who remarked that every positive integer was one of his personal friends. I remem-
ber once going to see him when he was lying ill at Putney. I had ridden in taxi-cab No. 1729,
and remarked that the number seemed to me rather a dull one, and that I hoped it was not an
unfavourable omen. “No," he replied, “it is a very interesting number; it is the smallest number
expressible as a sum of two cubes in two different ways."

Lest this anecdote gives the impression that Ramanujan came up with this amazing property of
1729 on the spot, let me add that he had actually written it down even before going to England!

Ramanujan discovered the identity

(6A2 − 4AB + 4B2)3 = (3A2 + 5AB − 5B2)3 + (4A2 − 4AB + 6B2)3 + (5A2 − 5AB − 3B2)3

[ 5 \
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from which the identity 123 = (−1)3 + 103 + 93 follows. With a modern point of view where
geometric methods are often used to solve arithmetic problems, the equation x3 + y3 = z3 + w3

represents a rational elliptic surface. One may interpret that Ramanujan discovered a K3 surface
with Picard number 18, one which can be used to obtain infinitely many cubic twists over Q with
rank at least 2 (see Ken Ono & Sarah Trebat-Leder, The 1729 K3 surface, Res. Number Theory (2016)
2; 26). Incidentally, K3 surfaces are fundamental objects not only in arithmetic geometry, but also
in string theory, and remarkably, they were defined first by André Weil in 1958!
During one of the times Mahalanobis visited Ramanujan, he mentioned that in the Strand maga-
zine, he had seen the following problem:
Imagine that you are on a street with houses marked 1 through n. There is a house in between such that the
sum of the house numbers to the left of it equals the sum of the house numbers to its right. If n is between
50 and 500, what are n and the house number?
Ramanujan thought for a moment and replied “Take down the solution" and dictated a continued
fraction saying that it contained the solution. Evidently, Ramanujan wanted to have some fun
instead of directly giving the answer! So, what is behind this?
If the house number is r, then we have

1 + 2 + · · ·+ (r − 1) = (r + 1) + · · ·+ n

The LHS is (r−1)r
2 and if we add 1 + 2 + · · · + r = r(r+1)

2 to both sides, we have r2 = n(n+1)
2 .

Multiplying by 8 and adding 1, we have 8r2 + 1 = (2n + 1)2.
The equation above is a special case of the equation x2 − Ny2 = 1 where N is a square-free positive
integer (popularly and erroneously known as Pell’s equation-it has nothing to do with Pell!)

The ancient Indian mathematicians Brahmagupta and Bhaskara II had com-
pletely solved them and their solution-the ‘CHAKRAVALA’ method-can be
expressed using the (more modern) continued fractions as we will presently
recall. Before that, I very briefly recall some history of this problem. Brah-
magupta (6th century) and Bhaskara (12th century) not only solved equations
of the form x2 − Ny2 = ±1, as mentioned above, they also gave the marvel-
lous chakravala algorithm to do that. In 1150 AD, Bhaskara II gave the explicit
solutions (this is the smallest solution)

17663190492 − 61(226153980)2 = 1

1580706719862492 − 109(15140424455100)2 = 1!

In fact, Brahmagupta had already solved this equation in 628 AD for several values like N = 83
and N = 92. He is said to have remarked, “a person who is able to solve these two cases within a year
is truly a mathematician"!

Amazingly, a 1657 challenge of Fermat “to the English mathematicians and all
others" was posed in a letter to his friend Frenicle; he posed the problem of
finding a solution of x2 − Ny2 = 1 “pour ne vous donner pas trop de peine" like
N = 61, 109. André Weil, one of the greatest mathematicians of the 20th cen-
tury, who is also an Indophile, says of this:
“What would have been Fermat’s astonishment if some missionary, just back
from India, had told him that his problem had been successfully tackled there

by native mathematicians almost six centuries earlier?".
The continued fraction solution to Brahmagupta-Pell equation goes as follows.
For a positive integer N which is not a perfect square, the continued fraction
expansion of

√
N looks like

√
N = [b0; b1, b2, · · · , br, 2b0].

Further, the penultimate convergent [b0; b1, b2, · · · , br]
(in fact, each of the convergents [b0; b1, b2, · · · , br, 2b0, b1, b2, · · · , br] etc.) gives
a solution of x2 − Ny2 = −1 or of x2 − Ny2 = 1 according as to whether the
period r + 1 above is odd or even.

[ 6 \
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Let us return to our problem of the Strand magazine. As
√

8 = [2; 1, 4], the convergents 3
1 , 17

6 ,
99
35 , 577

204 , 3363
1189 , · · · give solutions of x2 − 8y2 = 1.

In the above problem, the house number r and the total number n of houses are related by the
equation (2n + 1)2 − 8r2 = 1; this means (n, r) = (1, 1), (8, 6), (288, 204), (1681, 1189), · · · .
The unique solution for n between 50 and 500 is n = 288 and the house number is r = 204
but there are infinitely many solutions all given by the continued fraction of

√
8 that Ramanujan

dictated!

1.8 RAMANUJAN’S 6-8-10 THEOREM

Ramanujan proved the following beautiful identity for arbitrary numbers a, b, c, d with ad = bc:

64[(a + b + c)6 + (b + c + d)6 − (c + d + a)6 − (d + a + b)6 + (a − d)6 − (b − c)6]

×[(a + b + c)10 + (b + c + d)10 − (c + d + a)10 − (d + a + b)10 + (a − d)10 − (b − c)10]

= 45[(a + b + c)8 + (b + c + d)8 − (c + d + a)8 − (d + a + b)8 + (a − d)8 − (b − c)8]2.

Only several decades later, more general identities have been discovered.

1.9 RAMANUJAN AND FAST CONVERGENTS TO PI

Ramanujan wrote a paper, ‘Modular equations and approximations to π’ where one of his amaz-
ing formulae reads

1
π

=

√
8

9801

∞

∑
n=0

(4n)!(1103 + 26390n)
(n!)43964n .

In a Ramanujan centenary conference volume, J. M. Borwein and P. B. Borwein assert that the
partial sums in the above infinite series converge to the true value more rapidly than any other
calculation of π until the 1970’s. Each successive term adds roughly eight more correct digits. The
Borweins bettered Ramanujan’s result in 1987. In an article in Scientific American of 1988, they
say:
"Iterative algorithms (where the output of one cycle is taken as the input for the next) which
rapidly converge to pi were, in many respects, anticipated by Ramanujan, although he knew
nothing of computer programming.
Indeed, computers not only have made it possible to apply Ramanujan’s work but have also
helped to unravel it.
Sophisticated algebraic manipulations software has allowed further exploration of the road Ra-
manujan travelled alone and unaided 75 years ago."
A sense of incredulity prevails on reading these words when one pictures Ramanujan sitting and
writing on a slate and erasing with his elbow!

1.10 HIGHLY COMPOSITE NUMBERS AND PROBABLISTIC NUMBER THEORY

A number n is highly composite if the number of divisors d(m) of m satisfies d(m) < d(n) for all
m < n. Ramanujan wrote a long paper on ‘highly composite numbers’ which inspired Erdös for
his beginning work. Erdös recalls that he got access to a manuscript of Ramanujan on this topic
which was not completely published because “during the first world war, paper was expensive"!
Ramanujan proved-in collaboration with Hardy-that most positive integers have at least log log n
distinct prime factors. This means essentially that however slow a function ψ(n) goes to infinity,
the difference between the number ω(n) of distinct primes dividing n and the number log log n
is at the most as large as ψ(n)

√
log log n for ‘almost’ all n-in the sense that the proportion of n up

to N satisfying this inequality tends to 1 as N tends to infinity.
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It is now well-documented that this was the key result that inspired Erdös and Mark Kac to come
up with a new subject now called probabilistic number theory. In fact, Erdös and Kac proved that
for any real number t, the proportion of n ≤ N satisfying

ω(n) ≤ log log n + t
√

log log n

tends to 1
2π

∫ t
−∞ e−x2/2dx as N → ∞. This statement can be interpreted as saying:

The number of prime factors of a random positive integer n behaves like a normally distributed random
variable with mean log log n and standard deviation

√
log log n.

Mark Kac also wrote an article titled ‘Can one hear the shape of a drum?" This intriguing ti-
tle means whether the acoustics produced by a drum (read this as eigenvalues of the Laplace-
Beltrami operator of that drum) can be the same for two differently-shaped drums. It is known
now there are many examples of such ‘Isospectral but not isometric’ spaces.

1.11 15 THEOREM OF BHARGAVA

Although infinitely many positive integers are not expressible as the sums of three integer squares,
Lagrange proved that four integer squares always suffice. That is, the ‘quadratic form’ x2 + y2 +
z2 + w2 is ‘universal’ for positive integers (that is, the set of values covers all positive integers).
Ramanujan was the first to put forth a study of universal forms in 1916 when he wrote down the
list of all integral, positive-definite, 4-dimensional diagonal forms ax2 + by2 + cz2 + dw2 which
are universal!
Ramanujan’s list of 55 forms was later shown to be accurate and exhaustive excepting one form
x2 + 2y2 + 5z2 + 5w2 which was observed to take all values excepting the value 15. Manjul Bhar-
gava proved the remarkable “15 theorem" asserting that an integral quadratic form which takes
all the values between 1 and 15 takes all integer values! This shows how optimal Ramanujan’s
result is.

1.12 RAMANUJAN SUMS

In 1918, Ramanujan published a famous paper titled ‘On certain trigonometrical sums and their
applications in the theory of numbers’ in the Transactions of the Cambridge Philosophical Society.
He proved several nice properties of certain finite sums which are now known as Ramanujan
sums. Even though Dirichlet and Dedekind had already considered these sums in the 1860’s,
according to G. H. Hardy, “Ramanujan was the first to appreciate the importance of the sum and
to use it systematically."
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Ramanujan sums play a key role in the proof of a famous result due to Vinogradov asserting that
every large odd number is the sum of three primes. These sums have numerous other applications
in combinatorics, graph theory and even in physics; they have applications in the processing of
low-frequency noise and in the study of quantum phase locking-subjects about which Ramanujan
had no remarkable knowledge! So, what are these sums?
For integers n ≥ 1, k ≥ 0, the sum cn(k) = ∑(r,n)=1 e2ikrπ/n is called a Ramanujan sum. In other
words, it is simply the sum of the k-th powers of the primitive n-th roots of unity-‘primitive’ here
means that the number is not an m-th root of unity for any m < n. Note that the primitive n-th
roots of unity are the numbers e2ikrπ/n for all those r ≤ n which are relatively prime to n.
The first remarkable property the Ramanujan sums have is that they are integers-indeed

cn(m) = ∑
d|(n, m)

dµ(n/d).

Recall that the Möbius function is defined by
µ(n) = 1, if n = 1;
µ(n) = (−1)k if n = p1 · · · pk, a product of k distinct primes;
µ(n) = 0 otherwise.
Ramanujan showed that several arithmetic functions (that is, functions defined from the set of
positive integers to the set of complex numbers) have ‘Fourier-like’ of expansions in terms of
the sums; hence, nowadays these expansions are knows as Ramanujan expansions. They often
yield very pretty elementary number-theoretic identities. Recently, mathematicians have used the
theory of group representations of the permutation groups (the so-called supercharacter theory)
to re-prove the old identities in a quick way and also discover new identities (see C. F. Fowler, S.
Ramon Garcia & G. Karaali, Ramanujan sums as supercharacters, Ramanujan J. 35 (2014) p.205-241).
Look at the sum of the r-th powers of divisors function

σr(n) = ∑
d|n

dr

If ζ(s) denotes the sum of the series ∑∞
l=1

1
ns for any s > 1, we have:

σr(k) = krζ(r + 1)
∞

∑
n=1

cn(k)
nr+1

Note that these give expansions for σr when r ≥ 1.
The expansion for the divisor function d(k) = σ0(k) can also be deduced from the above as

d(k) =
∞

∑
n=1

−cn(k)
log(n)

n

For any m ≥ 1, a generalization of the Euler’s totient function is ϕm(k) = km ∏p|k(1 − p−s) where
the product on the right is over all the prime divisors of k; ϕ1 is the phi function. Ramanujan
showed for any m ≥ 1 that

ϕm(k) =
km

ζ(m + 1)

∞

∑
n=1

µ(n)cn(k)
ϕm+1(n)

Let rm(k) = |{(a, b) : a, b ∈ Z, am + bm = k}|, the number of ways to write k as a sum of two
m-th powers. Ramanujan obtained expressions for r2, r4, r6, r8 and a few other related arithmetic
functions.
For r2(k), this is:

r2(k) = π
∞

∑
n=1

(−1)n−1

2n − 1
c2n−1(a).

Here is a curiosity: a form of the famous prime number theorem is the assertion that ∑n
µ(n)

n = 0
and this is also equivalent to the assertion that ∑n≥1

cn(k)
n = 0 for all k !
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1.12.1 Ramanujan sums and cyclotomic polynomials

For convenience, if we write
∆n = {e2irπ/n : (r, n) = 1},

then the set of all n-th roots of unity {e2ikπ/n : 0 ≤ k < n} is a union of the disjoint sets ∆d as
d varies over the divisors of n. Consider the ‘characteristic’ function δk|n which has the value
1 when k divides n and the value 0 otherwise. Here are some properties of Ramanujan’s sums
which are left as easy exercises to verify.
Properties of ck(n).

(i) cn(k) = cn(−k) = cn(n − k);

(ii) cn(0) = ϕ(n) and cn(1) = µ(n);

(iii) cn(ks) = cn(k) if (s, n) = 1; in particular, cn(s) = µ(n) if (s, n) = 1;

(iv) cn(k) = cn(k′) if (k, n) = (k′, n); in particular, cn(k) ≡ cn(k′) mod n if k ≡ k′ mod n;

(v) ∑n−1
k=0 cn(k) = 0;

(vi) ∑d|n cd(k) = δn|kn and cn(k) = ∑d|n dµ(n/d)δd|k = ∑d|(n,k) dµ(n/d);

(vii) cmn(k) = cm(k)cn(k) if (m, n) = 1.

The equality cn(k) = ∑d|n dµ(n/d)δd|k is very useful; even computationally the defining sum
for cn(k) requires approximately n operations where as the other sum requires roughly log(n)
operations.
Recall that cn((k, n)) = cn(k); thus, for each fixed n, one may say that the function k 7→ cn(k) is
“even modulo n". This is in analogy with even functions which are ‘even modulo 2’. The following
beautiful general theorem holds good.
Let n be a fixed positive integer and let f be any arithmetic function which is even modulo n. Then, there
exists unique numbers ad for each d|n which satisfy

f (k) = ∑
d|n

adcd(k)

In fact, for each d|n, we have

ad =
1
n ∑

e|n
f (n/e)ce(n/d)

Just as eigenfunctions have orthogonality properties like the classical Legendre, and Hermite
polynomials etc., the finite Ramanujan sums have the remarkable orthogonality relations:

• ∑r|n ϕ(r)cd(n/r)ce(n/r) = nϕ(d) or 0 according as to whether d = e or not.

• ∑r|n
1

ϕ(r) cr(n/d)cr(n/e) = n
ϕ(d) or 0 according as to whether d = e or not.

• If (mu, nv) = 1, then cmn(uv) = cm(u)cn(v).

• ∑d|n cd(n/d) =
√

n or 0 according as to whether n is a perfect square or not.

• cd(n/e)ϕ(e) = ce(n/d)ϕ(d) if d, e are divisors of n.

• ∑d,e|n cd(n/e)ce(n/d) = nd(n) for divisors d, e of n.

In addition, there are mixed orthogonality relations such as:
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• For divisors d, e of n, we have ∑r|n cd(n/r)cr(n/e) = n or 0 according as to whether d = e or
not.

• For a divisor d of n, we have ∑r|n cd(n/r)µ(r) = n or 0 according as to whether d = n or
not.

These novel developments allow us to discover new identities for power sums such as the follow-
ing:
Let n = ∏r

i=1 pαi
i and d = ∏r

i=1 pβi
i be a divisor; that is, βi ≤ αi for all i. Then, for all m ≥ 0

∑
k|n

cd(k)m =
r

∏
i=1

(
(αi − βi + 1)ϕ(pβi

i )m + (−1)m(pβi−1
i )m

)
.

One of the sources for the proofs of such properties and their generalizations is the paper “Ra-
manujan sums as supercharacters" by Christopher F. Fowler, Stephan Ramon Garcia, and Gizem
Karaali in Ramanujan J. 35 (2014) P. 205-241.
To give an idea as to how ubiquitous Ramanujan sums are in many counting problems like the
number of solutions of congruences etc., here is one recent result (see K. Bibak, B. M. Kapron,
Venkatesh Srinivasan, R. Tauraso & L. Toth, Restricted linear congruences, Journal of Number The-
ory 171 (2017) p.128-144):
Let b, n ≥ 1, ti|n(1 ≤ i ≤ k) be given integers. The number of solutions of the linear congruence
x1 + . . . + xk ≡ b (mod n) with (xi, n) = ti(1 ≤ i ≤ k), is

1
n ∑

d|n
cd(b)

k

∏
i=1

c n
ti
(

n
d
)

This result has been used in counting coverings (see K. Bibak, B. M. Kapron and Venkatesh
Srinivasan, Counting surface-kernel epimorphisms from a co-compact Fuchsian group to a cyclic group
with motivations from string theory and QFT, Nuclear Physics B 910 (2016) p.712-723). For instance,
a co-compact Fuchsian group Γ with signature (g; n1, · · · , nk) has a presentation

< x1, · · · , xk, a1, b1, · · · , ag, bg|xn1
1 , · · · , xnk

k , [a1, b1] · · · [ag, bg] > .

It can be seen without much difficulty that for every positive divisor d of the lcm of ni’s, the num-
ber of surface-kernel homomorphisms from Γ to the cyclic group of order d equals the number of
solutions of the restricted linear congruence x1 + · · ·+ xk ≡ 0 (mod d), with (xi, d) = d/ni for all
i ≤ k.

1.13 MODULAR FORMS AND MOCK THETA FUNCTIONS

There are several other topics like Ramanujan graphs and the circle method which we have not
alluded to. We just look at one final topic-mock theta functions-which Ramanujan mentioned
in his last letter to Hardy three months before his death and which is proving to be of deep
interest today in conformal field theory, the theory of black holes and quantum invariants of
some special 3-dimensional manifolds. In this last letter, Ramanujan talks excitedly about some
functions called ‘mock theta functions’. He does not define these functions but gives 17 examples
and observes a certain key property they possess.
A modern-day motto in mathematics that has been gaining popularity is that there are 5 basic op-
erations in mathematics-addition, subtraction, multiplication, division and modular forms! Lest
it sound incredible, one must add that most of the time, modular forms are present somewhat
below the surface making things work! Properties of arithmetic nature like the analysis of the
number of divisors of an integer, the number of partitions or the number of expressions of a
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number as a sum of squares of integers are ‘ruled’ by modular forms. Modular forms are func-
tions which have a lot of symmetry in them due to their transforming nicely under some natural
transformations like the so-called Möbius transformations.
A classical example is Jacobi’s theta function θ(x) = ∑n∈Z eiπn2x; it transforms nicely under x 7→
−1/x and x 7→ x + 1. It is effective in determining the number of expressions of a positive integer
as a sum of four squares, thereby going much further than just proving Lagrange’s result on 4
squares.
Ramanujan gave examples of functions which were not modular forms (which he called mock
theta functions) but which asymptotically behaved like theta functions when the argument ap-
proached a root of unity. Since Ramanujan’s death, several mathematician have studied his ex-
amples but there was no unified theory behind them. Almost 82 years later in 2002, Zwegers,
in his Bonn Ph.D. work done under the supervision of the versatile mathematician Don Zagier,
uncovered such a theory. It is outside the scope here to explain the theory but we can definitely
give some elementary consequences which we proceed to do now.
Recall Ramanujan’s three congruences for partitions:

p(5n + 4) ≡ 0 (mod 5); p(7n + 5) ≡ 0 (mod 7); p(11n + 6) ≡ 0 (mod 11)

In order to understand these, the physicist Freeman Dyson came up with the following conjecture
which was proved to be correct for the first 2 congruences by Atkin and Swinnerton-Dyer. Call
the rank of a partition to be the largest part minus the number of parts. Dyson’s (conjectural)
refinement of the fact that p(5n + 4) is a multiple of 5 is that the number of partitions of 5n + 4
falls into 5 equal classes-the partitions whose rank is a given residue mod 5. The same explanation
works for p(7n + 6) being a multiple of 7. It does not work for the 3rd congruence and Dyson
later defined something called the ‘crank’ which we don’t go into here.
The generating function for the rank of a partition is:

∑
n≥1

( ∑
λ∈P(n)

wrank(λ))qn = ∑
n≥1

qn2

∏m≤n(1 − wqm)(1 − w−1qm)

Here, the notation λ ∈ P(n) means λ is a partition of n.
When w = −1, this gives the first of Ramanujan’s examples of a ‘mock theta function’ of order
3(!)
In fact, if one multiplies the above expression (for w = −1) by q1/24, the resulting function behaves
like a modular form of weight 1/2.
We end with a recent beautiful result due to Ken Ono and Kathryn Bringmann which comes out
of refining Zwegers’s work on Ramanujan’s mock theta functions-it shows the partition function
indeed admits of a large number of congruences. Here are many:
Let t be a positive integer and Q be a prime power which is co-prime to 6. Then, there exists a positive
integer A and a residue class B modulo A such that for any residue class r modulo t, and any positive
integer n ≡ B modulo A, the number N(r, t, n) of partitions of n which have rank congruent to r modulo
t is a multiple of Q.
The Nobel Laureate S. Chandrasekhar wrote 25 years ago:
“It must have been a day in April 1920, when I was not quite ten years old, when my mother told
me of an item in the newspaper of the day that a famous Indian mathematician, Ramanujan by
name, had died the preceding day; and she told me further that Ramanujan had gone to England
some years earlier, had collaborated with some famous English mathematicians and that he had
returned only very recently, and was well-known internationally for what he had achieved.
Though I had no idea at that time of what kind of a mathematician Ramanujan was, or indeed
what scientific achievement meant, I can still recall the gladness I felt at the assurance that one
brought up under circumstances similar to my own, could have achieved what I could not grasp.
I am sure that others were equally gladdened.
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The fact that Ramanujan’s early years were spent in a scientifically sterile atmosphere, that his life
in India was not without hardships, that under circumstances that appeared to most Indians as
nothing short of miraculous, he had gone to Cambridge, supported by eminent mathematicians,
and had returned to India with every assurance that he would be considered, in time, as one of
the most original mathematicians of the century-these facts were enough, more than enough, for
aspiring young Indian students to break their bonds of intellectual confinement and perhaps soar
the way that Ramanujan did."
Another great mathematician Harish-Chandra once said:
“I have often pondered over the roles of knowledge or experience, on the one hand, and imag-
ination or intuition, on the other, in the process of discovery. I believe that there is a certain
fundamental conflict between the two, and knowledge, by advocating caution, tends to inhibit
the flight of imagination. Therefore, a certain naivete, unburdened by conventional wisdom, can
sometimes be a positive asset."
Combine this with what Hardy wrote about Ramanujan:
“The limitations of his knowledge were as startling as its profundity. Here was a man who could
work out modular equations and theorems of complex multiplication to orders unheard of . . . who
had found for himself the functional equation of the zeta function . . . ; and he had never heard of
a doubly periodic function or of Cauchy’s theorem, and had indeed but the vaguest idea of what
a function of a complex variable was."
Given these views by eminent mathematicians, we cannot help but wonder how Ramanujan’s
mind really worked. I end with the following light-hearted description of Ramanujan’s mathe-
matics and methods:

Ramanujan did mathematics somehow;
we still can’t figure out even now.

He left his mark on ‘p of n’,
wrote π in series quite often.

The theta functions he called ‘mock’
are subject-matter of many a talk.
He died very young–yes, he too !

He was only thirty–two !
His name prefixes the function tau.

Truly, that was his last bow !

□ □ □

2. Some Unlikely but Amazing Men of Mathematics I have met

Arun Vaidya
Former Professor, Department of Mathematics,

Gujarat University, Ahmedabad1

The choice of the topic of this article is based on a trend I have noticed in my cursory study
of the history of Mathematics in India. My observation is that prior to the advent of Western
methods of Education in India, the emergence of great creative mathematicians in India was
rather sporadic. We did not have original mathematicians in every generation. The Guru-Shishya
tradition ensured the emergence of great musicians and singers in almost every generation but
such was not the case with Science and Mathematics.

1This is an expanded version of the talk given by the author in the 56th annual conference of Gujarat Ganit Mandal,
October, 2019, at Jamnagar.
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The great Indian Mathematicians in the Christian era prior to British rule were Aryabhata,
Bhaskara I and II, Brahmagupta and Mahavira, all before 1200 AD; and then the Muslim invasions
from the West dealt a blow to progress in Mathematics and Sciences in North India. Muslim kings
of the pre-British age encouraged Music and Dance so that these disciplines made spectacular
advances during those middle ages. The Vindhya Mountain Range shielded the South from the
invasion by Muslims. Therefore while Mathematics languished in North India, it flourished in
South India (Kerala in particular) after the 16 th century.

Coming back to early Indian mathematicians in the Christian era, Aryabhata (the 1st) was
born in 476 AD, Bhaskara I came in the 7th century more than a hundred years after Aryabhata.
Brahmagupta was a contemporary of Bhaskara I and they worked perhaps not too far from each
other Bhaskara at Vallabhipur in Western Gujarat and Brahmagupta in Bhinmala near the Gujarat-
Rajasthan border. But we do not know if they ever met each other. Among the others, Mahavira
lived in the 9th century and Bhaskara II in the 12th. It was fortunate that the contributions of these
great mathematicians were kept alive by commentators on their works and by teachers so that
almost all of these mathematicians were aware of earlier work and could build on it. The point I
am trying to make is that arguably creativity in Mathematics was not passed on from teacher to
pupil in ancient India but it came spontaneously from within for some people. Yes, knowledge
of mathematical discoveries and inventions was passed on from teacher to pupil. To use today’s
terminology, there were no “Ph. D. guides” in India before the advent of British. There were only
teachers (Gurus) who imparted existing knowledge to pupils. One might ask wherefrom this
existing knowledge came. The answer probably is that it came from the ancient Vedic times and
there might have been a slow evolutionary change as time progressed but no spectacular advance
came such as the invention of Co-ordinate Geometry or Calculus as happened in Europe.

The spontaneous eruption of Mathematical talent observed in the British and the modern
post-British periods in India seems to be ingrained in the Indian culture and manifests itself in
the appearance of exceptionally gifted men of mathematics in all parts of India at all times. I
would like to describe in this article the work of some of these men whom I have met. The
common feature of many of these is that they have had very little formal education, know very
little English, if at all they know it, have only a vague notion of “proof” and being poor in English,
they have no wherewithal to acquire knowledge of previously done work and of expressing their
work for the benefit of other mathematicians. These are mathematical men who are outside the
main stream of mathematics today. The mainstream mathematicians sometimes ignore them, at
other times they mock at them and sometimes they suddenly sit up and take notice when such a
man catches the appreciative attention of a reputed mathematician in India or overseas.

Before I start talking about these unlikely men of mathematics, let me admit that all but one
of these are from my own home state of Gujarat. Before anyone accuses me of chauvinism, let
me remind you that such people are poor in English and can speak only their mother-tongue so
in India they cannot reach out to people beyond their immediate neighbourhood. There must
be similarly gifted people in many other parts of India with little or no mathematical education
who have nevertheless made original contributions to our subject. Unfortunately, the language
bar has deprived me of the knowledge of their existence. One of my aims here is to familiarize
readers from all over India with the contributions of these unlikely men of Mathematics. These
are men whom I have met and have interacted with.

2.1 D. R. KAPREKAR

I would like to begin with the most well known of the people I am going to talk about. His
name was Dattatray Ramchandra Kaprekar. He was born in 1905 and died in 1986. Kaprekar
was a graduate but I do not know if he graduated with Mathematics as his main subject. For
most of his adult life he seemed to be completely ignorant of any knowledge of Mathematics he
might have acquired in college. He had absolutely no use for proofs and accepted proof as only a
necessary evil to satisfy doubting mathematicians. Even so, he could not bring himself to prove
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any of his own assertions but if somebody else proved any of his results, he would be very happy.
He would make no attempt to understand the proof but he would be happy that the doubting
Thomases would now be compelled to accept his results.

Kaprekar was a teacher in a school at Deolali, a Garrison town near the city of Nasik in Ma-
harashtra. He must have retired in 1960 without a regular pension and a very tiny amount as
gratuity. His wife had died and he was childless so he lived alone and was happy with his num-
bers. He was very simple, had very few needs, and was quite happy to wear crumpled, always ill
fitting and often torn garments. He was a dwarf, a slim man and quite eccentric in certain things
and while delivering a lecture, spent a lot of time looking for the right paper in his big bunch
of papers. For these reasons, many mathematicians did not take him seriously. He craved for
attention and when he got it, he was childishly happy. His work certainly deserved attention. He
had a passion for numbers and whenever he chanced to look at a number (on a Railway wagon
or the number plate of a car or in a newspaper) he was lost in deep thought about the properties
of such numbers. He discovered a wide range of properties of numbers and spoke about them in
the conferences of Indian Mathematical Society and other similar but provincial bodies. He had
an interesting style of presentation and gave a humorous touch to his lectures. (Please refer to [6]
for a biography of Kaprekar.)

One might guess that when he happened to see in a number, about the first thing Kaprekar
would try to determine would be if the number was a prime. But Kaprekar was unusual. Pri-
mality was farthest from his mind. He had studied a wide variety of properties of numbers. But
perhaps the most peculiar thing about him was that he always studied properties that were de-
pendent expressly on the decimal system of writing numbers. What was amazing was that he
was quite unaware of this fact. The intrinsic properties of numbers never attracted him and if you
asked him about any such property, he was all at sea. Once I talked to him about prime numbers
and he told me that there could not be infinitely many primes. As his results were never accom-
panied by proofs, no established journal would publish any of his works. He therefore published
a number of booklets containing details of his work [11, 12, 13]. The booklets had a poor sale and
this impoverished him further. What little attention his work received was largely through these
booklets. I believe the University of Poona did give him some financial and other encouragement.
When Kaprekar was nearly 70 years old, his booklets found their way to Martin Gardner of Scien-
tific American. He was impressed enough to write an article on Kaprekar’s work in that journal
[1]. Through this article Kaprekar became known throughout the world. There were demands
from all corners of the globe for his booklets and they were sold out in next to no time. Kaprekar
had finally some money and what was crucial, he had some recognition. A number of mathe-
maticians in Europe and America worked on his results and proved or disproved or extended his
results.

Let me now describe some of Kaprekar’s work.
Self Numbers: Kaprekar defined Self-Numbers as follows: Suppose that the sum of the digits of a
number n is d and m = n + d. Then we say that m is generated by n or that n generates m. Thus
23 generates 28 as 28 = 23+ (2+ 3). Also 23 is generated by 16. If an integer s is not generated by
any other number, then s is defined as a self-number. For instance 31 is a self-number because one
can easily convince oneself that it is not generated by any number. The sequence of self-numbers
is: 1, 3, 5, 7, 9, 20, 31, 42, 53, 64, 75, 86, 97, 108, 110, 121,. . . . Self-numbers were also discovered in
the West independently later and they were called Columbian Numbers. But now they are better
known as Self-Numbers [5].

Kaprekar gave a number of tests for self-numbers, which were in the nature of sufficient con-
ditions for a number to be self. If these tests were true, it would imply that there are infinitely
many self-numbers. Unfortunately, I got counter examples to disprove each of Kaprekar’s tests
[17]. It appeared quite difficult to prove the infinitude of Self-numbers. My student V. S. Joshi
proved it in his Ph.D. thesis in 1973 [8, 9]. Later, a much simpler proof became known [7]. It is
as follows: Let c1 = 9 and ck = 8 × 10k−1ck−1 + 8, then ck is a self-number for each k. Of course,
there are many Self-numbers not in this sequence.
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People have worked on Self-Numbers in bases other than 10. If the base of the number system
is n > 2, ck = (n − 2)nk−1 + ck−1 + 1 and c1 = n − 1 or n − 2 according as n is even or odd, then
{ck} is a sequence of (infinitely many) self-numbers. For binary numbers, the sequence {ck} given
by c1 = 1 and ck = 2m + ck−1 + 1 is a sequence of self-numbers; here m is the number of (binary)
digits in ck−1. Joshi proved in his thesis that if the base is odd, then a number is Self if and only if
it is odd. Joshi’s student R. B. Patel proved in 1991 that for every k > 2, the numbers 2k, 4k + 2
and (k + 1)2 are Self in the base k [15]. In other words, the numbers 20, 42 and 121 are self in every
base greater than 4.
Digit-addition Sequences and Junction numbers:
If we construct a sequence starting with any number in which every number after the first is
generated by the preceding number, then what we get is called a Digit-addition Sequences (DAS)
by Kaprekar. Some DAS are:

1, 2, 4, 8, 16, 23, 28, 38, . . . ; 20, 22, 26, 34, 41, 46, 56, 67, . . . ; 86, 100, 101, 103, 107, 115, 122, . . .

Kaprekar has a very interesting observation about the DAS. He notes, for example that the third
of the above series merges with the first at 101. What we mean is that if we continue the first series
beyond 38, we get the terms 38, 49, 62, 70, 77, 91, 101, 103, 107, . . . . As we can see, the third series
above (starting from 86) also has 101 as a term and after that term, all terms in the two series are
naturally the same. In this connection, Kaprekar stated that there are only three main DAS. They
are:

(A) 1, 2, 4, 8, 16, 23, 28, 38, 49, 62, 70, 77, . . . ,

(B) 3, 6, 12, 15, 21, 24, 30, 33, 39, 51, 57, 72, . . . ,

(C) 9, 18, 27, 36, 45, 54, 63, 72, 81, 90, 99, 117, 126, . . . .

He asserted that every other DAS would merge with one of these three eventually. As usual, he
had no proof for this assertion. It is almost trivial to see (though Kaprekar himself typically did
not see it) that the no two of DAS (A), (B) and (C) can merge. This is because (A) will only contain
numbers prime to 3, (B) would only contain multiples of 3 that would not be multiples of 9 and
(C) would only contain multiples of 9. So, for instance, if Kaprekar’s assertion is true, then the
DAS starting from 42 will eventually merge with (B), DAS starting with 121 must merge with (A),
DAS starting with 108 must merge with (C), as indeed it does at the very next step. Kaprekar’s
assertion seems extremely difficult to prove. As far as I am aware, it has not yet been proved
completely. Joshi did prove in his thesis [7] that the DAS starting with x will eventually merge
with (A), (B) or (C), if

loglogloglogloglogloglogloglogx < 1.

This bound on x is a huge number, probably bigger than any number that has served any useful
purpose in Mathematics!

A merger of two DAS leads to what is called by Kaprekar as a Junction number [12]. As we
have seen, two DAS merge or meet at 101. So 101 is a junction number. There are two numbers
which both generate 101. These are 91 and 100. So 101 is a junction number of order 2. Another
junction number is 117 being generated by 99 and also by 108. This is also of order 2. Kaprekar
found junction numbers of higher orders also. Before we introduce them, we introduce a notation.
If g is a decimal digit and n a positive integer, the symbol (g)n will denote gggg · · · g (n times).
Thus (5)4 means 5555 and 1(0)64(3)39 stands for the number 100000043339.

Kaprekar gives the fourteen digit number 1(0)121 as an example of a junction number of order
3. It is generated by three numbers, viz. 1013, (9)10901 and (9)10892. This, of course can be easily
verified. As another example of a junction number of order 3, Kaprekar cites the 101-digit number
1(0)97710. It’s three generators are (9)97819, 1(0)97692 and 1(0)97701. Kaprekar went on to give
an example of a junction number of order 4. His example is 1(0)11111111. The generators are
(9)11111105, (9)11111096, 1(0)11111104 and 1(0)11111095.
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Nothing is known about the existence of junction numbers of order r for a given r and about
the cardinality of the set of junction numbers [16]. If Kaprekar’s merger conjecture were true, then
the infinitude of self-numbers would imply that there must be infinitely many junction numbers.

As I have indicated before, Kaprekar was not very comfortable with prime numbers. He in-
vestigated the relation between the primality of a number and that of its generator. He stated that
some primes like 17, 31, 41 generate composite numbers and some like 127 generate a composite
number in 2 steps (127 to prime 137 to composite 148). He also found primes, which generated
composites in 3 steps (11 to 13 to 17 to 25). Finally he stated that some primes like 277 and 1559
generate composite numbers in 4 steps. He then conjectured that every prime generates a compos-
ite number in at most 4 steps. Professor V. G. Tikekar gave a lecture to a conference of Association
of Mathematics Teachers of India and we published a Gujarati version of his lecture in our math-
ematical bimonthly periodical Suganitam. In his lecture, Professor Tikekar had mentioned this
conjecture of Kaprekar. Vishal Joshi, a student reader of Suganitam from Jamnagar immediately
gave counterexamples to disprove Kaprekar’s conjecture. One of his counter-examples is the
sequence of six numbers in the DAS beginning with 516493 with all six numbers prime.
Kaprekar’s constant 6174:

Kaprekar defined a procedure since called “Kaprekar routine” to generate a sequence of four
digit numbers. Start with a four digit number n1 with at least two distinct digits. Obtain ni+1
from ni as follows: Form the largest and the smallest numbers with the same four digits as ni
and take their difference. This difference is ni+1 [4, 10]. So if the first number is 1432, the largest
and smallest numbers with the same digits are 4321 and 1234 and their difference is 3087. So
the second number is 3087. The largest and smallest numbers with the same digits as 3087 are
8730 and 0378 and their difference is 8352. This is the third number in the sequence. The fourth
number is 8532 − 2358 = 6174. The fifth is 7641 − 1467 = 6174 and so on. It is clear that each
term after the third is 6174. Kaprekar asserted that no matter what the first term is, the sequence
eventually ends in 6174 and then this term repeats. He also said that you get 6174 in at most 8
steps. For a change, Kaprekar must have had an ironclad proof this time as he must have applied
his routine to each of the 8991 admissible four digit numbers and must have seen that in each case
the sequence ends up in 6174 in at most 8 steps!

Kaprekar also gave a sufficient condition on the first term in order that you get 6174 in just one
step. Only three numbers, viz. 7311, 8422 and 9533 satisfy Kaprekar’s condition. Our discussion
above shows that 8532 also has that property but was not covered by Kaprekar’s criterion. One
of Suganitam’s readers R. J. Pitroda of Jamnagar found the complete list of 20 numbers that yield
6174 in just one step.

Many readers of Suganitam investigated the same problem with a different number of digits.
In some cases they found that there were Kaprekar constants and in other cases the sequences
ended up in one or more cycles. The problem was also considered in bases other than 10. The
best results were given by H. Hasse and G. D. Prichette [3]. They proved in 1978 the following:

(1) Kaprekar’s constant exists for 4 digits only if the base g is of the form g = 2n × 5 with n = 0
or n odd. Then Kaprekar’s constant is the four digit number whose four digits, from left to
right are: 3g/5, (g/5)− 1, (4g/5)− 1 and 2g/5.

(2) For g = 2, every four digit number will end up in 0111 or 1001, that is 7 or 9.

(3) For g = 4, there is Kaprekar constant 3021 and also a Kaprekar cycle.

(4) For g = 0 (mod 5) but g not covered by (1) above, there is a Kaprekar constant given in (1)
and one or more Kaprekar cycles.

(5) In all other bases, there are no Kaprekar constants, only cycles.
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A Kaprekar routine for 3 digits:
1976, Kaprekar began to participate in Gujarat Ganit Mandal conferences. His lectures were
keenly heard and many listeners worked on his problems. In the Jamnagar conference in 1979,
Kaprekar introduced a routine to generate a sequence of 3 digit numbers as follows. Start with
a three digit number abc. The next number in the sequence is the number with digits b + c, c + a
and a + b from left to right (these sums are taken mod 9 if they are more than 9). If we start with
234, we get the sequence 234, 765, 234, 765, 234, . . . . This is periodic. And if you start with 134,
you get 134, 754, 923, 532, 578, 643, 791, 187, 689, 865, 245, 976, 467, 421, 356, 298, 812, 319, 134,
. . . . As we see this sequence is periodic with period 19. Kaprekar asserted that if the first number
were prime to 3, then the sequence would always have period 19.

This problem had an interesting follow-up 17 years later. Kaprekar’s assertion was stated
in a report on the conference published in Suganitam in 1980. In the “100 issues ago” section of
Suganitam this part of the report was reprinted in a 1996 issue. This precipitated a flurry of proofs
of the assertion. Satyasaran Kori of Ahmedabad, Amritlal Patel of Bhuj and Kumud Thakar of
Mumbai gave proofs and inspired by them I too gave a more elegant proof of Kaprekar’s assertion.
Then Dr. J. M. Patel gave an excellent proof with a linear algebra flavour. He considered the
linear transformation T(x, y, z) = (y + z, z + x, x + y) and gave another nice proof from that point
of view.

Kaprekar worked on several other properties of Numbers. We shall refer to his Harshad
numbers later in this article.

Kaprekar was held in high esteem by many recreational mathematicians all over the world.
Google gives a wealth of information about his work. The Association of Mathematics Teachers of
India held its annual session in December 2004 at Nasik in memory of Kaprekar in the centenary
year of his birth.

2.2 M. N. KHATRI

Maganlal Nathalal Khatri was born in 1908. He studied upto High School and became a teacher
in the primary schools of the erstwhile princely state of Baroda. He served in several small vil-
lages and towns of Baroda state around the city of Baroda (now Vadodara) in central Gujarat.
Unlike Kaprekar who relied only on his own powers for his mathematical work, Khatri seriously
tried to read some good number theory and was therefore a more normal mathematician than
Kaprekar. Most of his serious work dealt with a variety of applications of Pell’s equation. This
is the Diophantine equation x2 − Dy2 = 1 where D is a given square-free positive integer and it
is required to find solutions in integers x and y. It would appear that Pell’s equation holds fas-
cination since ancient times for the Indian mind. Long before it was explored in the West, Pell’s
equation was investigated and solved in India by Brahmagupta and Bhaskaracharya. Later in this
article, I shall describe how a completely (mathematically) ignorant man from Bhavnagar gave
an amazing insight into the solution of Pell’s equation.

To illustrate how Khatri produced amazingly interesting results for laymen by using Pell’s
equation, I would cite one example. He wrote once that the triple {1, 2, 7} has the property that
the product of any two of these integers plus 2 yields a perfect square (he also maintained that
there is no such set of four numbers). He also stated that the triple {1, 5, 10} has the property
that the product of any two minus 1 is a square, for the triple {1, 3, 6}, product of any two minus
2 is a square. A little work showed me that if we work with the triple {1, 2, n} and require that
the product of any two plus 2 be a square, it leads to the Pell’s equation x2 − 2y2 = 1. For every
solution x of this Pell’s equation, take n = x2 − 2. It is known that the sequence of solutions x is
{3, 17, 99, . . . }. So the possible values of n are 7, 287, 9799, . . . .

Khatri often sent such tit-bits and factoids about numbers to popular literary magazines in
Gujarat and they were published as fillers. Another typical tit-bit was the following: 5 + 11 =
42, 5 + 20 = 52, 5 + 11 + 20 = 62.
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Khatri had no knowledge of English but the sheer desire to read English works on Numbers
and to write out his results for the Western world led him to pick up rudiments of English. He
was already past the age of 50 when Professor U. N. Singh moved to Baroda. Professor Singh
recognized his talent and arranged for his free access to the library of the University. Khatri
published a few papers in journals like Scripta Mathematica. But finally he too had to adopt the
Kaprekar method. He published a book in English on his researches. It was called Excursion in the
World of Numbers [14]. I had a copy of it but I do not have it now. Therefore I regret that I cannot
provide details of Khatri’s more serious work.

Khatri had a flair for writing in Gujarati and he could reason logically. Therefore he wrote
extensively for Suganitam and made significant contribution to the success of the periodical. In
his articles he always wrote about the many curious results he had obtained and in one series of
articles, he suggested a novel and creative way of teaching primary mathematics.

In its 1978 conference at Bardoli near Surat, Gujarat Ganit Mandal honoured Khatri for his
contribution. Typically, he regaled the delegates by describing a very interesting property of the
postal code number of Bardoli. The number is 394602. Khatri pointed out that this number and all
it cyclic permutations, viz. 946023, 460239, 602394, 023946 and 239460 are divisible by 13. Not just
that, if you reverse the order of digits, you get 206493. This number and all its cyclic permutations
are divisible by 7.

Like Kaprekar, Khatri too worked tirelessly with numbers without getting bored. Apparently
he had calculated the values of Euler’s totient function Φ(n) for all values of n upto 1000 and
listed the 15 values of n for which Φ(n) + Φ(n + 1) = Φ(n + 2). These values are 1, 3, 5, 9, 15, 21,
35, 39, 45, 90, 135, 231, 255, 441, 855. Similarly the values of n for which Φ(n) = Φ(n + 1) upto
1000 were found by him to be 1, 3, 15, 104, 164, 194, 255, 495, 584, 975.

Khatri remained active until his last days. Two days before he died on July 10, 1990, he wrote
a post-card to me. In it he had written the following fine result.

(3362 + 3372 + 3382 + 3392 + 3402) = 2(2372 + 2382 + 2392 + 2402 + 2412)

Note that the square root of each term on the left exceeds by 99 the square root of the correspond-
ing term in the bracket on the right. How nice!

2.3 THE LONELY MEHTA

Among all the mathematically talented people I have met, the most unlikely to be a man of math-
ematics is Pravin Mehta of Jamnagar. Mehta who died in March 2004 was a loner, did not have
any family or next of kin. He dropped out of school after barely 9 years of schooling. He had
the appearance of a destitute, made a living by vending Newspapers in the mornings and doing
household work of people during the day. He was simply dressed most often in Khaki Shirt and
pants, spoke only his mother tongue Gujarati-actually his accents were so colloquial that most
Gujaratis had problem following his language. To add to all this, his eyesight was extremely poor
and he could not afford treatment. He had a peculiar sense of self-respect and refused to accept
any aid.

Pravin had an uncanny ability to calculate without much use for paper and pencil and a
phenomenal memory for huge numbers. His favourite number was 786. This is a sacred number
for Muslims. Pravin was not a Muslim but he was still very fond of 786.

Friends from Jamnagar first brought Mehta to a Gujarat Ganit Mandal conference in 1978
and his exposition of his powers there drew appreciation from all. After that he attended many
conferences.

Mehta’s first lecture in 1978 was quite interesting. He began by telling us that 2127 − 1 was
a prime. If this prime is denoted by P, then he claimed that 2P − 1 is also a prime. Among the
other numbers he claimed to be primes were: 2361001 − 1, 21428571 − 1 and 27142857 − 1. This was
my first acquaintance with Mehta. I was impressed that he had somehow realized that the best
way to look for big primes was to search for them among Mersenne numbers. But I also knew
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that all the numbers mentioned by him (except the prime P) were greater than the greatest prime
known at the time. So After his lecture, I stood up to make my remarks. I stated (from memory)
that the largest prime known then was 219837 − 1. Mehta was immediately on his feet telling me
that 219837 − 1 was not a prime at all! I admitted that I might be wrong because my memory may
have played a trick. After I returned to my University, I looked up the records and found that I
really had made a mistake. The largest known prime was 219937 − 1. I also found that Mehta was
right in saying that the number 219837 − 1 was not a prime because 19837 is itself not a prime. But
how did Mehta decide in less than a minute that 219837 − 1 is not a prime? Even assuming that
he somehow knew that primality of p is necessary for 2p − 1 to be a prime, how did he decide so
quickly that 19837 is not a prime? Note that the smallest prime divisor of 19837 is not very small;
it is 83.

When Mehta found that I was genuinely interested in his work, he began to write post cards
to me. On the average he would write about a dozen post cards to me in a month. Much of the
material in them was of not much interest to a professional number theorist but I figured that lay
readers of our Suganitam might be thrilled with his results. So based on the contents of his post
cards, I began to write a series of articles in his name. These were very well received and were
later published in the form of a booklet. One standard procedure adopted by Mehta was that
given a date, he would rearrange its digits or add to the digits in some way to get a number with
some nice property.

He often posed problems for readers. Two of his problems were:
(1) Find an eighteen digit number such that (a) the number formed by its last 9 digits is one

more than that formed by its first 9 digits, and (b) it is divisible by 142857786,

(2) Find a power of 142857 from which if is subtracted, we get a number divisible by 92786.
Using non-trivial properties from Theory of numbers, I was able to show that the answer to the
first question was 133716919133716920 and the answer to the second question is 176. Mehta had
the same answers but I wonder how he got them. Quite often his exploits indicated that he had
rediscovered many of the results in the subject himself.

In the 1979 Jamnagar conference of Gujarat Ganit Mandal, Kaprekar spoke about Harshad
Numbers. A Harshad number is one that is divisible by the sum of its digits. 48 is a Harshad
number. Mehta was in the audience. He was taken up with this topic. Before the conference was
over, Mehta had produced a Harshad number the sum of whose digits was 786. He also claimed
that given a date, he would try to rearrange the digits to get a Harshad number. Given the date
29-10-1989, he produced the Harshad number 99182109.

Mehta introduced the notion of a Harshad number of order m. If n is Harshad then it is a
Harshad number of order 1. If d is the sum of its digits and n/d is Harshad then n is a Harshad
number of order 2. If, however n/d is Harshad of order m− 1, then n is Harshad of order m. Given
the date 14-4-1989, Mehta produced six Harshad numbers of order 2 by rearranging the digits of
this date. They are: 1914948, 9911484, 9941184, 4911984, 9819144 and 4919148. As an example
of a Harshad number of order 3, he gave 3503574. We were enormously impressed when Mehta
produced a Harshad number of order 8. It is 101559956668416. It is interesting to see that 10n

is Harshad of arbitrary order but Mehta never gives such trivial examples. He had imbibed the
precise discipline of mathematics.

Once I programmed a computer to generate Harshad numbers of order 3. In the generated
list, I noticed that most Harshad numbers of order 3 were even and the few that were odd were
all divisible by 3. My list went up to 100,000. I could not see any reason why an odd Harshad
number of order 3 must be divisible by 3. So I wrote to Mehta asking if he can give me an example
of an odd Harshad number of order 3 that is not divisible by 3. I had a very prompt reply from
him. He gave two examples. They were 500707 and 2723023. I just wondered at his virtuosity!

Before we leave the topic of Harshad numbers, we note also that people have investigated the
question of successive numbers being Harshad. The best result was obtained by Grundman in
1994 [2]. He proved that not more than 20 consecutive numbers can all be Harshad. He also gave
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an example of 20 consecutive Harshad numbers and claimed that his example gave smallest such
set. In his example all the numbers have 44,363,342,786 digits!

2.4 ANOTHER MEHTA

Once I received a letter from a stranger from Bhavnagar. His name was Krishnalal Mehta and
from his address it appeared that he was a practitioner of Ayurveda, the Indian system of medicine.
If true, it would mean that he did not learn any mathematics beyond school. His handwriting
reminded me of the usual handwriting of a primary school student. It looked like he had to
labour hard to write. He wrote in Gujarati and it was typically a mathematical letter from a non-
mathematics man. Unusual notations, imprecise articulation and vagueness characterized his
letter.

In effect, he wrote that if you wish to find a rational approximation for
√

n, you should express
n in the form (a2 − 1)/b2 for some integers a and b. Then a/b is a good approximation for

√
n. It

is almost trivial to see that if you could find integers a and b such that n = (a2 − 1)/b2, then a/b
was a good approximation to

√
n because n differed from a2/b2 by just 1/b2; indeed, larger the

value of b, the closer the approximation. But I could not figure out how one can find a and b.
It took me a few minutes thinking to rewrite n = (a2 − 1)/b2 in the form a2 − nb2 = 1. This

representation made everything crystal clear. This is the Pell’s equation and it is known that all the
solutions of it are to be found among the convergents of the simple continued fraction expansion
of

√
n. It is also known that one way of getting close rational approximations to

√
n is to take the

same convergents. Before I could respond to Mehta, I got another letter from him. In this letter,
he had given a recurrence relation to find an infinity of pairs a, b such that n = (a2 − 1)/b2. This
implied that Mehta had actually solved the Pell’s equation x2 − ny2 = 1. This is not something
that even good students of mathematics can achieve, so I was very impressed.

But I saw that the recurrence relation given by Mehta was not the usual one associated with
the Pell’s equation. When I compared the two, I saw that while the usual recurrence relation
gave all the solutions, Mehta’s recurrence relation jumped from one solution to another skipping
several solutions on the way. This was ideal from Mehta’s point of view. His objective was limited
to find close approximations to

√
n. He was not interested in finding all the solutions of the Pell’s

equation. As you apply recurrence relation, you get solutions a, b with steadily increasing values
for b. In the same number of steps, you would get a much larger value of b by using Mehta’s
recurrence than by using the usual recurrence. So in effect, Mehta had found a fast algorithm to
get close approximations to

√
n.

I wrote out an article for Suganitam based on Mehta’s work and explaining its implications.
Mehta had never heard about Suganitam or even about me. He had first approached the professor
of Mathematics of Bhavnagar University and he had directed him to me. Mehta was overjoyed
to see the article. When he next visited Ahmedabad, he came and saw me. I was shocked to
see that he was partially paralysed and had great difficulty walking, talking, writing and doing
almost everything. He was not really a practitioner of Ayurveda, he helped in the running of the
family Ayurvedic pharmacy. When he returned to Bhavnagar (about 180 kms south-southwest of
Ahmedabad), his mother called me on the phone to thank me. She was almost in tears expressing
the gratitude of the family that finally some one had appreciated and recognized the unique talent
in her paralysed son.

Since that time, Mehta has displayed his wonderful talent in other ways too. Once he wrote
about integral sided triangles with one angle 60◦. To obtain such a triangle, he said “take any
odd integer a and calculate integers b and c to satisfy the relations a + b + c = 3a(a + 1)/2 and
b − c = (a − 1)/2, then the triangle with sides a, b, c has ∠C = 60◦”. I wondered if Mehta’s
prescription gave all or all primitive or all those solutions in which a is odd. Actually, Mehta’s
solution amounted to

a odd, b =
(3a2 + 2a − 1)

4
, c =

(3a2 + 1)
4
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These formulae show that all solutions obtained from these would be primitive. But will they
give all the primitive solutions?

Using the co-sine rule, it was clear that the general solution to the Diophantine equation a2 −
ab + b2 = c2 was required. I could not find the solution in the literature. Using some help from
friends in the Yahoo Mathematics Group and a lot of algebraic number theory, I found that the
general solution was

a = m2 − n2, b = 2mn − n2, c = m2 − mn + n2

where m, n are relatively prime integers (positive, negative or zero) of opposite parity such that
a, b, c are positive. It turned out that Mehta’s solution is a special class of this general solution
given by m = r + 1, n = −r.

I do not know how exactly Krishnalal Mehta got his algorithm. One possibility is that he
solved the associated Pell’s equation, another is that he worked with the Diophantine equation
x2 + 3y2 = z2 to which a2 − ab + b2 = c2 reduces upon multiplication by 4 and writing 2a − b =
x, b = y and 2c = z. It seems quite unlikely that he actually used methods of algebraic number
theory to solve a2 − ab + b2 = c2.

The people I have been talking about are not only inadequately educated, they also suffer
from physical, financial and in many cases even intellectual or mental handicaps. What is it that
explains their mathematical attainments in spite of these handicaps? I really do not know. I guess
there is something in Indian culture and civilization that throws up such self-made devoted men
of Mathematics in every part of India and in every generation. When education and mental
and physical health services become freely and easily available to all classes of people in India,
would such raw geniuses become polished diamonds? We can only hope and strive to create an
Education and examination system that would not stifle creativity but encourage and reward it.

Note: The initial draft of this manuscript was first written in 2015 but soon afterwards the
author had to undergo a serious brain surgery with an extended period of recovery that affected
the author’s memory. Because of the loss of a part of his memory, he was unable to prepare the set
of references for the results quoted in this lecture. The references given below have been prepared
by Dr. Devbhadra Shah of South Gujarat University. The author is highly indebted to Dr. Shah
for this gesture.
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3. When I met Sir Stephen Hawking

V. P. Saxena

Since 1978, I had been visiting University of Cambridge (England) time to time. These visits
were always useful and found to be more than academic pilgrimages. This University is a live
heaven for the researchers and scientists of the world and has many big names associated like Sir
Isaac Newton, G. H. Hardy, Srinivas Ramanujan, Albert Einstein, Francis Baken, Stephen Hawk-
ing and many other great scientists, philosophers, poets and writers. Not only that, many great
Indian scientists, philosophers and freedom fighters have enlightened their minds in Cambridge.
One of the oldest University of the modern world has vast sprawling green campus with old
constituent colleges, buildings and churches located on the banks of Cam river with number of
beautiful bridges. It is a University town with narrow streets and bye lanes on one side and tall
lush green trees on the other.

For me it was a life time opportunity in 1978 to get a chance to visit the University as a British
Council visiting scientist that to work with legendary Applied Mathematician Professor Sir James
Lighthill, third Lucasian Professor after Professor Sir Isaac Newton and Professor G. I. Taylor. Be-
sides this high potential research shock after landing at Cambridge, it was also a huge cultural
shock as this was my first visit abroad, that too in top University of the World and in the depart-
ment of Applied Mathematics and Theoretical Physics, then housed in old Cambridge University
Press.

Right on the first day in the corridors of the department, I saw a small crowd of young people
with pen and diary in each hand standing outside a closed room. There were several clippings
pinned on the door. I saw those clippings from a close distance and found the matter on these
paper pieces, was about black holes and new mathematical descriptions of the space. Soon I
realized that the room was sitting place of Sir Stephen Hawking, the greatest theoretical explorer
of space in general and black holes in particular. The group of young scientists were waiting to see
the door open and Sir Hawking come out as it was the time for coffee break. After a minute the
door opened. I saw the Professor coming out on wheel chair pushed by a beautiful lady ( I came
to know that she was his wife). The young researchers threw several queries to the lady regarding
new discoveries on that day and followed her till he reached coffee hall. She replied every one
politely which they immediately noted down on pad or on the wall and sofa of the room. Sir
Hawking was having ALS (Amyotrophic Lateral Sclerosis) disease and was not able to speak or
write. He was able to move only fingers and lips and his wife was able to understand these silent
signals. Doctors have predicted a life of three or four years for him, when he was about twenty
one years. But miraculously he was alive up to the age of seventy six and became a prodigy in
science like Newton and Einstein. Later on, his wheel chair was electronically designed and every
signal was transferred into English language text. He travelled throughout the world, including
India and sparked thousands of minds all over who are now well known scientists.

His eyes were very attractive and full of curiosity. We used to see each other every day and
smiled. He obtained my introduction from one Dr. Dakoh Lohiya who was working with him
and came from Delhi University.

Though I worked with Sir James Lighthill at Cambridge as my area was different (Biomathe-
matics), I drew lot of spiritual power and courage from Sir Stephen Hawking. My visit became
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memorable forever and recalled old memories during each consecutive visit. I captured some of
my Cambridge thoughts in my following lines.

The good old days are back in my mind again.
Sweet and sour memories are hovering around again.

Yes, still I see loving pairs here and there.
The beds of young roses are all over found again.

The nest of thoughts in my mind is live with activity.
Chicks of desire create chirping sound again.

The weeping willows A kind of bottle Bush Varietyog tree
with its branches hanging like ropes all round at the bank of flowing Cam river,

said to simulate the sweat of scholars at the grassy ground again.
The deep meadows of great-great trees

giving life to my emotions without any bound again.
Though the Massiah is no more visible there but, my imagination

creates him in that compound again.
Seeing the flowers of knowledge booming with colors and fragrance

the songs in my heart ring with musical sound again.

□ □ □

4. What is happening in the Mathematical world?

Devbhadra V. Shah

4.1 MATHEMATICIANS PROVE THE HARDY-LITTLEWOOD-SOBOLEV INEQUALITIES

RUDN University mathematicians have proven the Hardy-Littlewood-Sobolev (HLS) inequali-
ties for the class of generalized Riesz potentials. These results extend the scope of these potentials
in mathematics and physics because the main tools for working with such potentials are based
on HLS inequalities. New mathematical tools can greatly simplify calculations in quantum me-
chanics and other fields of physics.

The Riesz potential is named after its discoverer, the Hungarian mathematician Marcel Riesz.
If 0 < α < n, then the Riesz potential Iα f of a locally integrable function f on Rn is the function
defined by

(Iα f )(x) =
1
cα

∫
Rn

f (y)
|x − y|n−α

dy, where cα = πn/22α Γ(α/2)
Γ((n − α)/2)

.

This integral is well-defined provided f decays sufficiently rapidly at infinity, specifically if
f ∈ Lp(Rn) with 1 ≤ p < n/α. In fact, for any 1 ≤ p, the rate of decay of f and that of Iα f are
related in the form ||Iα f ||∗p ≤ Cp||R f ||p, where p∗ = np

n−αp , where R f = DI1 f is the vector-valued
Riesz transform.
Modern physics describes the world in terms of fields and their potentials, that is, the values of the
field at each point. But the physical quantities that we can measure are forces and accelerations,
that is, derivatives of the second-order of the potential of the corresponding field. The problem
of reconstructing the field configuration with the available values of forces and accelerations ob-
served in experiments is complex and leads to a problem of solving a differential equation, which
may not be always analytically solvable.
Since the potential of the field can be determined up to a constant value, for the convenience of
calculations, the initial value of the potential is taken at some point in multidimensional space, or
on the border of any spatial area. But in some cases, mathematical models of such fields lead to
a singularity, that is, at some points the value of the field becomes infinite, and therefore loses its
physical meaning.
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Vagif Guliyev, the researcher of the Nikol‘skii Institute of Mathematics of RUDN University, and
his colleagues worked on the development of methods that allow restoring the configuration of
the field potential using only analytical methods. They have studied one of the important cases
for the development of quantum theory-the necessary and sufficient conditions for the bound-
edness of the Riesz potential generated by the Gegenbauer differential operator in weighted
Lebesgue spaces Lp,λ. Their study develops and complements the earlier proof of the Hardy-
Littlewood-Sobolev theorem for the Gegenbauer potential.
The proof of the Hardy-Littlewood-Sobolev inequality for generalized Riesz potentials means that
physicists and mathematicians have a tool which will help them to determine in advance, before
carrying out laborious calculations, whether it is possible to analytically calculate the configura-
tion of the field with the available values of forces, and not to obtain a singularity.
The results of the study can be used in physics to determine the conditions under which it is
possible to restore the spatial picture of physical fields of different nature, for example, in the
field of quantum electrodynamics.
Source:

1. https://phys.org/news/2019-11-mathematicians-hardy-littlewood-sobolev-inequalities.html
2. https://en.wikipedia.org/wiki/Riesz_potential

4.2 BIG QUESTION ABOUT PRIMES PROVED IN SMALL NUMBER SYSTEMS

The twin primes conjecture has bedeviled mathematicians for more than a century. It is one of
the most important and difficult questions in mathematics. On 7th September, 2019 two mathe-
maticians Will Sawin of Columbia University and Mark Shusterman of the University of Wisconsin,
Madison, posted a proof of the twin primes conjecture in a smaller but still salient mathematical
world. The result opens a new front in the study of this conjecture which has implications for
some of the deepest features of arithmetic.
The general statement of Twin primes conjecture is: There are infinitely many pairs of primes
with a difference of 4 (such as 3 and 7) or 14 (293 and 307), or with any gap of 2 or larger that you
might want.
Alphonse de Polignac posed the conjecture in its current form in 1849. Mathematicians made little
progress on it for the next 160 years. But in 2013 Yitang Zhang proved that there are infinitely many
prime pairs with a gap of no more than 70 million. Over the next year other mathematicians,
including Maynard and Terry Tao, reduced the prime gap considerably. The current state of the
art is a proof that there are infinitely many prime pairs with a difference of at most 246.
But progress on the twin primes conjecture has been stuck. Mathematicians understand they will
need a whole new idea in order to solve the problem completely. Finite number systems are a
good place to look for one, as Maynard said that if you understand the finite field world well
enough, this might shed light on the integer world. These number systems are called “finite
fields”. The typical notion of a prime number doesn’t make sense for finite fields. In a finite field,
every number is divisible by every other number. For example, 7 is not ordinarily divisible by 3.
But in a finite field with five elements, it is.
Because of this, the twin primes conjecture for finite fields is about prime polynomials the polyno-
mials with coefficients in the finite field and that can’t be factored into smaller degree polynomials
over the finite field. For example, x2 + x + 2 is prime because it cannot be factored over a finite
field consisting of integers 1, 2, 3 but x2 − 1 is not a prime over this field.
Once you have the notion of prime polynomials, it is natural to ask about twin prime polynomials-
a pair of polynomials that are both prime and that differ by a fixed gap. For example, the polyno-
mial x2 + x + 2 is prime, as is x2 + 2x + 2. The two differ by the polynomial x.
The twin primes conjecture for finite fields predicts that there are infinitely many pairs of twin
prime polynomials over the field, that differ not just by x, but by any gap you want.

In addition to proving the twin primes conjecture, Sawin and Shusterman have found an even
more sweeping result about the behavior of primes in small number systems. They proved exactly
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how frequently twin primes appear over shorter intervals-a result that establishes tremendously
precise control over the phenomenon of twin primes.
Source:

1. www.wired.com/story/a-big-question-about-prime-numbers-gets-a-partial-answer/
2. www. quantamagazine. org / big - question -about-primes-proved-in-small- number- systems -

20190926/

4.3 MINDS OF GIRLS AND BOYS ARE EQUAL IN MATHEMATICS, NEW STUDY FINDS

Some scientists and public figures have hypothesized that women and men differ in their pursuit
of careers in science, technology, engineering, and mathematics (STEM) owing to biological dif-
ferences in mathematics aptitude. Several studies have already threw light on the myth that boys
are genetically better at maths than girls, but those are largely based on analysis of test scores.
A study published in the peer-reviewed journal “Science of Learning” found that the brains of
young boys and girls react the same to mathematics problems, and yet women make up 26% of
people in computer and mathematical occupations, 21% of computer programmers and 16% of
those in architecture and engineering. To investigate the early biology of mathematics and gender,
Cantlon and her team of researchers and Neuroscientists from Carnegie Mellon University tested
for gender differences in the neural processes of mathematics in young children. They measured
310 year-old children’s neural development with functional magnetic resonance imaging during
naturalistic viewing of mathematics education videos. They observed that their performance was
statistically equivalent; they were indistinguishable. They had developed the same abilities at the
same rates in early childhood and they use the same mechanisms and networks in the brain to
solve maths problems no matter their gender.
What their study doesn’t answer is why the belief that boys are stronger in STEM subjects than
girls still persists. The stereotype is so persistent that one research team even issued a consensus
statement clarifying that “no single factor”, including biology, “has been shown to determine sex
differences in science and maths.”
Source:

1. www.wraltechwire.com/2019/11/10/minds-of-girls-and-boys-are-equal-in-math-new-study-finds/
2. https://nypost.com/2019/11/08/boys-being-better-at-math-than-girls-is-a-myth-study/
3. www.marketwatch.com /story / boys-and-girls-have-an-equal-aptitude-for-math-so-why- are - there

- are -so-few-women-in-higher-paying-stem-jobs-2019-11-12

4.4 FACEBOOK RESEARCHERS USE MATHEMATICS TO IMPROVE THEIR TRANSLATION
TOOLS

Designers of machine translation tools still mostly rely on dictionaries to make a foreign language
understandable. But now there is a new way: numbers. Facebook researchers say rendering
words into figures and exploiting mathematical similarities between languages is a promising
avenue-even if a universal communicator remains a distant dream. Powerful automatic trans-
lation is a big priority for internet giants. Allowing as many people as possible worldwide to
communicate is not just a selfless goal, but also good business.
Facebook, Google and Microsoft as well as Russia’s Yandex, China’s Baidu and others are con-
stantly seeking to improve their translation tools. Facebook has artificial intelligence experts on
the job at one of its research labs in Paris. Up to 200 languages are currently used on Facebook.
Automatic translation is currently based on having large databases of identical texts in both lan-
guages to work from. But for many language pairs, there just are not enough such parallel texts.
That is why researchers have been looking for another method, like the system developed by
Facebook which creates a mathematical representation for words. The new method converts each
word into a “vector” in a space of several hundred dimensions. Words that have close associa-
tions in the spoken language also find themselves close to each other in this vector space. One of
the system’s designers Guillaume Lample says-“For example, if you take the words cat’ and dog’,
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they are words that describe a similar thing, so they will be extremely close together physically in
the vector space. If you take words like Madrid, London, Paris, which are European capital cities,
it’s the same idea.”
It is very difficult to translate without parallel data, dictionaries or versions of the same docu-
ments in both languages. These language maps can then be linked to one another using algorithms-
at first roughly, but eventually becoming more refined, until entire phrases can be matched with-
out too many errors. The linking of languages is much more difficult when they are far from one
another. The manner of denoting concepts in Chinese is completely different from French. For
the language pair of English-Romanian, Facebook’s current machine translation system is equal
or may be a bit worse than the word vector system. But for the rarer language pair of English-
Urdu, where Facebook’s traditional system does not have many bilingual texts to reference, the
word vector approach is a conceptual revolution and it is already superior. However even imper-
fect translations can be useful and could prove sufficient to track speech.
The approach which researchers have taken for Facebook could produce useful results, even if it
does not result in perfect translations.
Source: www.firstpost.com/tech/news-analysis/ facebook - researchers- use-mathematics-to-improve- their
-translation -tools-7491631.html.

4.5 GOOGLE CLAIMS MAJOR BREAKTHROUGH IN QUANTUM COMPUTING

The Google team reported that it designed a quantum processor that uses 54 qubits. Researchers
asked the quantum system to predict likely outcomes of a number generator similar to rolling dice
for example. The problem was designed to be extremely difficult for a traditional computer to
solve. Google said its computer, called Sycamore (see inner back cover), sampled and confirmed
the correctness of all the solutions within 200 seconds. The scientists estimated that a traditional
computer would have taken at least 10,000 years to complete the same problem.

IBM quickly disputed Google’s claim that the experiment had shown quantum supremacy.
IBM is currently developing its own 53-qubit quantum processor. IBM researchers said that
Google had greatly underestimated the abilities of a traditional supercomputer. They argued
that such existing systems could actually complete the problem in 2.5 days, and with greater
exactness.

IBM did say Google’s experiment was “an excellent demonstration” of the progress in quan-
tum computing technology. However, it said it is not correct to present the project as proof that
quantum computers “are supreme” over traditional computers.
John Preskill, a professor at California Institute of Technology, first came up with the term quan-
tum supremacy. Preskill wrote in a statement that he considers Google’s results a major step in
the search for “practical quantum computers”. He hopes the experiment will help push research
into new areas. But he also said “much work is needed before quantum computers become a
practical reality”. He predicted that more useful results of quantum computing in society “may
still be decades away.”
Source: https://learningenglish.voanews.com /a/google-claims-major-breakthrough-in-quantum - comput-
ing / 5136346.html.

4.6 AWARDS

4.6.1 Dr. Dishant Maurbhai Pancholi and Dr. Nina Gupta awarded Shanti Swarup
Bhatnagar Prize

Shanti Swarup Bhatnagar Prize is the highest multidisciplinary science award in India given away
to outstanding Indian work in science and technology. This most coveted award is named after
the founder director of the Council of Scientific and Industrial Research (CSIR), Shanti Swarup
Bhatnagar, which was first awarded in 1958. The award comprises of a citation, a plaque and
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cash prize of 5 lakhs and Rs. 15,000 per month up to 65 years. It is presented annually by CSIR
for the outstanding research in environmental science, biology, mathematics, physics, chemistry,
engineering and medicine.

The Prize recipients of 2019 in mathematical sciences were Dr. Dishant Maurbhai Pancholi,
Institute of Mathematical Sciences, Chennai and Dr. Nina Gupta, Indian Statistical Institute,
Kolkata.

Dr. Dishant Pancholi did his schooling from Utkarsh Vidyalaya, Baroda and Vidyut Board
Vidyalaya, Baroda. He did his B. Sc. mathematics during 1993-96 and M.Sc. mathematics during
1996-98 from Faculty of Science, The M. S. University of Baroda. He joined for Ph. D. in Tata
Institute of Fundamental Research (TIFR), Mumbai in the year in 1999 under the supervision of
Prof. M. S. Raghunathan and Prof. Siddhartha Gadgil. His thesis work was about Knots and the
Mapping Class Groups of Non-orientable Surfaces.

Currently, Dr. Pancholi works in the field of contact and symplectic geom-
etry. This field studies phase spaces associated to classical mechanical systems.
The phase space is nothing but the space consisting of all possible positions and
momenta. The geometric structure intrinsic to any time independent phase
space is known as a symplectic structure while the geometric structure intrin-
sic to a time dependent phase space is known as a contact structure. Phase
spaces are generally manifold. Recall that a manifold is just a space, which

looks locally like the usual Euclidean space. For example, surface of a tennis ball or doughnut is
a manifold. Famous geometer S. S. Chern in 1976 asked the following question:

Which odd dimensional manifold admits a contact structure?
Dr. Pancholi together with his collaborator Prof. Francisco Presas and Roger Casals answered
the question in case when the dimension of the manifold is 5. They showed that a 5-dimensional
orientable manifold admits a contact structure if and only if the third integral Steifel Whiteny
class W3 is zero.

Dr. Nina Gupta graduated with honors in Mathematics from Bethune Col-
lege, Kolkata, in 2006. She did her Post Graduation in Mathematics from ISI,
Kolkata, in 2008 and in continuation, earned her Ph. D. degree in 2011, with
specialization in Algebraic geometry. Her Ph. D. dissertation was on Some
Results on Laurent Polynomial Fibrations and Quasi A* Algebra under the su-
pervision of Prof. Amartya Kumar Dutta. At present Dr. Nina Gupta is an
Associate Professor at the Statistics and Mathematics Unit of the Indian Statis-

tical Institute (ISI), Kolkata. She was also the youngest mathematician to propose a solution to
the 70 years old Zariski Cancellation Conjecture, a long-pending problem in algebraic geometry.
Her primary field of interest is commutative algebra and affine algebraic geometry.
She was previously a visiting scientist at the ISI and also, a visiting fellow at the Tata Institute
of Fundamental Research (TIFR). She has also received B. M. Birla Science Prize in Mathemat-
ics in 2017. The Swarna Jayanti Fellowship Award in 2015 and The Ramanujan Prize from the
University of Madras in 2014.
Source:

1. http://ssbprize.gov.in/Content/Detail.aspx?AID=555
2. https://en.wikipedia.org/wiki/Neena_Gupta_(mathematician)
3. https://www.india.com/news/india/woman-mathematician-creates-history-becomes-youngest - recip-

ient -of-bhatnagar-award-3787582/

4.6.2 Maryam Mirzakhani New Frontiers Prize announced for women mathematicians

The Breakthrough Prize Foundation had announced the creation of the Maryam Mirzakhani New
Frontiers Prize, to be awarded to outstanding women in the field of mathematics. Each year, the
50, 000 award will be presented to early-career, women mathematicians who have completed their
Ph. D. s within the past two years. The prize may be shared by two or more individuals.
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Famed Iranian mathematician, the first woman to receive the Fields Medal in Mathematics and
Stanford professor Maryam Mirzakhani, tragically passed away in 2017 at the age of 40 after
fighting breast cancer for several years. During her exceptionally prolific career, she made ground-
breaking contributions to the theory of moduli spaces of Riemann surfaces. This prize will help
inspire young women to pursue their calling for mathematics. Recognizing some of the many
aspiring women in mathematics is a fitting tribute to the beautiful intellect of Dr. Mirzakhani.

Currently, the Breakthrough Prize Foundation awards the $3 million Breakthrough Prize in
Mathematics annually, as well as three $100,000 New Horizons in Mathematics Prizes for re-
searchers in the first decade of their professional careers. For more information for prize eligibility
and nominations process, one can refer www.breakthroughprize.org.
Source: http://www.spaceref.com/news/viewpr.html?pid=54886

4.7 OBITUARY

4.7.1 John T. Tate, Abel Prize-winning mathematician passes away at the age of 94

John Tate, a mathematician who explained many fundamental ideas in the the-
ory of numbers, many of which now bear his name, and who won the 2010
Abel Prize, a top mathematics award modeled after the Nobel’s, died on 16
Oct. 2019 at the age of 94.

Considered a prime architect in the development of the theory of numbers,
Tate was a giant in a mathematical area that covers a wide range of problems,
from the distribution of prime numbers to mathematics pertinent to a range
of aspects of modern life, such as information storage and secure transmis-

sion in high-speed computing. Tate laid the groundwork for a wide range of abstract but fun-
damental concepts that now bear his name, among them the Tate module, the Tate curve, Tate
cycles, Hodge-Tate decompositions, Tate cohomology, the Serre-Tate parameter, Lubin-Tate for-
mal groups, the Tate trace, the Shafarevich-Tate group and the Néron-Tate height-the list goes on
and on. The Abel Prize committee said in its citation honoring Tate in 2010: “Many of the major
lines of research in algebraic number theory and arithmetic geometry are only possible because
of the incisive contribution and illuminating insight of John Tate. He has truly left a conspicuous
imprint on modern mathematics”.
The impact of his research extends around the world. It has been transformative-even revolutionary-
across many branches of mathematics. Despite his monumental stature as a scholar, he was also
someone whom students and junior colleagues found to be modest, friendly and approachable.
John Torrence Tate was born in Minneapolis on March 13, 1925. His father, also named John
Torrence Tate, was a professor of physics at the University of Minnesota; his mother, Lois (Fossler)
Tate, was a high school English teacher. While in college at Harvard, he volunteered for a naval
officer training program in which he learned meteorology and did mine-sweeping research.
Tate received a bachelor’s degree in mathematics from Harvard University in 1946 and a doctoral
degree in 1950 from Princeton University, where he studied with Emil Artin, a leading mathemati-
cian of the 20th century. After completing his doctorate, Dr. Tate worked as a research assistant
and an instructor at Princeton and then as a visiting professor at Columbia. He became a profes-
sor at Harvard in 1954 and remained there for 36 years. He moved to the University of Texas in
1990 and retired in 2009 and returned to Harvard as an emeritus professor.
Tate’s thesis became one of the formative ingredients in the development of modern algebraic
number theory. He went on to make fundamental discoveries over a period spanning six decades.
Tate published relatively few papers, but the ones he did publish were clear and concise and held
fundamental findings.
Tate received many significant honors during his life, dating back as far as 1956 when the Amer-
ican Mathematical Society selected him for the Cole Prize for his outstanding contributions in
number theory. Tate also received the society’s Leroy P. Steele Prize for Lifetime Achievement
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in 1995 and was named one of its fellows in 2012. In 2002, he shared the prestigious Wolf Prize
in Mathematics. In 2010, he won the Abel Prize for his work on the theory of numbers. He was
recognized as a foreign member of the French Academy of Sciences and an honorary member of
the London Mathematical Society.
Sources:

1. www.nytimes.com/2019/10/28/science/john-t-tate-dead.html
2. https://news.utexas.edu/2019/10/18/remembering-eminent-ut-austin-mathematician-john-tate/

4.7.2 Richard Allen Askey, foremost authority on Special functions passes away at the age of
86

Richard Allen Askey was an American mathematician, known for his exper-
tise in the area of special functions. The Askey-Wilson polynomials are on the
top level of the Askey scheme, which organizes orthogonal polynomials of hy-
pergeometric type into a hierarchy. The Askey-Gasper inequality for Jacobi
polynomials is essential in de Brange’s famous proof of the Bieberbach conjec-
ture. Askey explained why hypergeometric functions appear so frequently in
mathematical applications.
Richard Askey was born on June 4, 1933, in St. Louis. He received BA from

Washington University in 1955, MA from Harvard University in 1956, and a Ph.D. from Prince-
ton University in 1961. After working as an instructor at Washington University (1958-1961) and
University of Chicago (1961-1963), he joined the faculty of the University of Wisconsin-Madison
in 1963 as an Assistant Professor of Mathematics. He became a full professor at Wisconsin in 1968,
and since 2003 was a professor emeritus. In 1983 he gave an invited lecture at the International
Congress of Mathematicians (ICM) in Warsaw. He traveled the world giving talks on mathemat-
ics and teaching the work of the mathematician Srinivasa Ramanujan. He was also very much
involved with commenting and writing on mathematical education at American schools. He had
13 Ph.D. students, but his influence went far beyond his students.
He was elected a Fellow of the American Academy of Arts and Sciences in 1993. He was named
Gabor Szego Professor of Mathematics in 1986 and was awarded a John Bascom Professorship in
1995. In 1999 he was elected to the National Academy of Sciences. In 2009 he became a fellow
of the Society for Industrial and Applied Mathematics (SIAM). In 2012 he became a fellow of the
American Mathematical Society. He was Honorary Fellow of the Indian Mathematical Society.
In December 2012 he received an honorary doctorate from SASTRA University in Kumbakonam,
India. Richard Askey died on October 9, 2019 after a short illness.
Sources:

1. https://en.wikipedia.org/wiki/Richard_Askey
2. https://madison.com/news/local/ obituaries/askey-richard-allen-dick/article_ac2e23ca-784b - 58aa -

b357-3e827fd504fe.html

4.7.3 Mathematician Vashishth Narayan Singh passes away at the age of 77

Mathematicians are loners. They live their lives in the shadow of their favorite
discipline, rarely coming out to interact with the outside world. Vashishtha
Narayan Singh, who passed away on November 14, 2019 at the age of 77, was
no exception. Born on April 2, 1942 at Basantpur Village in Bhojpur district,
Vashishtha was a bright student. He passed his higher secondary examination
in 1961, securing first rank in the state.
He was admitted to Patna Science College the same year in B.Sc. Part I class

and opted for honours in Mathematics, the subject he loved most. Singh became a legend as
a student when he was allowed by Patna University to appear for the B.Sc. final year honors
examination even before clearing the Part I examination. Patna University examination rules
were amended to make this special student appear at the final examination. And, even in this
examination, he topped.
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He was then invited to California University for research by John L. Kelley. He went to the
USA on scholarship and received his doctorate from University of California, Berkeley in the year
1969 for reproducing kernels and operators with a cyclic vector. After pursuing higher studies,
Singh worked at NASA and returned to India in 1971 to teach at IIT Kanpur. Later, he joined Tata
Institute of Fundamental Research, Mumbai. He is said to have challenged Einstein’s theory of
relativity. In 1973, he was appointed as a permanent faculty in Indian Statistical Institute, Kolkata.
Due to mismatch in his married life and some sort of disappointment in his professional career
caused mental imbalance in the genius. All the while, he was fighting what increasingly looked
like a losing battle to schizophrenia. In the late 1970s, Singh was admitted to Central Institute of
Psychiatry in Ranchi from where he was released in 1985. Then he went missing for several years.
In February 1993, he was found picking rags near a roadside dhaba at Doriganj in Chapra. He
was brought to his native place and his plight was highlighted in the national media.
Former Bihar Chief Minister Lalu Prasad Yadav had sent him to NIMHANS (National Institute
of Mental Health and Neuro-Sciences), Bangalore. In 2002, then BJP MP Shatrughan Sinha had
arranged for his treatment at the Institute of Human Behaviour and Allied Sciences (IHBAS),
Delhi. A few years back, he was also appointed as a guest faculty in Bhupendra Narayan Mandal
University, Bihar.
It is the culmination of misinformed relatives, government apathy and genes that turned his life
upside-down. In the new millennium, silent mathematician Singh was a lost soul who felt the
entire world conspired against him.
Sources:

1. www.hindustantimes.com/india-news/maths-wizard-vashistha-narayan-singh-dies-at-78-in-patna -
hospital/story-iZoN2bWphkUIJx8BAhyiQN.html

2. economictimes.indiatimes.com/news/politics- and-nation /indias - unknown-beautiful- mind/ arti-
cleshow /72080015.cms

□ □ □

5. Problem Corner

Udayan Prajapati

In the previous issue we presented a challenging problem in Combinatorics along with its
solution. And also posed a problem from combinatorics for our readers, solution of which is still
awaited. In this issue we will be considering problems from number theory.

Number Theory (or higher arithmetic of older usage) is a branch of pure mathematics devoted
primarily to the study of the integers. German mathematician Carl Friedrich Gauss (1777-1855)
said, “Mathematics is the queen of the sciences–and number theory is the queen of mathematics”.

As per Wikipedia, Elementary Number Theory is involved with
• the study of integers, primes, divisibility and its related properties,
• the study of equations having integral solutions,
• the study of congruence and congruence equations and
• the study of continued fractions.

It is among the oldest and most natural of mathematical pursuits.
Number theory has always fascinated amateurs as well as professional mathematicians. In

contrast to other branches of mathematics, many of the problems and theorems of number theory
can be understood by laypersons, although solutions to the problems and proofs of the theorems
often require a sophisticated mathematical background.1

In this issue, we present a problem from Number Theory along with its solution and pose
a problem for our readers from the same area. Readers are invited to email their solutions to

1https://www.britannica.com/science/number-theory
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Udayan Prajapati (udayan64@yahoo.com), Coordinator Problem Corner before 10th February,
2020. Most innovative solution will be published in the subsequent issue of the bulletin.

Problem: Let a, b, c and d be distinct positive integers such that a
a+b +

b
b+c +

c
c+d + d

d+a is an
integer. Prove that a + b + c + d is a composite integer. [ This problem was one of the prob-
lem of Practice tests of International Mathematical Olympiad Training Camp of 2017 for Indian
participants.]

Solution:
(

a
a+b +

b
b+c +

c
c+d +

d
d+a

)
+

(
b

a+b +
c

b+c +
d

c+d +
a

d+a

)
= 4. As a, b, c and d are dis-

tinct positive integers we have a
a+b +

b
b+c +

c
c+d +

d
d+a ≤ 3. We have the following three cases:

1. If a
a+b +

b
b+c +

c
c+d + d

d+a = 1 then c
c+d + d

d+a = b
( 1

a+b −
1

b+c

)
= b(c−a)

(a+b)(b+c) . Thus we must

have c > a. In a similar manner we can have a
a+b +

b
b+c = d(a−c)

(c+d)(d+a) i.e. a > c, a contradic-
tion.

So a
a+b +

b
b+c +

c
c+d +

d
d+a 6= 1.

2. If a
a+b +

b
b+c +

c
c+d +

d
d+a = 3 then b

a+b +
c

b+c +
d

c+d +
a

d+a = 1

So, as we discussed in case 1, we can get d > b and b > d in a similar manner, a contradic-
tion.

i.e. a
a+b +

b
b+c +

c
c+d +

d
d+a 6= 3.

3. If a
a+b +

b
b+c +

c
c+d +

d
d+a = 2 then a

( 1
a+b −

1
a+d

)
= c

( 1
b+c −

1
c+d

)
.

Thus a(d−b)
(a+b)(a+d) =

c(d−b)
(b+c)(c+d) . Hence a

(a+b)(a+d) =
c

(b+c)(c+d) as d 6= b.

On simplification we get ac = bd.

If we assume that a+ b+ c+ d = p for some prime p then p = a+ b+ c+ ac
b = (a+ b) + c

(
1 + a

b

)
.

Thus pb = (a + b)(b + c). So either p divides a + b or p divides b + c. That is a + b ≥ p
or b + c ≥ p. This is a contradiction as p = a + b + c + d and a, b, c, d are positive integers. So
a + b + c + d cannot be a prime.

Problem for this issue

Find all distinct positive integers l, m, n > 1 and t such that l! + m! + n! = 6t.

□ □ □

6. International Calendar of Mathematics events

Ramesh Kasilingam

April 2020

• April 2-3, Workshop on Graphs, Topology and Topological Groups: WGTTG2020 (South
Africa). at.yorku.ca/cgi-bin/calendar/d/fago81

• April 4-5, 7th Lake Michigan Workshop on Combinatorics and Graph Theory, University of
Illinois - Chicago, Chicago, IL. https://willp.people.uic.edu/lakemichigan2020/

• April 6-10, conference on “Periods, Motives and Differential equations: between Arithmetic
and Geometry”, in honor of Yves Andres’s 60th birthday, at the Institut Henri Poincare,
Paris. France: https://periodes.sciencesconf.org
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• April 13-17, Arithmetic, algebra and algorithms - celebrating the mathematics of Hendrik
Lenstra, International Centre for Mathematical Sciences, Edinburgh, Scotland, UK. https://
mathmeetings.net/conferences/view/850

• April 14-16, The 8th IEEE International Conference on Mobile Cloud Computing (IEEE Mo-
bileCloud2020), Oxford, United Kingdom. http://www.mobile-cloud.net

• April 15-17, The Eleventh International Conference on Post - Quantum Cryptography (
PQCrypto 2020), Paris, France. https://pqcrypto2020.inria.fr

• April 19-25, LMS Research school on Graph Packing, Eastbourne, United Kingdom. http://
personal.lse.ac.uk/boettche/ResearchSchool/

• April 20-24, conference on “Real algebraic geometry”, at CIRM, 2020, Marseille, France.
https://conferences.cirm-math.fr/2171.html

• April 25-26, 4th Great Plains Combinatorics Conference (GPCC 2020), North Dakota State
University, Fargo, ND. https://sites.google.com/view/gpcc2020/

• April 27-30, Number Theory days in Regensburg - Special values of L-functions, Regens-
burg, Germany. https://homepages.uni-regensburg.de/ spj54141/conference2020/index.html

May 2020

• May 4-6, 6th International symposium on Combinatorial Optimization (ISCO 2020), ZZ,
Montreal, Canada. https://www.lamsade.dauphine.fr/ isco/

• May 4-6, Leipzig, Germany: Chow lectures by June Huh, on the “Combinatorics and geom-
etry of Lorentzian polynomials”, at the Max Planck Institute, Porquerolles, France. https://
www.mis.mpg.de/calendar/conferences/2020/chow2020.html

• May 5-7, Memorial conference for Peter Swinnerton-Dyer, Isaac Newton Institute for Math-
ematical Sciences, Cambridge, UK. https://www.newton.ac.uk/event/neww01

• May 6-8, The Sixth Mini Symposium of the Roman Number Theory Association, Argiletum,
Università Roma Tre, Rome, Italy. http://www.rnta.eu/6MSRNTA/index.html

• May 11-15, 10th GRAph Searching, Theory and Applications (GRASTA 2020), Porquerolles,
France. http://www-sop.inria.fr/coati/events/grasta2020/

• May 11-15, 34th Annual Automorphic Forms Workshop, Moab, Utah, USA. http:// automor-
phicformsworkshop.org

• May 15-17, conference on “Unexpected and Asymptotic Properties of Algebraic Varieties”
(aka BrianFest), at the University of Nebraska Lincoln, Lincoln, NE. http://www.math.unl.edu/
aseceleanu2/BrianFest2020.html

• May 18-19, 100 Years of Mock Theta Functions: New Directions in Partitions, Modular
Forms, and Mock Modular Forms, Vanderbilt University, Nashville, TN, USA (no link yet).
https://my.vanderbilt.edu/mock/

• May 18-22, Open Problems in Algebraic Combinatorics, University of Minnesota, Minneapo-
lis, MN. http://www-users.math.umn.edu/ shopkins/OPAC/opac.html

• May 23-24, 32nd Cumberland Conference on Combinatorics, Graph Theory, and Comput-
ing, College of William and Mary, Williamsburg, VA. https://gyu.people.wm.edu/ 32Cumber-
land/ 32-cumberland.html
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• May 25-29, Fifth International Workshop on Zeta Functions in Algebra and Geometry. Nice,
France. https://zeta2020nice.sciencesconf.org

• May 25-29, 14th Latin American Theoretical Informatics Symposium (LATIN 2020), São
Paulo, Brazil. https://latin2020.ime.usp.br

• May 26-30, Algebraic Geometry in Roma Tre, a conference on the occasion of Sandro Verra’s
70th birthday, at Universita Roma Tre. Rome, Italy. http://ricerca.mat.uniroma3.it/users/ mod-
uli/verra70/

• May 29-31, The 5th Combinatorics and Graph Theory Conference (CGT 2020), Xiamen,
China. https://www.maymeeting.org/conference/CGT2020/

• May 29-31, 14th International Frontiers of Algorithmics Workshop (FAW 2020), Haikou,
Hainan Province, China.

Events in Cryptography

• May 4-7, {colorbluePublic Key Cryptography (PKC)}, Edinburgh, Scotland. https://pkc.iacr.org
/2020/

• May 48, IEEE International Symposium on Hardware Oriented Security and Trust (HOST
2020), San Jose, United States. http://www.hostsymposium.org

• May 9, Permutation-based Crypto 2020 (PBC 2020), Zagreb, Croatia. https:// permutation-
basedcrypto.org/2020/

• May 9 10, International Workshop on Code-Based Cryptography (CBCrypto 2020), Zagreb,
Croatia. https://cbcrypto.dii.univpm.it

• May 10 14, Eurocrypt 2020 (Eurocrypt 2020), Zagreb, Croatia. https://eurocrypt.iacr.org/2020/

• May 25 28, Theory and Practice of Multiparty Computation Workshop 2020 (TPMPC 2020),
Aarhus N, Denmark. http://www.multipartycomputation.com/tpmpc-2020

□ □ □

7. TMC Activities

7.1 REPORT ON NATIONAL WORKSHOP ON GROUPS AND GEOMETRY, 2-3 AUGUST,
2019

Ravi Mohan Ahuja & Ms. Tripti Anand

Department of Mathematics, Shyama Prasad Mukherji College for Women in collaboration with
“The Indian Mathematics Consortium” organized a two day National Workshop on Groups and
Geometry on 2-3 August, 2019. The Chief Guest of the inaugural session was Prof. C. S. Lalitha,
Head, Department of Mathematics, University of Delhi.

The session began with lighting of the lamp. Convener Dr. Ravi Mohan Ahuja welcomed the
resource persons by presenting them planters. Dr. Ahuja introduced the workshop whereby she
emphasized the relevance and importance of these workshops for lecturers and research scholars.
She expressed her gratitude to The Indian Mathematics Consortium and Prof Ajit Iqbal Singh.
Prof. Lalitha in her address, highlighted the significance of groups and geometry in mathematics
and its applications. She congratulated the Principal Dr. Sadhna Sharma and the Organizing
team for their efforts. 40 participants enrolled for the workshop. The workshop saw participants

34

https://zeta2020nice.sciencesconf.org
https://latin2020.ime.usp.br
http://ricerca.mat.uniroma3.it/users/moduli/verra70/
http://ricerca.mat.uniroma3.it/users/moduli/verra70/
https://www.maymeeting.org/conference/CGT2020/
https://pkc.iacr.org/2020/
https://pkc.iacr.org/2020/
http://www.hostsymposium.org
https://permutationbasedcrypto.org/2020/
https://permutationbasedcrypto.org/2020/
https://cbcrypto.dii.univpm.it
https://eurocrypt.iacr.org/2020/
http://www.multipartycomputation.com/tpmpc-2020


7. TMC Activities

ranging from senior Associate Professors from colleges across India to Research scholars. The
inaugural session was followed by high tea.

The resource persons: Prof. H. S. Mani (Professor of Physics, CMI, Chennai), Prof. P. Sankaran
(TIMS, Chennai), Prof. Geetha Venkataraman (Ambedkar Uni., Delhi) delivered series of lecturers
during the workshop. Prof. Mani gave four lectures entitled “Use of Group theory and Geometry
in Physics-Some examples”. Prof. Sankaran delivered three lectures on Groups and Symmetry.
And Prof. Geetha gave three lectures on Group actions and Geometry. On the second day, there
was an interactive session between the resource persons and the participants which was highly
appreciated by the participants. This was followed by valedictory session, chaired by the Princi-
pal Dr. Sadhna Sharma and Chief Guest was Prof. H. S. Mani. Prof. Geetha Venkataraman was
the Guest of Honour. The dignitaries along with Convener Dr. Ahuja gave the certificates to the
participants. The Convener Dr. Ahuja presented a vote of thanks to end the two day workshop.

7.2 REPORT ON WORKSHOP “CALCULUS: THE GEOMETRICAL WAY!”, 19TH-20TH
SEPTEMBER, 2019

Dr. Meetu Bhatia Grover & Dr. Jyoti Talwar

The Department of Mathematics, Miranda House organised in collaboration with The Math-
ematics Consortium, a 2 day workshop on “Calculus: The Geometrical Way!” on 19 & 20 Septem-
ber 2019. A total of 125 participants from 35 different colleges and academic Institutions of Delhi,
Haryana, Punjab, Madhya Pradesh and Uttar Pradesh attended the workshop. The participants
included undergraduate and master’s students, research scholars and faculty members. The
workshop had 5 lecture session of one and a half hour and three tutorial sessions of one hour
each in two days. We were honoured to have eminent speakers: Prof. K. Sandeep from TIFR
CAM, Bangalore and Dr. R. Panda from Department of Mathematics, University of Delhi.
Dr. Panda in his lectures shed light on basic concepts like continuity, differentiability and partial
and directional derivatives of functions of several variables. He discussed the core concepts of
Darboux and Riemann Integral.
Prof. Sandeep discussed the concept of maxima and minima comprehensively and explained the
necessary and sufficient condition for a point to be local maximum and local minimum. He
further discussed applications of the gradient of a function of a several variables in geometry,
the Hessian matrix and differentiability of a function of two variables as a Linear Transformation.
Further he discussed Inverse function theorem, and “Implicit function theorem”.
The participants were divided into groups for tutorial sessions to enable them to have one on one
interaction. Every session of the workshop started on the scheduled time. The Workshop ended
with the feedback from the participants. The participants were satisfied by the workshop but
wanted to hear more from the speakers. We thank TMC for sponsoring the workshop and our
Principal Dr. B. Nanda for providing a great environment to hold the workshop.

□ □ □

The Homi Bhabha Centre for Science Education, TIFR, Mumbai invites applications from
eligible candidates for its Ph.D. Programme in Science Education 2020. The poster of the
programme can be downloaded from:
https://secure.hbcse.tifr.res.in/admissions/docs/RS-poster-2020.pdf

Submission deadline: March 31, 2020; Written test: May 10, 2020; Interview: June 3rd week, 2020
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Italian mathematician and astronomer. Significant contributions to: 
analysis, number theory and both classical and celestial 

mechanics.


Joseph-Louis Lagrange (25 Jan.1736–10 Apr.1813)

Italian astronomer, physicist and engineer and called the “father of 
observational astronomy/modern physics/the scientific methods/modern 

science”.

Galileo Galilei (15 Feb.1564–8 Jan.1642)

A French mathematician and philosopher. Connected two quite different 
mathematical thought-categories, “Number” and  “Space” by 

representing the (Euclidean) plane by (Cartesian) Co-ordinates; mind-
body dualism.

René Descartes (31 Mar.1596–11 Feb.1650)
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