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1. Presenting the Special Issue Dedicated to Prof. C. S.
Seshadri

Professor C. S. Seshadri, one of the preeminent Algebraic Geometers of the twentieth century, who was
also instrumental in transforming the Indian mathematical scene in numerous ways, passed away on 17
July 2020, at the age of 88. Rich tributes were paid to him following the sad demise on various platforms,
including in the last issue of our Bulletin, abounding not only in accolades on his lasting achievements
as a mathematician, and his unique contribution of founding and building up the Chennai Mathematical
Institute (CMI) as a world-renowned centre for undergraduate studies in mathematics and allied subjects,
but also his interest and talent in music, his benevolent use of administrative power, his helpful nature, and
above all his disarming simplicity.

In the overall context of the great loss that arguably marks a change of an era, it was decided to bring
out a Special Issue of our Bulletin dedicated to Prof. Seshadri, highlighting his achievements and bringing
out his persona in various ways, for our readership, and in turn for the broader community with affinity to
mathematics. I was invited to take charge in this respect as Editor-in-Charge, which I gladly accepted, in
the context of the great admiration in which I have held Seshadri since my student days at the Tata Institute
in the early 1970s, even though I have personally not had an opportunity, unfortunately, to interact with
him at close quarters. And it is now a great pleasure to bring to the readers this issue, with wonderful
cooperation of various individuals associated with Prof. Sheshadri in various ways.

We begin with the article “Seshadri and the Standard Monomial Theory” by V. Lakshmibai and P.
Littelmann, who have been major contributors to the “Standard Monomial Theory” (SMT, for short, in
the sequel) with which Seshadri’s name has come to be indelibly associated. Lakshmibai has had a long
association with Seshadri, extending over 5 decades, starting as one of his earliest students in early 1970s,
a long-term research collaborator, and a regular visitor to the Chennai Mathematical Institute after it was
founded in 1989 (originally as the School of Mathematics of the SPIC Science Foundation). Littelmann
came in contact with Seshadri in 1983, when they both were at the Brandeis university for a year, Seshadri
as a visiting professor and Littelmann as an exchange Ph.D. Student. He prepared the notes of a course “An
Introduction to Standard Monomial Theory” given by Seshadri (incidentally the notes, originally published
in the Brandeis Lecture Notes Series, are now available as a TRIM volume of the Hindustan Book Agency),
and taking off from there evolved into one of the principal contributors to SMT. As the authors put it, in
the present article they “tell the story of SMT, bringing out along the way the reminiscence between the
respective authors and Seshadri”. As the story unfolds one is exposed to many stages in the development of
SMT, involving moments of optimism, frustration, some unexpected parallel events contributing to progress,
and, of course, numerous moments of joy.

During my student days at TIFR in early 1970s, quite frequently one would hear a mention, in canteen
or corridor chats, of Seshadri’s result on Serre’s conjecture on projective modules over polynomial rings
being free, establishing its validity in dimension 2, and its follow up by M. Pavaman Murthy, who was at
TIFR at the time - though he was to leave for Chicago soon, where he settled. While Seshadri himself moved
away from the topic, his early contributions have left a mark on its future course. The subject itself has
witnessed great deal of progress, with Serre’s conjecture having been proved, by D. Quillen and A. Suslin,
extensions explored, with some direct extensions being found not to be valid (a result of R. Parimala), and
development of a more coherent picture in the general framework (work of M. S. Raghunathan and others).
In their article “In Paris Seshadri toyed with projective modules” the leading algebraists Manuel Ojanguren
and Raman Parimala trace some of this history, starting with the genesis of the notion of projective modules,
Serre’s conjecture, the trail towards its proof, and the later developments in the theory, highlighting along
the way the significance of Seshadri’s contribution in the development of the theory.

Seshadri’s result on projective modules was also to have a large influence on the Algebra community at
TIFR, with many members pursuing the topic. A lively account of this pursuit and its current status are
described by Raja Sridharan, who justly represents the legacy at TIFR alluded to above, and his student
Sunil Kumar Yadav, in their article “Infinite descent, a theorem of Seshadri and then on”. At its outset
the article also contains some interesting pre-history around how Seshadri was motivated to address the
problem.

Another important result for which Seshadri is well known is his theorem jointly with M.S. Narasimhan,
establishing a correspondence, a bridge so to speak, between irreducible unitary representations of the
fundamental group of a compact Riemann surface S and a class of stable holomorphic vector bundles over S,
published in 1965 in the Annals of Mathematics. “My encounter with Seshadri and with the Narasimhan-
Seshadri theorem” is a personalized essay by Nitin Nitsure who has been engaged with the theme in various
ways over the years, elaborating on its significance. The theorem has had the distinction of its 50th birthday
having been celebrated, in 2015, and as Nitsure notes “Over the last 50 years the resulting developments
have impacted a wide arena, including the Langlands program, differential geometry, and (as affirmed by
Witten) the new theories in physics.” Nitsure had the privilege of attending, at TIFR, a beginner course
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by Seshadri, titled ‘Geometry - Topology’, which he mentions to have been a revelation, and proceeds to
recount his experiences, which in particular provide insights into the personality of Seshadri as a teacher.

The article “Seshadri and degenerations” by Vikraman Balaji, the last Ph.D. student and later a col-
league of Seshadri at CMI, gives a glimpse of a lesser known aspect of Seshadri’s contribution in Algebraic
geometry, concerning vector bundles on singular curves, linked to his interest in understanding the degener-
ations of the moduli spaces when the curve is allowed to degenerate to a stable curve. Balaji recounts the
long-term interest of Seshadri in the topic, mentioning the work of many of students of Seshadri on it, and
some interesting developments culminating into his 2015 joint paper with Seshadri.

As noted earlier Seshadri had deep interest in classical music, and had given professional-level musical
performances himself. Purnaprajna Bangere, an Algebraic Geometer who has been keenly involved in
developing a mathematical theory of music, with innovative contributions on the theoretical front as well as
in application through performances of his music group “Purna Loka Ensemble”, fondly recalls, in his article
“Aspects of Geometry and Music, the Metaraga System” of his association with Seshadri, highlighting its
musical dimension.

In another short article, Jayant Shah, an Algebraic Geometer affiliated to the Northeastern University,
Boston, USA, who had known Seshadri for a long time, reminisces over his “Musical evenings with Seshadri”.

We conclude the issue with a set of quotations from the tributes offered by some of the eminent person-
alities, including some received directly by the Editor-in-Charge in response to the announcement of this
Special Issue, and a Brief biography of Professor Seshadri.

The Editor-in-Charge would like to thank the authors of all the articles for their contributions. Thanks
are also due to Prof. Rajeeva Karandikar, Director - CMI, the ever helpful Registrar of CMI, Mr. S.
Sripathy, who shared a special bond with Prof. Seshadri, Mr. S. Giridhar (son of Prof. Seshadri), Prof.
Madhavan Mukund, Prof. T. R. Ramadas, and Prof. C. S. Rajan for their generous help, with memorable
photographs and other valuable inputs, in bringing out this Special Issue. Thanks are also due to Mr.
D. K. Jain of Hindustan Book Agency for images of books related to Seshadri. Before concluding these
introductory words the Editor-in-Charge would also like to thank the Editorial Board of the Bulletin for
providing the opportunity to bring out this issue, which has been a thoroughly enjoyable experience, and to
Prof. Pathak (Managing Editor), Prof. Katre and our designers Mrs. Prajkta Holkar and Dr. R. D. Holkar
for enthusiastic support in the endeavour.

□ □ □

Prof. Seshadri in a joyful mood
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2. Seshadri and the Standard Monomial Theory
V. Lakshmibai

Northeastern University, Boston, USA. Email: lakshmibai@neu.edu
P. Littelmann

Cologne University, Cologne, Germany. Email: peter.littelmann@math.uni-koeln.de

ABSTRACT. Prof. C. S. Seshadri was a many-faceted mathematician. In this article, we have tried
to portray his skills in the area of representation theory of algebraic groups, especially, of semi-simple
algebraic groups, and its impact on the geometry of flag varieties and their Schubert subvarieties. In
the 1950’s, Hodge gave a basis for the homogeneous coordinate ring of the Grassmannian (as well
as the Schubert subvarieties in the Grassmannian), for its canonical Plücker embedding, in terms of
certain monomials in the Plücker coordinates, the so-called “standard monomials”. With his amazing
insight, Seshadri, along with his collaborators, was able to extend the “Standard Monomial Theory”
(abbreviated SMT, in the sequel), to any “generalized” flag variety (and the Schubert varieties
therein), and even to the “affine” flag variety (arising from an affine Kac-Moody algebra), and the
Schubert varieties therein. The origin and the completion of SMT run over roughly 3 decades, namely,
1970’s through 1990’s. This theory has led to very many interesting geometric and representation-
theoretic consequences. We tell the story of SMT, along the way, bringing out the reminiscence
between the respective authors and Seshadri.

2.1 Venkatramani Lakshmibai

My association with Prof. C. S. Seshadri extends over five decades, first as a mentee, next as a collaborator,
and then as a friend. I shall dwell upon these three phases individually! Before taking up this, since the
main theme of this joint article is on the story of SMT, let us just tell the reader a bit about SMT. For
the Grassmannian variety, Hodge gave a natural K-basis for the homogeneous coordinate ring R of the
Grassmannian variety (as well as its Schubert sub varieties) for the Plücker embedding, K being C. This
basis is in terms of certain monomials, the so-called standard monomials, in the Plücker coordinates. As
a consequence of this, one obtains the following: Let us denote OP (1), as well as its restriction to the
Grassmannian by just L; denoting the Grassmannian by X, we obtain the following:

I The natural inclusion Rm ⊆ H0(X, Lm) is an equality ∀ m ∈ Z+.
II H0(X, Lm) has a K-basis consisting of degree m standard monomials on X, for all m ∈ Z+.

III We have that Hi(X, Lm) = 0, i ≥ 1, m ∈ Z+.

Further, if we denote by Y a Schubert variety, then we obtain similar results for any Schubert subvariety
of the Grassmannian. Let us denote the homogeneous coordinate ring of Y by K[Y ]. Then we have

1. The natural inclusion K[Y ]m ⊂ H0(Y , Lm) is an equality, for all m ∈ Z+.
2. H0(Y , Lm) has a K-basis consisting of degree m standard monomials on Y for all m ∈ Z+.
3. We have that Hi(Y , Lm) = 0, i ≥ 1, m ∈ Z+.

Thus we find that SMT consists in constructing for all m ∈ Z+ an explicit bases for H0(Y , Lm),
consisting of degree m standard monomials on the Schubert variety Y .

I. Seshadri as my mentor: I joined TIFR in the Fall of 1968, the iconic year, which witnessed the
following two important activities at the Institute : The first one being the “celebrated” International
Symposium on Algebraic Geometry in Jan 1968, and the second one being, the “famous” year-long
course on Algebraic Geometry given by Seshadri. Unfortunately, I couldn’t participate in either one
of them for obvious reasons. After spending a couple of years, learning about the rudiments of the
three basic courses Algebra, Analysis and Topology, during 1971, one afternoon, I just knocked on
his office door, and expressed my desire to work on Algebraic Geometry. He raised his eye brows. He
then asked me to read/learn Algebraic Geometry. Fortunately for me, Musili was kind enough to lend
me his hand-written notes of the lectures on Algebraic Geometry by Seshadri; Musili’s notes were so
impeccable, and so beautifully written! I started to copy down the pages, and as I was copying them,
I was also trying to learn the subject matter. I have learnt all my Algebraic Geometry from these
notes. These notes are so precious for me that even today, if I have a question/doubt about some
topic in Algebraic Geometry, I go back to these notes, and most of the times, I will find an answer!
The course was so extensive and the notes so elaborate!
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In the Fall of 1972, Seshadri asked me and Musili to read the paper “Schubert methods with an
application to algebraic curves” by Kempf [7]. In this paper, Kempf proves the Borel-Weil theorem
for the flag variety SL(n)/B in positive characteristics. Let us recall that the celebrated Borel-Weil
theorem is about the vanishing of higher cohomologies of ample line bundles on the generalized flag
variety G/B in characteristic 0, where G is a semi-simple algebraic group and B is a Borel subgroup of
G). Musili and I concentrated for a whole month on reading Kempf’s paper and among other things,
we arrived at the Weyl-group theoretic description of a certain class of smooth Schubert varieties,
constructed by Kempf in that paper. We then reported to Seshadri about our discoveries. Then the
three of us had serious discussions of Kempf’s paper for about three months or so and we gave a
proof of Borel-Weil theorem for the generalized flag variety G/B, G being a group of classical type
or type G2 in all characteristics. This result “Cohomology of line bundles on G/B” was published in
Annales Scientifique of E. N. S. [31]. This was my first/proud publication. In my thesis, I extended
the results of this paper to the class of Kempf varieties (the varieties considered by Kempf). It is
worth mentioning that the Kempf varieties again play a crucial part in my paper with Sandhya “A
characterization of smooth Schubert varieties in SL(n)/B” [39]; they again show up in [14], authored
by M. Kummini, V. Lakshmibai, P. Sastry, C.S. Seshadri. Kempf made use of a technical step in our
paper [31], and gave a type-free proof of the Borel-Weil theorem, in all characteristics in 1976 ([8]),
now known as “Kempf’s vanishing theorem”.

II. Seshadri as my collaborator: My collaboration with Seshadri runs over a little more than four
decades, starting from mid-seventies through 2019. In the Fall of 1976, when Seshadri had just
returned from a two-year visit to Harvard University, Seshadri was all excited about a recent work
of De Concini and Procesi, their work where they present a characteristic-free approach to Classical
Invariant Theory; their work essentially consists of the construction of a characteristic-free basis for
the rings of invariants, appearing in Weyl’s “Classical Groups”. It is more or less this time that
Seshadri had just finished his work on “Geometry of G/P”-I, wherein he extends Hodge’s results
giving a natural basis (over C) for the homogeneous coordinate ring of the Grassmannian (and its
Schubert varieties) for the Plücker embedding, in terms of “standard monomials” in the Plücker
coordinates, to G/P , G being a simple algebraic group, and P being a maximal, minuscule, parabolic
subgroup of G, in all characteristics. We may describe Seshadri as the inventor of modern Standard
Monomial Theory (abbreviated as SMT, henceforth). This work of Seshadri may be considered as the
beginning of SMT! As soon as he got back to the Institute, he asked me to read the above mentioned
paper of De Concini and Procesi, and at the same time he explained to me about his work Geometry
of G/P -I. Then Seshadri and I started to have very serious discussions about the connection between
the two papers mentioned above. I should mention that Musili is not in the picture, since he was
visiting UCLA at that time! I still remember the thrill that I used to have by discovering something
new everyday and to have some fallacies in my discovery as I was reporting about it to Seshadri the
next day! Mathematical computations became like a healthy addiction, which I thoroughly enjoyed.
After spending countless hours on computations and discussions with Seshadri, we could figure out
the relationship between the two papers (over a period of three months), and along the way, we also
arrived at some important basic conjectures. Thus we have the birth to Geometry of G/P -II ([32]),
which is to be considered as the Gateway to SMT.
The conjectures, set out as in [32], describe a nice conjectural basis, in all characteristics, for all
G/P ’s, where G is a simple algebraic group and P is a maximal parabolic subgroup of classical type;
in particular, noting that any maximal parabolic subgroup of a classical group G, being of classical
type, this would take care of the problem of developing an SMT, for all G/P ’s, G being classical and
P a maximal subgroup of G.
By the time, we had written up our results in [32], Musili had returned from his 2-year visit to UCLA;
the three of us, started our discussion on proving the basic conjectures. As a first step, we were able
to prove the conjectures, for the case of G/P ’s, G being simple, and P being a maximal parabolic
subgroup of quasi-minuscule type [33]. These are the parabolic subgroups that are considered by
Kempf in [8]. The point here is that unlike the class of minuscule parabolic subgroups which fails
to cover all simple algebraic groups, for instance, there aren’t any minuscule parabolic subgroups
if G is of type E8, F4, or G2, the class of the quasi-minuscule parabolic subgroups is wider than
the class of minuscule parabolic subgroups, in that every simple algebraic group admits at least one
maximal parabolic subgroup of quasi-minuscule type. At this time M. Demazure was visiting TIFR,
and gave his “celebrated” lectures on “Desingularization of Schubert varieties” based on [12]. In
this paper, among other things, Demazure proves a character formula for the space of sections of
ample line bundles on G/B as well as their restrictions to the Schubert subvarieties in G/B; this
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2. Seshadri and the Standard Monomial Theory

character formula is used in a crucial way in [33]. In addition, the normality of Schubert varieties, in
all characteristics (a consequence of the results in [12]) has also been used in a crucial way in [33].
The three of us - Musili, Seshadri and I - continued on our investigations on the extension of the
results for G/P , P being a parabolic subgroup of classical type to any G/Q, G a simple algebraic
group, and Q, an intersection of maximal parabolic subgroups of classical type. After an intense
discussion of four months by the three of us, we did arrive at a set of conjectures for developing an
SMT for the case of G/Q, as mentioned above. Then after a six-months period of intense/serious
discussion we had [34], in which we had given a complete proof of the conjectures of [32], and wherein
we state the conjectures for the case of G/Q, and outline a proof of the same. I have very good
reminiscences of our discussion: We used to meet around 12 noon and go on until 7 pm, with a lunch
break for an hour and then a couple of tea-breaks. It should be remarked that most of the times, the
crucial idea will strike us while we were having our tea! This is not surprising, since as is well-known
to any serious researcher, the crux of the problem reveals itself at the most unexpected moment; for
instance for me, the crux of the problem reveals itself, when I am swimming or having my shower! I
guess that the crux of the problem reveals itself, when one is most relaxed!
At this time, Procesi was visiting Tata Institute - Jan, Feb, 1978. Upon his invitation, I visited Rome
University, for the academic year 1978-79, as a visiting Professor. Procesi, De Concini and I had very
many interesting mathematical discussions. The following two years, at the invitation of Kempf, I was
a visiting professor at Johns Hopkins. The following three years, I spent at University of Michigan,
Ann Arbor. In the summer of 1982, on my way to India, I had made a stop in Germany to attend a
week-long conference in Oberwolfach, organized by Springer and Tits. During the conference, Victor
Kac pointed out one serious error in [12]; apparently, when Kac was running a seminar at MIT on
[12], they found this error. As soon as I reached Bombay, right after the Oberwolfach conference,
during my meeting with Seshadri, I mentioned to him about the serious error in [12]. We got very
worried, since we had used the results of [12] in our papers in quite a non-trivial way. Once again,
we got into serious mathematical discussion. Thankfully, we were able to fix our proof by taking a
totally different approach than that found in [34]. Thus, we had the paper “Geometry of G/P -V”.
We were still thinking about the extension of SMT to other exceptional groups. In the process, I
arrived at a set of conjectures (see [42], for a statement of these conjectures). Our goal was to extend
the SMT for the Exceptional groups, but to our surprise, the conjectures seem to include the Kac-
Moody groups also. As a first step towards proving the conjectures, Seshadri and I could show that
the conjectures hold for ŜL(2).
Thanks to the ingenuity of Littelmann, the SMT was completed even for the Kac-Moody groups, by
proving the above-mentioned conjectures (cf. [20]). Littelmann’s proof makes a clever use of the
representation theory of Quantum groups at a root of unity, as developed by Lusztig in 1990’s.
Now that the SMT was complete, Seshadri and I were looking at the problem of relating the cotangent
bundle of G/B to some suitable Schubert variety in the affine flag variety. To make this a little more
precise: Lusztig (cf. [9]) relates certain orbit closures arising from the type A cyclic quiver Âh to
certain affine Schubert varieties. On the other hand, in the case h = 2, Strickland (cf. [6]) relates
such orbit closures to conormal varieties of determinantal varieties; furthermore, any determinantal
variety can be canonically realized as an open subset of a Schubert variety in the Grassmannian
(cf. [32]). Inspired by these results, we were interested in finding a relationship between affine
Schubert varieties and conormal varieties to the Grassmannian. As a first step, I was able to show
that the compactification of the cotangent bundle to the Grassmannian is canonically isomorphic to
a Schubert variety in a two-step affine partial flag variety (cf. [30]). This result was extended in [38]
to cominuscule Grassmannians.
Then in 2017, together with Rahul Singh, we (Seshadri and I) were able to extend these results to
SL(n)/B (cf. [43]). This is my last publication together with Seshadri and his last publication also!

III. Seshadri as a friend: After spending nearly three decades at TIFR, Seshadri moved to Chennai
in the mid 1980’s, and joined IMSc, Chennai, as the head of the Mathematics Department; at more
or less the same time, I moved to Boston to join the Math. Faculty at Northeastern University. At
this point, it should be remarked that both of the research institutions, IMSc and TIFR, accepted
students only at the Ph.D. level. After spending a brief time at IMSc, Chennai, Seshadri branched out
and started an institution with the mission of training undergraduates, besides undertaking research.
This new institution was founded, in October 1989, with the help of S. Parthasarathy, who was then
working at the petrochemical company SPIC in Chennai, and the new institution was called the SPIC
Mathematical Institute.
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After going through some initial financial difficulties, this institution eventually evolved into the Chen-
nai Mathematical Institute, abbreviated as CMI. CMI has evolved internationally, as one of the most
well-recognised Indian institutions for mathematics. The under-graduates from CMI are accepted for a
Ph.D. program in such top-notch Universities as Harvard, M.I.T., Brandeis, Northeastern, Princeton,
University of Emory, University of Chicago, Caltec, UCLA, etc., in the United States, I.H.E.S., Ecole
Normale, and University of Paris 7, etc., in France, Max-Plank Institute, University of Hamburg, etc.,
in Germany.
Ever since the birth of CMI in 1989, I have been a regular visitor at CMI, during the winter months,
of every year which enabled our collaboration to continue. Having known Seshadri for 5 decades, I
would describe him as a very genteel person, patient to the core who brought nothing but joy and
pleasure to the people around him. Of all the good traits about him, I like his PATIENCE the most.
I have never seen him lose his patience, not only with me, but also with the people around him! I
could say that just by observing him, I have learnt so many things about life, which have polished my
nature/character unknowingly! I could easily say that my character of what I am being today, I owe
it to my association with him for 50 years. Of all the things that I imbibe from my association with
him, I would like to mention the quality of staying cool, calm and collected at all times! I have heard
his friends/colleagues describe him as being “a very calm and collected person”. Another trait in him
that cannot be missed by anyone who might have had just an acquaintance with him is his modesty;
in spite of being the recipient of so many glorious awards, he remained so modest that this trait of
his modesty only added to his personality! I would like to end this article by quoting SESHADRI’S
GENERAL PHILOSOPHY ON LIFE:

“NOTHING IS THE END OF THE WORLD”.

2.2 Peter Littelmann

I remember very well the first time I met Seshadri in fall 1983. He was joining Brandeis University as a
visiting professor for one year, and I had arrived there as an exchange Ph.D. -student, also for a year. For
me the idea of the exchange was to learn a bit more about algebraic groups an invariant theory, and related
algebraic geometry and commutative algebra before starting with a Ph.D. project. It turned out to be more
than just a little bit. Many theories and concepts I became aware of during that year absorb me again and
again, even today.
At Brandeis: Before going to Brandeis I had a little chat with Frank Olaf Schreyer, who had visited
Brandeis the academic year before. He recommended, among other courses, the one given by Seshadri.
Seshadri’s course Introduction to Standard Monomial Theory seemed to me a perfect opportunity to learn
some algebraic geometry related to actions of algebraic groups. But I have to admit that I had no idea at
that moment what SMT was about.

At the beginning of the semester the Brandeis Mathematics Department organized a little party in the
open air, with food and drinks, and suddenly David Eisenbud turned up next to me and suggested I should
write notes for the course. He introduced me to Seshadri and my fellow note writer, Pradeep Shukla. I was
a bit worried, but from the very beginning, Seshadri was very friendly, calm and helpful, and, last but not
the least, humorous, which made it very easy for me to take notes and write a first draft for my part. David
Eisenbud informed Pradeep Shukla and me, that these notes will be published later in the series Brandeis
Lecture Notes. At that time published notes meant only a bound version of a xerox copy of a typewritten
manuscript. Nowadays there is an updated version of these notes available as a book [5].

While writing up the notes for Seshadri’s course at Brandeis, I have had many discussions with him.
Seshadri was an extremely good and very patient teacher. The discussions always took place in a very
special atmosphere. While thinking about a question and trying to formulate an answer also accessible for
me, Seshadri often suddenly started to hum a raga. For me it was a very soothing habit, calming down a
nervous student having a lot of questions.

The discussions were often going beyond the content of the current lectures. Seshadri was working at
that time together with Lakshmibai on the paper Geometry of G/P - V [32]. He explained to me the
problem caused by the gap in Demazure’s proof and the new approach they were developing to circumvent
this problem. And, once in a while, he went further back in history and he explained how much effort it
took Lakshmibai, Musili and him to develop the notion of a semi-standard tableaux for the other classical
type groups: Sp2m and Spinn, and to find a corresponding basis for the fundamental representations.

For the semi-standard tableaux the even orthogonal case was the worst one. Seshadri told me about the
various conjectures they had before they arrived at the final definition. Musili checked these conjectures with
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the help of computer programs by comparing the character of “small” representations with the character
provided by the conjectured class of semi-standard tableaux.

All this was part of the special ambience I enjoyed so much at Brandeis. Before coming to Brandeis I
had just finished my master thesis and I was looking for a topic for a Ph.D. thesis. It was very exciting for
me to see Seshadri and Lakshmibai discussing their new ideas on standard monomial theory, have Gerald
Schwarz explaining to me his approach to modern invariant theory, and the lectures by David Buchsbaum,
throwing a very personal viewpoint on commutative algebra.

Seshadri was not only explaining mathematics to me, I was also going to listen to a lot of Indian music.
Together with Lakshmibai we went to quite a few concerts in Boston, as well later in Chennai, when I
visited him, first at the IMSc, later at his institute. I also have had the honor of attending a concert given
by Seshadri himself.
LS paths: There were two points coming up during the many discussions I have had with Seshadri, which
did not get out of my mind: one was the problem of finding a “useful” (whatever this precisely means)
indexing system for a basis of a representation, the other the special role of the extremal weight vectors in
the theory.

After Kashiwara had developed the theory of crystals, many people were looking for combinatorial
models for this theory. The tableaux defined by Lakshmibai, Musili and Seshadi turned out to be perfectly
adapted to provide such a model, suggesting a strong connection between the combinatorics of SMT and
the combinatorics of crystals.

Around the same time, Lakshmibai presented a conjectural version of tableaux for integrable highest
weight representations of an arbitrary Kac-Moody algebra g. To circumvent the sometimes intricate Weyl
group combinatorics and to add more flexibility to the combinatorics, I had the idea to view the tableaux
defined by Lakshmibai, Musili and Seshadri as a special class of piecewise linear paths in the real space
spanned by the weight lattice X of g. The weight of such a path π is just the endpoint π(1). This set of
paths can be made into a crystal in the sense of Kashiwara, the crystal operators act in this language as
local affine reflection operators. These ideas were leading to the path model of a representation [19]. In
this language, Lakshmibai’s pairs of sequences as well as the semi-standard tableaux defined by Lakshmibai,
Musili and Seshadri provide an explicit parametrization of a special class of path models, now called the
Lakshmibai-Seshadri paths. Or, for short: LS paths.
SMT: The starting point of a standard monomial theory for the homogeneous coordinate ring of an
embedded generalized flag variety G/B ↪→ P(V (λ)) (respectively for the corresponding ring of sections⊕

n∈N H0(G/B, Lnλ)) is always the construction of a basis for the representation V ∗(λ) (respectively the
space of global sections H0(G/B, Lλ)), indexed by LS paths. Seshadri has pointed out the importance of
the role of the extremal weight vectors for the standard monomial theory: A basis vector should have the
property that an appropriate power of the section is a product of extremal weight vectors, up to some terms
which can be neglected. The phrase “up to some . . .” means: There exists an appropriate filtration of the
ring, such that one has equality in the associated graded ring. And this is the way it had worked out before,
see [32, 33, 34, 36, 29, 37, 42].

Combinatorics can sometimes be really suggestive. If one starts with the path model given by the
straight line joining the origin with the weight λ, then the LS paths corresponding to extremal weights are
just straight lines joining the origin with the extremal weight. For an arbitrary LS path π of shape λ and an
appropriate m > 0, the stretched path mπ is just a concatenation mπ = π1 ∗ · · · ∗ πm of straight lines joining
the origin with extremal weights. So the combinatorics suggests: consider the product pπ1 · · · pπm of these
extremal weight vectors pπ1 , . . . , pπm . Well, this product is a section in H0(G/B, Lmλ), so the main strategy
to get a basis vector pπ in H0(G/B, Lλ) should be to take an m-th root and set: pπ = m

√
pπ1 · · · pπm .

The problem is to say precisely what it means to take an m-th root out of a section. The Frobenius
splitting in positive characteristic did not help much because m is nearly never a (power of a) prime number.
It turned out that Lusztig’s Frobenius map for quantum groups at a root of unity was the right tool to solve
this problem and define a basis {pπ}π for H0(G/B, Lλ), indexed by LS paths π of shape λ, and thus get
the initial building block for SMT [20].
Some applications: The SMT constructed in this way is independent of any case by case considerations.
The basis is compatible with Schubert varieties, with opposite Schubert varieties and Richardson varieties.
The quadratic straightening relations provide a Groebner basis for the vanishing ideal of the embedded
flag variety and the ring of sections for a Schubert variety is a Koszul ring [45]. Chirivì used this SMT to
construct a flat deformation of an embedded Schubert variety into a union of toric varieties [3], and he and
Maffei [23] lifted the standard monomial theory to complete symmetric varieties.

The explicit construction of the bases of fundamental representations for the classical groups makes it
possible to use the Jacobian matrix to determine the dimension of the tangent space of a Schubert variety
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at a T -fixed point. This point of view was taken in a series of articles by Seshadri, Lakshmibai, Sandhya
and others in order to establish explicit formulae for the dimension of tangent spaces, to derive smoothness
criteria for Schubert varieties and to study the cotangent bundles [39, 40, 14, 30, 38]. Similar arguments
apply to varieties which can be realized as an open subset of a Schubert variety. As an example let me
mention the irreducible components of the variety of complexes [2, 44].
In Strasbourg: In 1999 I had the pleasure to host Seshadri in Strasbourg. At that time I was reading a
recent paper by a long time friend, Arun Ram, and Harsh Pittie [10]. They were proving a Pieri-Chevalley
formula in the K-theory of G/B-bundles. The formula was using LS paths in a way reminding me of
filtrations on the space of global sections of line bundles on a Schubert variety. I had defined these filtrations
some time before for a completely independent purpose, and I tried to get these two pictures together.

Seshadri got really excited when we started to discuss this, and he quickly pointed out what was des
Pudels Kern, or to say it in English, the crux of the matter. I think Seshadri had these ideas in his mind for
a long time, but now all the technical and combinatorial tools needed to make them precise were at hand.
In [21] we use standard monomial theory to construct an explicit filtration of the OG/B-sheaf OXτ ⊗ Lλ,
stable under the action of a Borel subgroup B, such that the associated graded sheaf is a direct sum of
structure sheaves of Schubert varieties, and the B-action is twisted by a character as in the formula by Pittie
and Ram. In other words, we were proving an effective version of the Pieri-Chevalley formula by Pittie and
Ram. In addition, and I think this was very important for Seshadri, we present indications that having
such an effective (the emphasis being on the word effective) version of a Pieri-Chevalley formula is roughly
equivalent to standard monomial theory. Indeed, similar filtrations have been considered for example by
Lakshmibai and Seshadri in [36], where they play a crucial role in developing a standard monomial theory
for G/P , where P is a parabolic subgroup of classical type.
A short outlook: I think SMT is a never ending story. Some questions have been answered, but imme-
diately new questions, new connections and interpretations pop up. For example, many different bases of
representations have been constructed: The canonical basis and the semi-canonical basis as well as their
corresponding dual versions, there is the MV cycle basis and so on. It is natural to ask which of the bases
mentioned above can be used for SMT. For the relation between SMT and the MV cycle basis, a first
conjecture is given in [16].

The LS paths remain somewhat mysterious. They seem to carry a lot of information about representa-
tions and the geometry of Schubert varieties. This suggests that they are more than just a combinatorial
tool, but what exactly, this is not yet clear. They pop up in various disguises. As examples, let me recall
the connections with the geometry of the affine building (respectively the hovel) of semisimple (respectively
Kac-Moody groups) [25, 27, 18], the saturation conjecture [13], Hecke algebras [15, 11], there are connections
with the MV cycle basis [16, 25], which in turn is leading to formulas to calculate Hall-Littlewood polyno-
mials [26]. There are connections to Pitman’s theorem on Brownian motion [17], there is the connection to
K-theory via the Pieri-Chevalley formula [10, 21] and there are connections to Newton-Okounkov theory
([47] and below).

Another way of looking at the path model is in terms of loops. Rappel [46] lifts the path model to the
loop group Ω(S), where S is a maximal compact torus in the compact Langlands dual group K∨. Following
Bott and Samelson, he associates to a loop model of a representation a Bott-Samelson manifold embedded
in the loop group Ω(K∨). Rappel found a nice condition (satisfied by the loop versions of the LS paths)
on the loop model implying that the restriction of the symplectic structure on Ω(K∨) to the embedded
Bott-Samelson manifold remains non-degenerate.

A connection between SMT and Newton-Okounkov theory was found recently, this is ongoing joint work
with R. Chirivì and X. Fang. This link provides a bridge to the geometric construction of SMT as in [36].
Using the vanishing multiplicities on sequences of Schubert varieties, one can define a quasi-valuation on
the ring of sections of a flag variety. The quasi-valuation produces a Newton-Okounkov body, which turns
out to be the generalized polytope with integral structure studied by Dehy [24], the integral points in the
polytope being the LS paths. This can be viewed as a first step towards Seshadri’s conjectural interpretation
of SMT and the LS paths, formulated by him [4] as follows:

I have felt that a good understanding of SMT would be via a cellular Riemann-Roch formula as the
definition of LS paths could be formulated geometrically in terms of the canonical cellular decomposition of
G/B.

Seshadri was a person who seemed to radiate positive energy to the people surrounding him. I will
always have in my mind the extremely stimulating, humorous and encouraging discussions with Seshadri.
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ABSTRACT. We explain Seshadri’s solution of a problem of Serre on projective modules and give a
rather subjective overview of the developments inspired by this problem.

3.1 Injective and projective modules

Let R be an associative ring with unity. Injective R-modules already appeared in a 1940 paper of Reinhold
Baer [26], where it was shown that every R-module M is contained in a module I(M ) which is a direct
factor of any larger module. Baer did not give modules like I(M) any particular name and in fact he did
not even use the term “module” but always spoke of “abelian groups with operators”.

The idea of projective modules seems to have appeared about ten years later. In [31] Wolfgang Gaschütz
introduces two interesting properties an R-module M may possess. The first one – which he called Mo –
is that every R-linear surjective map f : N → M has a right inverse, that is, there exists an R-linear map
g : M → N such that fg is the identity of M . The second one – which he called Mu – is the dual property:
Every R-linear injective map f : M → N has a left inverse, that is, there exists an R-linear map g : N → M
such that gf is the identity of M . In the notation invented by Gaschütz, M refers to Maschke, upon whose
result the work develops, and the subscripts o (a vowel, not a zero!) and u stand for obere- respectively
untere - Abspaltbarkeit. These notions were used for a few years by people working in representation theory
but soon they reappeared in homological algebra, where Mo modules were called projective and Mu modules
were called injective. Projective modules can also be defined as direct summands of free modules, but there
is no such simple characterisation of injective modules.

Projective and injective modules both played a crucial role in homological algebra. This branch of
mathematics was born in 1941, when Heinz Hopf introduced the second homology group H2(G) of any
group G and had reached maturity with the publication of the treatise Homological Algebra by Cartan and
Eilenberg [10].

A geometric aspect of projective modules. Projective modules acquired a very interesting geomet-
rical aspect when Serre observed, in his seminal paper Faisceaux Algébriques Cohérents [14], that algebraic
vector bundles over affine varieties are the same as finitely generated projective modules over affine algebras.
Let us try to illustrate what this means, without any pretence of rigour and precision.

Let k be a field and k an algebraic closure of k. By an affine variety V over k we mean a set of points of
k

n defined by equations f(X1, . . . , Xn) = 0 where f is a polynomial with coefficients in k. To V we associate
a ring of regular functions C(V ) which consists of the restrictions to V of the polynomials in k[X1, . . . , Xn].

A vector bundle F over V is a function associating to every point p ∈ V a finite-dimensional subspace
F(p) of some fixed vector space in such a way that the set F of all pairs (p, v) with p ∈ V and v ∈ F(p)
is again an affine variety over k (called the total space of F). We then have a projection π : F → V whose
fibres are the vector spaces F(p).

A section (more precisely a global section) of the vector bundle F is a polynomial map s : V → F such
that πs is the identity of V , which means that s(p) ∈ F(p) for any p ∈ V . The set of all sections of F will
be denoted by Γ(F). For s and s′ in Γ(F) defining (s + s′)(p) = s(p) + s′(p) turns Γ(F) into an abelian
group.

For any f ∈ C(V ) and any section s of a bundle F we can define a new section fs by (fs)(p) = f(p)s(p),
for all p ∈ V . This turns the abelian group Γ(F) into a module over C(V ).

We leave to the reader the task of defining morphisms of vector bundles over a fixed V and check that
they induce C(V )-linear maps of their global sections.
Two examples. The simplest example may well be that of the circle S1 in the plane, defined by the
equation

X2 + Y 2 = 1.

Its affine algebra is the ring of polynomial functions on R2 restricted to S1. It can be written as the quotient

A = R[X, Y ]/(X2 + Y 2 − 1) = R[x, y]
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where x, y are the classes of X, Y modulo (X2 + Y 2 − 1). This ring can be identified with the ring
R[cos t, sin t] of polynomials in the transcendental functions cos t and sin t.

There are two well-known vector bundles on S1, the cylinder C and the Möbius strip M. For the cylinder
we take, for every point p ∈ S1, the same line C(p) = R, so that its total space is C = S1 × R. This kind
of vector bundles are sometimes apostrophized as trivial.

For the Möbius strip we associate to the point p = (cos θ, sin θ) in S1 the line

M(p) = R(cos(θ/2), sin(θ/2)) ⊂ R2.

As the point p turns around the origin, on S1, the line M(p) turns around the origin at half the speed of p.
A section of C is a polynomial function S1 → R and thus the set of all sections of C is simply the

A-module Γ(C) = A.
In the case of M a section associates to p = (cos θ, sin θ) in S1 a point (a, b) such that a sin(θ/2) =

b cos(θ/2). To find all the sections of M we must find the pairs (f(t), g(t)) of functions in A = R[cos t, sin t]
satisfying f(t) sin(t/2) = g(t) cos(t/2) for all t. It can be checked that the general solution is a linear
combination (with coefficients in A) of the pairs s1 = (1 + cos t, sin t) = (1 + x, y) and s2 = (sin t, 1 −
cos t) = (y, 1 − x). Thus the set of all sections is the A-module Γ(M) = As1 + As2. The sections s1
and s2 cannot be multiples of a single section (f , g) because from s1 = λ(f , g) and s2 = µ(f , g) we easily
deduce that λ would have a single simple zero at t = π (and µ a single simple zero at t = 0) which is clearly
impossible. On the other hand s1 and s2 are not linearly independent over A because (1 − cos t)s1 = (sin t)s2.
This shows that Γ(M) is not a free A-module.

If we replace M(p) with its orthogonal complement we obtain a bundle M⊥ which is isomorphic to M.
Since M(p) ⊕ M⊥(p) is the constant plane R2, for the corresponding global sections we find

Γ(M) ⊕ Γ(M) ≃ Γ(M) ⊕ Γ(M⊥) = Γ(S1 × R2) = A ⊕ A.

This shows that Γ(M), as a direct summand of a free module, is projective.

3.2 Serre’s problem

In what follows we will always assume that projective modules are finitely generated, even if we do not
explicitly say so.
The statement of the problem. Returning to the general theme of bundles, let V be an affine variety
over a field k and C(V ) the coordinate ring of V . Associating to any k-vector bundle F over V its C(V )-
module of global sections Γ(F) we obtain an equivalence of the category of vector bundles over V with the
category of finitely generated projective C(V )-modules.

If V is connected the dimension of F(p) is constant and is called the rank of F . Similarly, if P is
a projective module over a commutative ring A without idempotents different from 0 and 1, then for all
maximal ideals m of A the quotients P /mP have the same dimension over the field A/m and this dimension
is called the rank of P .

In his article [15] Serre observes:

Signalons que, lorsque V = Kr (auquel cas A = K[X1, . . . , Xr]), on ignore s’il existe des A-
modules projectifs de type fini qui ne soient pas libres, ou, ce qui revient au même, s’il existe
des espaces fibrés algébriques à fibres vectorielles, de base Kr, et non triviaux.1

This question became known as “Serre’s problem” and was sometimes mistakenly called “Serre’s con-
jecture”. In fact, as Serre himself told us, he had no idea about the answer. Until 1957 no progress was
made beyond the obvious case r = 1. It may be worth mentioning that before 1960 projective modules were
relatively unknown and interesting examples were essentially limited to rings of dimension 1. Examples of
such rings are the rings of integers in finite extensions of Q, like Z[e2πi/n] and the coordinate rings of curves
in kn, like the ring R[sin t, cos t] that we already met. In [29] Serre remarks that for rings of dimension d ≥ 2
(as coordinate rings of surfaces, threefolds and so on) he does not know any example of indecomposable
projective A-module of rank d.
Another example. The first example of the kind mentioned above – due to Pierre Samuel – appeared
in 1961 [23] and was based on the well-known fact (proved by Poincaré) that the tangent vector bundle to

1Let us point out that when V = Kr (in which case A = K[X1, . . . , Xr ]), it is not known if there exist finitely
generated projective A-modules which are not free or, what amounts to the same, if there exist nontrivial algebraic
vector bundles over Kr.
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the real sphere is indecomposable of rank 2. More specifically, consider the sphere S2 defined in R3 by the
equation X2 + Y 2 + Z2 = 1. Its coordinate ring is

A = R[X, Y , Z]
/
(X2 + Y 2 + Z2 − 1) = R[x, y, z].

To any point p = (a, b, c) ∈ S2 we associate the subspace T (p) in R3 parallel to the tangent plane to S2 at
(a, b, c). The collection of all T (p) is the affine variety

T = (a, b, c, ξ, η, ζ) ∈ R3 × R3

with a2 + b2 + c2 = 1 and aξ + bη + cζ = 0. The projection of R3 × R3 onto its first factor induces a
projection π : T → S2. A section of π is a polynomial map s : S2 → T such that π ◦ s is the identity of
S2. This is the same as the choice of three functions ξ, η, ζ in A such that xξ + yη + zζ = 0. The set of all
such choices is the kernel P of the A-linear map Φ : A3 → A defined by Φ((a, b, c)) = xa + yb + zc. Since
Φ((x, y, z)) = x2 + y2 + z2 = 1 the map Φ is split by σ : A → A3, σ(1) = (x, y, z) and A3 = P ⊕ σ(A).
Thus P , as a direct factor of a free A-module, is projective. Now suppose that P can be decomposed as a
direct sum Q ⊕ Q′ with Q, Q′ ̸= 0. For any point u on S2 the elements of Q evaluated at u generate a line
L(u) through the origin (and orthogonal to u), thus giving rise to a continuous map ϕ of S2 to the real
projective plane P2(R). Since S2 is simply connected this map can be lifted to the universal covering space
of P2(R), which is again S2. We thus obtain a map ϕ : S2 → S2 such that ϕ(u) is orthogonal to u. Such a
map is homotopic to the identity (move ϕ(u) along the short arc towards u) and is also homotopic to the
antipodal map of S2 (move ϕ(u) along the same meridian towards −u). But the identity map has degree 1
and the antipodal map has degree −1, hence they cannot be homotopic. This contradiction shows that P
is indecomposable.

3.3 Seshadri lands in Paris

The first result. In 1957 Seshadri flew to Paris and there, learning from Henri Cartan that Serre’s problem
was still unsolved even in the case of two variables, was able to show that if k is algebraically closed, then
projective modules over k[X1, X2] are free. Seshadri’s original proof seems to be lost (see Serre’s letter
quoted at the end of this article). The proof given in [3] was suggested by Serre and concerns a more
general result:

Theorem 1. If R is a principal domain and A = R[X ] is the ring of polynomials with coefficients in R,
then projective A-modules of finite rank are free.

This result was mentioned by Serre (before being published) in the 1957/58 Séminaire Dubreil [15].
Perhaps the original proof. In the case first considered by Seshadri – A = k[x, y] and k algebraically
closed – we observe that P0 = k(x)⊗k[x] P is free over k(x)[y]. Using a basis of P0 we can easily construct
a free A-module L such that fP ⊂ L ⊂ P for some f ∈ k[x], f ̸= 0. If f can be chosen to be a constant we
are done, if not we choose f of minimal degree. Let p = x − α be one of its irreducible factors and write
f = pg. By the choice of f , gP is not contained in L. Thus we can find an a ∈ P \ L such that pa ∈ L \ pL.
This shows that the natural map ϕ : L/pL → P /pP has a nontrivial kernel N . The image I of ϕ, as a
submodule of the free k[y]-module P /pP is free, hence L/pL splits as N ⊕ I. Extending scalars to k[x, y]

we find a splitting of L as a direct sum of two free k[x, y]-modules Ñ ⊕ Ĩ, where Ñ ⊂ pP . Replacing it by
(1/p)Ñ yields a free submodule of P strictly containing L. Since P is noetherian, the family of free modules
L ⊂ P containing fP for some nonzero f ∈ k[x] has a maximal element, which must coincide with P . This
proof – which we extracted from [4] – might be similar to his lost first proof.
The second result. A little later Seshadri [4] generalized his result by describing projective modules over
A = C[X ] where C is the coordinate ring of an affine smooth curve C over an algebraically closed field k.
Geometrically this is the same as describing algebraic vector bundles over the Cartesian product C × k1. In
this case projective modules are not necessarily free (which is obvious because even over C itself there may
be non free projective modules), but are extended from C. This means the following.

Theorem 2. Every finitely generated projective A-module is isomorphic to a module of the form Q ⊗C C[X ],
where Q is a projective C-module.

As Serre proved in the Séminaire Dubreil of 1960/61, the result remains true if C is an arbitrary Dedekind
domain [29].
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Singular curves. We remark that the result no longer holds for singular curves. If for instance C is the
curve y2 = x3 with a cusp at the origin, and C = k[x, y]/(y2 − x3) is its affine algebra, then there exists
projective modules over C[X ] that are not extended from C.

We first remark that C is isomorphic to the subalgebra k[t2, t3] of the polynomial algebra k[t]. It can
also be described as the algebra of all polynomials f(t) such that f ′(0) = 0. For any fixed λ ∈ k let Pλ be
the set of g(t) ∈ k[t] such that g′(0) = λg(0). It is clearly a subgroup of k[t]. If g(t) ∈ Pλ and f(t) ∈ C
the formula (fg)′ = f ′g + fg′ immediately shows that fg ∈ Pλ. Thus Pλ is a C-module. It can be shown
that Pλ is a projective C-module of rank 1. Furthermore, if λ ̸= µ then Pλ and Pµ are not isomorphic.

We now can see why there are projective modules on C[X ] which are not extended from C. It suffices
to remark that the construction of Pλ can be done using, instead of k, a commutative ring R. We then get
– for any λ ∈ R – a projective module P̃λ over R[t2, t3]. In particular we can choose R = k[X ] and λ = X.
Doing so we obtain a projective C[X ]-module P̃X with the property that the quotient P̃X

/
(X − λ)P̃X is a

C-module isomorphic to Pλ. For an extended module Q ⊗C C[X ] all such quotients would be isomorphic
to the same C-module Q. Hence P̃X is not extended from C.

Seshadri’s theorems and examples, like the one we just described, led people to wonder if, for any
commutative ring R of Krull dimension 1 projective modules over R[X ] are direct sums of rank 1 modules.
Examples of such rings are coordinate algebras of algebraic affine curves, orders in number fields and group
algebras of finite abelian groups. A general answer was given by Pavaman Murthy who proved [18] that if R
is a connected noetherian ring of dimension 1 whose maximal ideals are almost all projective, then finitely
generated projective R[X ]-modules are of the form I ⊕ R[X ]n, where I is an ideal of R[X ]. We may see
this result as a very general version of Seshadri’s theorem.

3.4 The long journey from 2 to 3

Three general theorems. From 1957 till 1973 the solution of Serre’s problem did not budge from the
two-dimensional case. What progressed enormously were both the general theory of projective modules and
the study of interesting special cases. Two of the main advances were the introduction of the functor K
by Alexander Grothendieck [2] and the development – by Hyman Bass – of algebraic K-theory [8]. We are
not going to sketch the history of algebra during those years. We only mention three general results – all
well-known by 1962 – which have been quoted in nearly every article about projective modules.

The first one is the splitting theorem of Serre [29], saying that a projective module P of rank n > d over
a noetherian commutative ring A of dimension d splits as P = Q ⊕ An−d. This applies for instance when A
is the coordinate ring of an affine variety of dimension d.

The second result is the cancellation theorem of Bass-Schanuel [9]. It says that if P , Q and R are
projective modules over a noetherian ring of dimension d and if P ⊕ R is isomorphic to Q ⊕ R we can
conclude that P is isomorphic to Q provided that the rank of P is at least d + 1.

The third one – due to Grothendieck [2] – asserts that if A is a regular ring (for instance the coordinate
algebra of a smooth affine variety) then any projective module P over the polynomial ring A[t] is stably
extended from A, which means that for a sufficiently large n, P ⊕ A[t]n is isomorphic to some module of
the form Q ⊗A A[t], Q a projective module over A.
Back to Serre’s problem. Consider now Serre’s problem in dimension 3. Let P be a projective module
over A = k[x, y, z] where k is a field.

By Serre’s splitting theorem we may assume that P is of rank at most 3, because if the rank of P is
larger then we write P as Q ⊕ Am and only deal with Q.

Since any field k is a regular ring, by applying Grothendieck’s theorem three times we conclude that for
n sufficiently large P ⊕ An is a free module Ar+n where r is the rank of P .

By the cancellation theorem of Bass-Schanuel in

P ⊕ An ≃ Ar+n

we may cancel free summands from both sides until we are left with

P ⊕ A4−r ≃ A4.

Now, if the rank of P is 1, then taking the fourth exterior powers on both sides we get P ≃ A. If the rank
of P is 3, then the projection of P ⊕ A onto A induces a map ϕ : A4 → A with a kernel isomorphic to P . If
ϕ is given by ϕ(x1, x2, x3, x4) =

∑
aixi then, since ϕ is surjective, for some b = (b1, b2, b3, b4) ∈ A4 we have

ϕ(b) =
∑

aibi = 1. Then ϕ(a2, −a1, a4, −a3) = 0, thus (a2, −a1, a4, −a3) ∈ ker ϕ. Because of the relation
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∑
aibi = 1 the element (a2, −a1, a4, −a3) generates a free summand of rank 1 in ker ϕ. This shows that P

is of the form Q ⊕ A with Q of rank 2.
Complete intersections. Using very general theorems we have reduced Serre’s problem for k[x, y, z] to the
case of a module of rank 2. We now recall a surprising connection – discovered by Serre [29] – with another
problem. Consider a smooth curve C in k3 (k algebraically closed) given by three parametric equations
x = f(t), y = g(t) and z = h(t), where f , g and h are rational functions. Is it possible to define it by two
equations in x, y, z? More precisely, let a ⊂ k[x, y, z] be the ideal of all polynomials that vanish on C. Is a
generated by two polynomials? If this is the case we say that C is a complete intersection.

Serre proves, as a corollary to a much more general theorem, that the answer is “yes” if projective
modules of rank 2 over k[x, y, z] are free [29]. At this point many people tried to prove that smooth rational
curves in k3 were complete intersections while others tried to find a smooth rational curve that was not a
complete intersection, thereby answering Serre’s question in the negative.

A considerable amount of work was put in this endeavour. One of the main results of Abhyankar’s
Montréal lecture notes of 1970 [28] is the proof that rational smooth space curves of degree up to 5, are
indeed complete intersections. There were also many attempts to settle the question in the negative, by now
obviously forgotten. If this activity did not answer Serre’s question in dimension 3, nonetheless it played a
pivotal role in the proof of the main result of Murthy and Towber [19]:

Theorem 3. If k is an algebraically closed field, then finitely generated projective modules over the polyno-
mial algebra k[x, y, z] are free.

The proof of Murthy and Towber. The proof of Murthy and Towber begins like Seshadri’s proof. Let
A be the ring k[x, y, z] and P a projective A-module. As we have observed, we may restrict ourselves to a
module of rank 2. As in Seshadri’s proof, since k(x) ⊗k[x] P is free over k(x)[y, z] by Seshadri’s theorem,
we can find a free A-module F in P and a polynomial a(x) ∈ k[x] such that

a(x)P ⊂ F ⊂ P .

The difficulty here lies in the fact that submodules of free k[y, z]-modules are not necessarily projective and
Seshadri’s argument breaks down. Still Murthy and Towber prove that P is free provided a(x) has only
simple or double roots. To achieve this situation they use several results on curves in k3, in particular a
very special presentation of smooth curves obtained by Abhyankar, as well as some acrobatic calculations.

Other proofs of the three- and even four-dimensional cases – but with some restrictions – were obtained
at about the same time by Andrei Suslin and Leonid Vaserstein in a joint work [16]. A little later Hartmut
Lindel used a method close to that of Seshadri to prove that, for any principal domain R, projective modules
over R[X, Y ] are free [11].

3.5 The theorem of Quillen and Suslin and its generalisations

The final answer. Only one year after the solution of Serre’s problem in dimension 3, independently and
at the same time, two different solutions of the general case appeared, one due to Daniel Quillen, the other
to Andrei Suslin. We are not going to describe either work. The interested reader may consult the original
papers [6] and [1], the excellent report [7] by Daniel Ferrand or T.-Y. Lam’s comprehensive book [30].

The most general statement of the results of Quillen and Suslin is this:

Theorem 4. For a regular ring R of dimension at most 2, projective modules over R[X1, . . . , Xn] are
extended from R. In particular for any field k projective modules over k[X1, . . . , Xn] are free.

In Quillen’s solution of Serre’s problem a key ingredient was a surprisingly general local-global theorem,
which is worth quoting because it greatly simplifies the questions related to Serre’s problem.

Theorem 5. Let R be a commutative ring, A = R[T ] the ring of polynomials with coefficients in R, and M
a finitely presented A-module. If for every maximal ideal m of R the Rm[T ]-module Mm is extended from
Rm, then M is extended from R.

Bass-Quillen’s conjecture. An obvious question about the theorem of Quillen and Suslin is whether the
restriction on the dimension of R can be removed: when R is regular, are projective modules over R[T ]
extended from R? Bass and Quillen conjectured a positive answer to this question. Note that by Quillen’s
local-global theorem this is equivalent to the conjecture that for any regular local ring R, projective modules
over R[T ] are free. Mohan Kumar [22] and, independently, Lindel and Werner Lütkebohmert [13] proved
that this is true if R is a ring of formal or convergent power series in n variables.
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An important step towards Bass-Quillen’s conjecture was taken by Hartmut Lindel, who proved [12]
Bass-Quillen’s conjecture for the coordinate ring of a smooth affine variety over an arbitrary field k. Such
rings form a very special class of regular rings, but an amazing result of Dorin Popescu [5] (which is
masterfully exposed in [24]) allows to extend Lindel’s theorem to any regular ring containing a field. In
fact Popescu proved that any such ring is a filtered inductive limit of smooth k0-algebras, where k0 denotes
the prime field of k. Given a projective R[T ]-module P (as always assumed to be of finite type) we can
find a smooth k0-algebra R0 and a projective module P0 over R0[T ] such that P ≃ P0 ⊗R0 R. By Lindel’s
theorem P0 is of the form Q0 ⊗R0 R0[T ], hence P ≃ Q0 ⊗R0 R0[T ] ⊗R0 R is the extension of the R-module
Q = Q0 ⊗R0 R to R[T ].

Without the assumption that R contains a field the best result is due to Ravi Rao: The conjecture is
true if the regular local ring R has dimension 3 and residual characteristic different from 2 and 3 [25].

3.6 Beyond projective modules

A projective A-module is sometimes equipped with additional structures like a multiplication – defined by
an A-linear map µ : P ⊗A P → P – or (assuming A contains 1/2) a quadratic form – given by an A-linear
map q : P ⊗A P → A with q(x, y) = q(y, x).

Consider for instance a projective R[T ]-module P equipped with a quadratic form q. We know that P
is extended from R, i.e. free, hence we may choose a basis and describe q by a symmetric n × n matrix
α =

(
aij(T )

)
. We suppose that the determinant of α is ̸= 0. Is q extended from R? This would mean

that q is equivalent to a constant form (bij), bij ∈ R. In other words, there must exist an invertible matrix
γ ∈ GLn(R[T ]) such that γtαγ = β, where the superscript t denotes transposition. This clearly implies
that the determinant of α is in R∗. Assuming this, we do not immediately see why there should be or not be
such a matrix γ. So even if the projective module is extended, it is not clear that the extra structure on it
is extended too. But quadratic spaces (i.e. forms with invertible matrix over k[T ], k a field of characteristic
̸= 2) are in fact extended from k. This is proved in a paper by Manfred Knebusch [17], who attributes the
proof to Günter Harder.

What about k[X, Y ]? Can we prove Seshadri’s theorem for quadratic spaces? We may consider many
other structures and formulate Serre’s problem for each of them.
The general result. In 1976, soon after Quillen and Suslin proved that Serre’s question has an affirmative
answer, Hyman Bass visited Tata Institute. He was mentioning the analogue of Serre’s question for principal
G-bundles over the affine space. We will not elaborate on the notion of principal G-bundle, we only say
that – when G is an affine algebraic group over some field k – this notion encompasses several interesting
algebraic structures, including quadratic spaces (when G is an orthogonal group) and Azumaya algebras
(when G is a projective linear group).

More precisely, the question of Bass was: Let k be a field and G a reductive group over k. Let An
k

denote the affine n-space. Is every principal G-bundle on An
k the extension of a G-bundle over k?

When Bass was visiting TIFR there was a general belief that the answer was “yes”. But Sridharan –
with a remarkable insight – suggested that the unimodular symmetric matrix

4 + Y 2(1 + X2) XY (1 + Y 2) 0 Y (1 + X2Y 2)
XY (1 + Y 2) 1 + X2Y 4 −Y (1 + X2Y 2) 0

0 −Y (1 + X2Y 2) 4 + Y 2(1 + X2) XY (1 + Y 2)
Y (1 + X2Y 2) 0 XY (1 + Y 2) 1 + X2Y 4

 ,

should give an example of non-extended quadratic forms over R[X, Y ]. This matrix appeared in the study
of projective modules over the ring H[X, Y ] of polynomials with quaternionic coefficients, and this study
arose from the observation [20] that Seshadri’s theorem is not true if k is a non-commutative division ring.

Sridharan’s intuition turned out to be true and led to the proof that Seshadri’s theorem does not extend
to quadratic spaces [27].

The observation of Sridharan was critical to an investigation of necessary conditions on the group G
to get a positive answer to the question of Bass. The obstruction to a positive answer arises from the
anisotropicity of the group G. The final result in this direction is due to Raghunathan who proved the
following general theorem [21]:

Theorem 6. Let G be a reductive group defined over an arbitrary field k. If every k-simple component of
[G, G] is isotropic, then all principal G-bundles on the affine n-space are extensions of G-bundles over k.
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We close our contribution by quoting from a message of Serre:

Dear Parimala,
About Seshadri’s original proof: I am sorry I have not kept it. All I can offer you are two seminar
notes from the Dubreil seminar: in the 1958 one, I quote Seshadri’s theorem (Prop. 9), which
had not appeared yet. In the 1960 one, I discuss the case of 3 variables. The topic became soon
extremely popular: Don’t try to make a complete bibliography! Fortunately, there is a good
exposition in Lam’s second book on “Serre’s problem on projective modules”; the first book
by Lam had a misleading title with “Serre’s conjecture” instead of “Serre’s problem”. Indeed,
when I raised the question, I had no idea at all of what the answer would turn out to be. This
is quite different from other topics where I did make a precise conjecture, as in the “conjectures
I and II” you know very well.
I had a real friendship with Seshadri. He had spent a year or two in Paris, and we discussed a
lot (in French – which he was speaking fluently). It was a real pleasure for both of us to meet
again, half a century later, when he got an honorary degree in Paris; we spoke together exactly
as freely as when we were about 30 years old; a sweet memory.
Best wishes,
J-P. Serre
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ABSTRACT. We relate the proof of a well-known Theorem of Seshadri to the classical method of
infinite descent of Fermat and discuss its influence on the growth of a School of Mathematics at the
Tata Institute.

4.1 Some Reminiscences

In this article we give an exposition of the proof of a Theorem of Seshadri on Projective Modules. We and the
mathematical community miss the encouraging and comforting presence of Seshadri. A brief conversation
with Seshadri would lift up the spirits of people in a manner that is difficult to describe in words. In
this article we will focus instead on mathematics showing the connection between Seshadri’s Theorem and
Fermat’s principle of infinite descent.

Let us start at the very beginning... (as Julie Andrews says in The Sound of Music, “A very good place
to start!”) In 1958, Seshadri proved (see [5]) that projective modules over a polynomial ring in two variables
over a field are free settling the first nontrivial case of a question of Serre (see [9]) who wrote in Faisceaux
Algébriques cohérents page 243 “On ignore s’il existe des A modules projectifs de type fini qui ne soient pas
libres”. (Here A is the polynomial ring over a field).

Translated in English the question of Serre reads: “One does not know if there exist finitely generated
projective modules over a polynomial ring over a field which are not free”.

Seshadri reading Serre’s question thought that the word “ignore” in French means as in English “to
ignore”, concluded that the question was not important, went to Cartan and asked him if this was so.
Cartan clarified the matter and told him that it was an important question. Seshadri worked hard and was
able to settle Serre’s question for polynomial rings in two variables over fields.

In his thesis (see [3], [4]) Seshadri had used a classical result of Birkhoff on matrices, (Birkhoff Factor-
isation) to classify vector bundles on the projective line. Seshadri had the brilliant insight that a method
of proof similar to that of the result of Birkhoff might also work in the case of Serre’s problem. Seshadri’s
proof was short and beautiful and the beginning of the growth of the much renowned School of Mathematics
at the Tata Institute.

The theorem of Seshadri has led to the growth of the subject of Algebraic K-theory and was instrumental
among many other things, in the development of a School of Projective modules at the Tata Institute. Before
giving the proof of the theorem we digress a little bit.

4.2 On a classical puzzle and descent

We begin by motivating the familiar notion of the greatest common divisor (highest common factor) of two
numbers.

Consider the following puzzle: We are given two empty containers A and B of capacities 9 and 5 liters
respectively. We are also given an ample amount of water that one can use to fill up the containers A and
B or pour water from container A to B or B to A.

It is clear that one can measure 9 liters of water or 5 liters of water using these containers. The question
is this: how many liters of water between 1 and 9 liters can one measure? What is the minimum amount of
water (that is a positive integer) in liters that one can measure?

The answer is that the minimum amount of water one can measure is one liter and one can measure
any amount of water from 1 liter to 9 liters.

Let us denote the quantity of water present in containers A and B by an ordered pair. Initially they
are both empty and this corresponds to the pair (0, 0). By pouring water, we can successively transform
this ordered pair to (0, 5), (5, 0), (5, 5), and (9, 1). Therefore we can measure 1 liter of water.

It can also be shown in a similar manner that one can measure any amount of water from 1 liter to 9
liters.

2010 Mathematics Subject classification : 13C10, 37H05.
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There is nothing special about the numbers 5 and 9 above. The same question could also be asked for
any other pair of natural numbers. We illustrate the solution of the same puzzle in the case where A has
a capacity of 9 liters and B has a capacity of 7 liters. In this case the ordered pair (0, 7) is successively
transformed to (7, 0), (7, 7), (9, 5), (0, 5), (5, 0), (5, 7), (9, 3), (0, 3), (3, 0), (3, 7), and (9, 1). We notice
that the amount of water in the 7 liter container keeps descending from 7 to 5 to 3 to 1. This an example
of the method of descent. We shall see more examples of this.

The same puzzle could be repeated with jugs of capacities 15 liters and 6 liters respectively and the
minimum obtained is 3 liters. More generally if the capacity of A is a liters and the capacity of B is b liters
then the minimum obtained is the greatest common divisor of a and b.

4.3 On Unimodular Rows and Elementary Matrices

Let k be a field and let V = kn. It is well known that V is a vector space over k and any non zero vector
v ∈ V can be extended to a basis of V . One can ask if it is possible to formulate a similar statement that
holds for rings. Or more precisely: Let A be a commutative ring and v ∈ An be a non zero vector. When
can {v} be extended to a basis of the free module An? Or rephrasing this, we may ask the following

Question 1. Let A be a ring (commutative with unity throughout the article) and v = [a1, a2, . . . , an] ∈ An.
When does there exist a matrix in GLn(A) whose first row is [a1, a2, . . . , an]?

(We recall that GLn(A) is the subset of Mn(A), the ring of n × n matrices over A whose determinant
is a unit of A.)

If such a matrix exists then we say that the row v is completable. If there exists a matrix in GLn(A)
whose first row is [a1, a2, . . . , an], then multiplying the second row of this matrix by a unit, we can assume
that v is completable to a matrix in SLn(A), where SLn(A) is the subgroup of GLn(A) consisting of
matrices of determinant 1. If v is completable to a matrix α ∈ SLn(A), then expanding α using the first
row, we see that there exist b1, b2, . . . , bn ∈ A such that

a1b1 + a2b2 + · · · + anbn = 1.

This leads to the following definition:

Definition 1. Let A be a ring. A row [a1, a1, . . . , an] ∈ An is said to be unimodular if there exist
b1, b2, . . . , bn ∈ A such that

a1b1 + a2b2 + · · · + anbn = 1,

that is, the ideal ⟨a1, a2, . . . , an⟩ = A.

Rephrasing Question 1, we have the following question which has motivated much of the research in the
area of projective modules.

Question 2. Let A be a ring and v = [a1, a2, . . . , an] be a unimodular row. Can v be completed to a matrix
in SLn(A)?

If A is a ring and [a1, a2, . . . , an] ∈ An is unimodular, then the module P = An

[a1,a2,...,an]
is a projective

A-module and [a1, a2, . . . , an] is completable if and only if P is a free A-module of rank n − 1, that is, P is
isomorphic to An−1.

Thus Question 2 is related to the question whether projective modules are free. The answer to the
Question 2 is “no” in general, and conjectured to be “yes” for certain classes of rings. In particular, the
question of Serre asks the answer to Question 2 in the case of polynomial rings over fields and was settled
in the affirmative for polynomial rings in two variables by Seshadri, for three variables by Murthy–Towber
(see [11]) and Suslin independently, and by Quillen and Suslin (see [7], [1]) in general.

We first discuss the case where the length of the unimodular row is 2. If [a1, a2] is a unimodular row
of length two, then there exist b1, b2 ∈ A such that a1b1 + a2b2 = 1. In this case, we can take the matrix

α =

(
a1 a2

−b2 b1

)
which satisfies det α = 1, that is, α ∈ SL2(A). Therefore a unimodular row of length two

is always completable.
Now we discuss the completability of unimodular rows of length ≥ 3. We have the following well known

counter example (due to Kaplansky) that shows that a unimodular row may not be completable if the length
of the row is bigger than 2.
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Example 4.3.1 (see [15]). Let A = R[X,Y ,Z]
⟨X2+Y 2+Z2−1⟩ and x, y, z denote the images of X, Y , Z in A. Then

the row [x, y, z] is unimodular but not completable to a matrix in SL3(A).

If the unimodular row [x, y, z] is completable, then one can construct using the completion a nowhere
vanishing continuous vector field on S2 (the real two sphere) which is known to be impossible.

Definition 2. We define En(A) to be the subgroup of GLn(A) generated by all matrices of the form
eij(λ) = In + λEij , λ ∈ A, i ̸= j, where Eij is a matrix whose (i, j)-th entry is 1 and all other entries are
zero. The matrices belonging to En(A) have determinant 1 and will be referred to as Elementary Matrices.

Notation 1. Let (a1, a2 . . . , an) and (b1, b2, . . . , bn) be two rows of length n in A. We write,

(a1, a2 . . . , an)
GLn(A)∼ (b1, b2, . . . , bn)

if there exists a matrix α ∈ GLn(A) such that

α


a1
a2
...

an

 =


b1
b2
...

bn

 .

It can be easily seen that ∼ is an equivalence relation.

Remark 1. If (a1, a2 . . . , an)
GLn(A)∼ (b1, b2, . . . , bn), since ∼ is symmetric, the ideal ⟨a1, a2 . . . , an⟩ of A is

the same as the ideal ⟨b1, b2 . . . , bn⟩. In particular, GLn(A) acts on the set of unimodular rows of length n.

Remark 2. Using the fact that ∼ is symmetric one can see that a unimodular row v ∈ An is completable
if and only if v

GLn(A)∼ (1, 0, . . . , 0). Since Mn(A) acts on An via matrix multiplication, the group GLn(A),
which is a subset of Mn(A), also acts on An. This induces an action of GLn(A) on Umn(A) (the set of
unimodular rows of length n over A). The equivalence relation on Umn(A) given by this action is denoted

by GLn(A)∼ . Similarly, one can define SLn(A)∼ and En(A)∼ .

The following examples of unimodular rows are motivated by the puzzle:

Example 4.3.2. We have (9, 5) ∈ Z2. We can transform (9, 5) to (1, 0) by using the E2(Z) action as

follows: Since
(

1 −1
0 1

)
∈ E2(Z), we have

(
1 −1
0 1

) (
9
5

)
=

(
4
5

)
,

that is, (9, 5) E2(Z)∼ (4, 5). Similarly, using the Euclidean algorithm one can transform

(4, 5) E2(Z)∼ (4, 1) E2(Z)∼ (0, 1) E2(Z)∼ (1, 1) E2(Z)∼ (1, 0).

Example 4.3.3. Let (a, b) ∈ Z2 and g.c.d.(a, b) = d. Then we can transform (a, b) to (d, 0) by using the
E2(Z) action, that is,

(a, b)
E2(Z)∼ (d, 0).

Example 4.3.4. We have (X + 1, X2 + 1) ∈ Q[X ]2. We can transform (X + 1, X2 + 1) to (1, 0) by using
the E2(Q[X ]) action as follows:

Since
(

1 0
−X 1

)
∈ E2(Q[X ]), we have

(
1 0

−X 1

) (
X + 1
X2 + 1

)
=

(
X + 1

−X + 1

)
,

that is, (X + 1, X2 + 1) E2(Q[X ])∼ (X + 1, −X + 1). Similarly, one can transform

(X + 1, −X + 1) E2(Q[X ])∼ (X + 1, 2) E2(Q[X ])∼ (0, 2) E2(Q[X ])∼ (1, 2) E2(Q[X ])∼ (1, 0).
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Example 4.3.5. Let k be a field and let (f(X), g(X)) ∈ k[X ]2 with h(X) = g.c.d.(f(X), g(X)). Then we
can transform (f(X), g(X) to (h(X), 0) by using the E2(k[X ]) action, that is,

(f(X), g(X))
E2(k[X ])∼ (h(X), 0).

Remark 3. To summarize, since (9, 5) is transformed to (1, 0), it follows that (1, 0) can be transformed to
(9, 5) in particular (9, 5) is the first column of an elementary matrix in Z. More generally, any unimodular
row of length n over Z is the first row of an elementary matrix. The same holds for k[X ]. In particular,
this answers the question of Serre for polynomial rings in one variable over fields.

Now consider any matrix of determinant 1 having first column (9, 5) . We transform via. elementary

matrices the first column to (1, 0) so the matrix gets transformed to
(

1 ∗
0 1

)
which is elementary, showing

that the original matrix is elementary. More generally, any 2 × 2 or n × n matrix of determinant 1 over Z

or k[X ] is elementary.

4.4 On a theorem of Fermat and infinite descent

In this section, we prove a classical theorem of Fermat using Fermat’s method of infinite descent (see [2]).

Theorem 7. A prime p is of the form 4k + 1 (k a natural number) if and only if p is a sum of two squares
of integers.

Proof. We will prove this by induction on p. We recall that −1 is a square modulo an odd prime p if
and only if p is of the form 4k + 1. We therefore choose z ∈ Z such that z2 + 1 = 0 modulo p, that is,
z2 + 1 = np for some n in Z. Now choosing z between −p/2 and p/2 we may assume that z2 + 1 < p2.
This implies that n < p. If q is a prime factor of n then since z2 + 1 = np, we have z2 + 1 = 0 modulo q,
that is, −1 is a square modulo q. Therefore q is of the form 4m + 1 and since n < p, q < p. Therefore by
induction, q is a sum of two squares, that is,

q = u2 + v2 = N(u + iv) = (u + iv)(u − iv) (N denoting the norm).

We claim that either z+i
u+iv or z+i

u−iv is in Z[i]. To see this observe that we have both z2 and (v/u)2 are
−1 modulo q. Since −1 has at most 2 square roots we have z = v/u or z = −v/u modulo q.

We only consider the second case, the case where z = v/u is similar. Suppose z = −v/u, that is,
zu + v = 0 in Z

⟨q⟩ . Therefore zu + v is divisible by q. We have

u − zv = u − v(−v/u) = (u2 + v2)/u = 0 modulo q.

Therefore u − zv is divisible by q.
We claim now that z+i

u+iv is in Z[i]. We have

z + i

u + iv
=

(z + i)(u − iv)

(u2 + v2)
=

zu + v + i(u − zv)

q

is in Z[i] and has norm mp, where m = n/q is less than n. We see by continuing the process and using
descent that p is a sum of two squares.

Remark 4. The motivation of the proof of Theorem 7 is the following: We have (u + iv)(u − iv) divides
(z + i)(z − i) and (u + iv) is a prime element of Z[i]. Therefore u + iv divides z + i or z − i. If u + iv
divides z − i then u − iv divides z + i.

We now give another proof of Fermat’s theorem.

Theorem 8. A prime p is of the type 4k + 1 if and only if p is a sum of two squares.

Proof. Let p = 4k + 1. Then −1 is a quadratic residue mod p. Thus there exists z ∈ Z such that
z2 = −1 (mod p). Therefore p divides z2 + 1. In the ring Z[i], p|(z + i)(z − i). Now look at ⟨z + i, p⟩, the
ideal generated by z + i and p in Z[i]. Every ideal of Z[i] is principal so let π be a generator of ⟨z + i, p⟩,
that is, ⟨π⟩ = ⟨z + i, p⟩. Since p ∈ ⟨z + i, p⟩, we have ππ1 = p for some π1 ∈ Z[i]. Therefore N(ππ1) = p2

which in turn gives
N(π)N(π1) = p2. (4.1)
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The choices for N(π) are 1, p and p2.
Case 1: Let N(π) = 1. Then π is a unit in Z[i]. Therefore ⟨π⟩ = ⟨z + i, p⟩ = Z[i]. Since p divides

(z + i)(z − i) and ⟨z + i, p⟩ = Z[i], it follows that p divides z − i which is not true, since z
p − i

p is not in
Z[i].

Case 2: Let N(π) = p2. In this case (4.1) gives N(π1) = 1, which means that π1 is a unit. Thus π and
p are associates. Therefore ⟨π⟩ = ⟨p⟩, but ⟨π⟩ = ⟨z + i, p⟩. The only way this can happen is if z + i is a
multiple of p, but this is not true.

Thus the only possibility is that N(π) = p. If π = x + iy then N(π) = p implies x2 + y2 = p.
Conversely, if p = x2 + y2, then both x and y are less than p and relatively prime to p. We have

x2 + y2 = 0 modulo p. Therefore x2 = −y2 modulo p or (xy−1)2 = −1 modulo p since y is not equal to 0
modulo p. Thus −1 is a quadratic residue mod p, hence p is of the form 4k + 1.

4.5 On Seshadri’s theorem and descent

We now prove a special case of Seshadri’s theorem on projective modules. The proof in the general case is
similar. The first author learnt about this proof (close in spirit to the original proof given by Seshadri) from
a lecture given by Ramanan during a felicitation of Seshadri when Seshadri became a Fellow of the Royal
Society (see also [12] and [13] for various viewpoints).

Theorem 9 (Seshadri’s theorem). Let k be an algebraically closed field and v(X, Y ) = [f1(X, Y ),
f2(X, Y ), f3(X, Y )] be a unimodular row in k[X, Y ]. Then v(X, Y ) is completable to a matrix in SL3
(k[X, Y ]).

Proof. (Sketch) (See [13] for a complete proof.) We have to show that v(X, Y ) is completable to a
matrix in SL3(k[X, Y ]). We denote by k(X) the quotient field of the ring k[X ]. Since k(X) is a field,
by Example 4.3.5, v(X, Y ) can be transformed to (1, 0, 0) using elementary transformations in k(X)[Y ].
Therefore by Remark 2, v(X, Y ) is completable to a matrix α′(X, Y ) ∈ SL3(k(X)[Y ]). Now, multiplying
the second and third rows of the matrix α′(X, Y ) by suitable multiples of polynomials of k[X ], we get a
matrix α(X, Y ) ∈ M3(k[X, Y ]), whose first row is v(X, Y ) and det α(X, Y ) ∈ k[X ].

If det α(X, Y ) ∈ k∗ and det α(X, Y ) = c, then by multiplying the second or third row of the matrix
α(X, Y ) by c−1, we can get a matrix in SL3(k[X, Y ]), whose first row is v(X, Y ). So, we are done in this
case.

Otherwise, suppose det α(X, Y ) = g(X), for some polynomial g(X) in k[X ]. Since k is an algebraically
closed field, we can write g(X) = λ(X − λ1)(X − λ2) · · · (X − λn), where λ ∈ k∗. For simplicity, we assume
that λ1 = 0 and λ = 1. Then we have g(X) = X(X − λ2) · · · (X − λn).

Then α(X, Y ) can be written as follows:

α(X, Y ) =

f1(X, Y )
f2(X, Y ) p1(X, Y ) p2(X, Y )
f3(X, Y )


with det(α(X, Y )) = X(X − λ2) · · · (X − λn). We will show how to construct a matrix β(X, Y ) ∈
SL3(k[X, Y ]), whose first column is v(X, Y )t.

By multiplying p1 and p2 by an element of SL2(k[Y ]) = E2(k[Y ]) and adding a multiple of v(X, Y ) to
the second column, we may assume without changing the determinant and the first column, that the second
column p1 is divisible by X and then we divide the second column by X to obtain a matrix whose determinant
has fewer linear factors. Now by descent v(X, Y ) is completable to a matrix in SL3(k[X, Y ]).

4.6 On a theorem of Abhyankar

In this section we prove a simplified version of a Theorem of Abhyankar (see [14]). We then connect the
theorems of Fermat, Seshadri and Abhyankar.

To do this we begin with

Question 3. If I is an ideal of a Noetherian ring A such that I/I2 is generated by n elements, when is I
generated by n elements?

Let A be a Noetherian ring and I be an ideal of A such that I/I2 is generated by 2 elements. Then if
I is generated by two elements then these elements yield a surjection of A-modules from a free A-module
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of rank 2 to I. In general using the hypothesis that I/I2 is generated by 2 elements, one can obtain a
surjection from a projective A-module P of rank 2 to I (see [8]). If P is free then I is generated by 2
elements and this relates Question 3 to the question of freeness of projective modules.

We now consider a few examples of Question 3 in the case where n = 1 or 2 and then prove a theorem
of Abhyankar and look at its relation to the Theorems of Fermat and Seshadri.

Example 4.6.1. Consider the ideal I = ⟨X⟩ of the ring k[X ]. Then I2 = ⟨X2⟩ and I/I2 is generated by
X + I2. We can take another generator X + X2 of I/I2. Then observe that X + X2 = X(1 + X) and we
get a generator of I from the generator of I/I2 by dividing by 1 + X.

More generally, X(X − α2) · · · (X − αn) (with αi not zero in k) generates I/I2 and we can get a
generator X of I by successively dividing by (X − αi).

Connection between proof of Fermat’s Theorem and I/I2: Suppose p is a prime of the form
4k + 1. Suppose mp = z2 + 1, where m < p. Look at the ideal I = ⟨p, z + i⟩ of Z[i]. If we show that I is a
principal ideal, that is, I = ⟨u + iv⟩, then we have seen in Section 4.4, that p = u2 + v2.

Claim: z + i generates I/I2.
Proof of claim: Since m is coprime with p, therefore there exist r and s in Z such that mr + sp = 1,

Therefore we have mrp + sp2 = p. Reading this modulo I2, we have mrp = p (mod I2), where mp =
(z + i)(z − i). Hence (z + i)(z − i)r = p (mod I2) and (z + i)(1) = z + i. Hence z + i generates I/I2.

By changing z + i as in Section 4.4, by eliminating factors of m from z + i we get a generator of I and
hence p is a sum of two squares.

Example 4.6.2. Let I = (X, Y ) ⊂ R[X, Y ]. Then I/I2 = (X, Y ). The conditions needed so that
f1(X, Y ), f2(X, Y ) ∈ I generate I/I2 are

(a) f1(0, 0) = f2(0, 0) = 0.
(b) If

f1(X, Y ) = λ11X + λ12Y + terms of degree bigger than 1

and
f2(X, Y ) = λ21X + λ22Y + terms of degree bigger than 1,

then λ11X + λ12Y and λ21X + λ22Y are linearly independent over R. But these are the tangent lines to
f1(X, Y ) and g1(X, Y ) at the origin.

Thus f1(X, Y ) and g1(X, Y ) generate the two dimensional vector space I/I2 if these tangent lines are
different that is the graphs of f1(X, Y ) = 0 and g1(X, Y ) = 0 intersect transversely at the origin and
possibly at some other points too.

We now prove a very special case of a theorem of Abhyankar (see [14], [10]).

Theorem 10. Let k be an algebraically closed field and I ⊂ k[X, Y ] = A be an ideal such that dim A/I = 0,
that is, the variety of I, denoted by V (I), consists of finitely many points. Suppose that I/I2 is generated
by two elements. Then I is generated by two elements.

Proof. (Sketch) Let f1, f2 ∈ I generate I/I2. We may assume that (f1, f2) = I ∩ I ′, where I + I ′ = A
and I ′ = M1 ∩ . . . ∩ Mr , Mi being maximal ideals of A. We have Mi = (X − ai, Y − bi) (where ai, bi are
in k) and by a change of variables we may assume that M1 = (X, Y ). Rephrased geometrically, since f1
and f2 generate I/I2 the common zeroes of f1 and f2 are the common zeroes of I together with the points
(ai, bi) where i runs from 1 to r and (a1, b1) = (0, 0).

We assume without loss of generality, by a change of variables, that the the Y axis does not contain
any of the finitely many zeroes of V (I). Therefore X is a unit modulo I. We transform (f1(0, Y ), f2(0, Y )) to
(H(Y ), 0) via elementary transformations. The same transformations transform the row (f1(X, Y ), f2(X, Y ))
to (h1(X, Y ), Xh2(X, Y )). Since X is a unit modulo I it follows that h1, h2 generate I/I2 and the zeroes
of h1, h2 do not include the origin. Continuing this process and eliminating each of the maximal ideals Mi,
we obtain a set of two generators of I.

Remark 5. We now show why the methods of Abhyankar and Seshadri are similar.
Let v(X, Y ) be a unimodular row in A = k[X, Y ] and P = A3/v(X, Y ). Suppose p1 and p2 are chosen

in A3 such that det(v(X, Y ), p1, p2) = f(X) = (X − α1)(X − α2) · · · (X − αn), where α1 = 0. Suppose there
is a surjection of A-modules from P to I where the zeroes of I are a finite set of points. Assume also that the
images f(X, Y ) and g(X, Y ) of p1 and p2 generate I/I2 and ⟨f(X, Y ), g(X, Y )⟩ = I ∩M1 ∩M2 ∩ . . . ∩Mr

as in Abhyankar’s theorem.
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Multiplying p1 and p2 by an element of SL2(k[Y ]) = E2(k[Y ]), we may assume as in Seshadri’s theorem
that p2 is divisible by X and we divide by X to obtain a matrix whose determinant is (X − α2) · · · (X − αn)
and whose first column is v(X, Y ).

In Abhyankar’s theorem we do exactly the same thing to f(X, Y ), g(X, Y ) (the images of p1 and p2) to
obtain a set of generators (f ′(X, Y ), g′(X, Y )) of I/I2 with (f ′(X, Y ), g′(X, Y )) = I ∩M2 ∩ · · · ∩Mr.

Remark 6. To summarise if A is a ring and I is an ideal of A such that I/I2 is generated by one element
then we can try to see if I is generated by one element by changing the generator of I/I2 by a unit of
A/I. If I/I2 is generated by two elements, we can try to see if I is generated by two elements by changing
these generators by elements of E2(A) and units of A/I. We do this in the proof of Abhyankar’s theorem
to obtain a set of generators of I. The proof of Abhyankar was inspired by the proof of Seshadri and was
crucial for the further development of the subject by recasting Seshadri’s argument in geometric language.

And then on. . . The theorem of Seshadri was responsible for the creation of an Indian School of Projective
Modules. We mention a few people whose efforts made this possible in chronological order: Seshadri,
Murthy, Abhyankar, Sathaye, Mohan Kumar, Cowsik, Nori, Amit Roy, Bhatwadekar, Mandal, Ravi Rao,
Raja Sridharan... They have worked on topics related to Projective Modules, like Complete Intersections,
Chern Classes, Euler Classes, Suslin Matrices, Bass Quillen Conjectures,... This is a very nice story which
continues and we will not go into the details here.

Seshadri sought transcendence through Rāgas ([6]). We who work in Projective Modules are grateful
to Seshadri for setting the story up and offer our gratitude, with the hope that wherever Seshadri is now,
beautiful music is being played.
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ABSTRACT. This article tells the story of the formative influence that Seshadri had on the author.
The mathematics and the personality of Seshadri had equally important roles in this. The narrative
includes a brief overview of the famous Narasimhan-Seshadri theorem, its genesis, its impact on
modern mathematics, and the story of the author’s personal encounter with it.

C. S. Seshadri passed away in July 2020. The first part of this article contains some reminiscences
from the early 1980s, when as a graduate student in the Tata Institute of Fundamental Research (TIFR),
Mumbai, I had the good fortune to learn from him. The second part is on the Narasimhan-Seshadri theorem
and my encounter with it.

5.1 Some recollections from the early 1980s.

I joined the School of Mathematics, TIFR, as a research scholar in August 1980. Seshadri taught us a five
or six month long course titled ‘Geometry-Topology’. It is traditional in TIFR to have three courses in the
first year, titled ‘Algebra’, ‘Analysis’ and ‘Topology’. The title ‘Geometry’ was new, and so even before the
course began, my seniors commented on this departure from the tradition.

A few words about myself: Till joining TIFR, my principal interest was theoretical physics, but I had
taken an MSc degree in Mathematics to escape the physics laboratory and the hocus-pocus of the lectures.
I had discovered that to learn MSc-level mathematics, it is enough to sit at home and read by oneself
the various excellent textbooks such as Serge Lang’s ‘Algebra’ or Spanier’s ‘Algebraic Topology’, and as a
result, I used to spend more time in the physics department of the university, and go to the mathematics
department mainly to write the examinations. When I joined the School of Mathematics of TIFR, my plan
was to shift back to physics once I pick up enough advanced mathematics. I was keen to learn modern
geometry, given its importance in physics, and so I was happy to find that there was going to be a course
on geometry. But I was not so happy with the idea of having to attend lectures – in the previous two years
I had not followed any lecture courses, and had always preferred reading books to attending lectures. I had
not even heard Seshadri’s name before.

Seshadri’s course was a revelation! He explained later (by which time he had left TIFR) that the idea
was to introduce the basic theory of manifolds, bundles, group actions etc. from a Grothendieckian point of
view, with emphasis on functorial properties but without too much abstract machinery, and supplement it
with some basic algebraic topology. In his first lecture, he defined ‘separated topological spaces’ as spaces
in which any two distinct points have disjoint open neighbourhoods – which we of course recognized as
Hausdorff spaces under a new name – and gave various exercises. The first one said that a topological space
is separated if and only if its diagonal ∆X is closed in X × X. The second one said that if f , g : X → Y are
continuous maps where Y is separated, then the subset defined by f(x) = g(x) is closed in X. Yet another
one said that if some point in a topological group is a closed point then the group is separated, and so on.
The whole time was spent is giving about ten ‘Exercises’ followed by about ten more ‘Elementary Exercises’.
This baffled us: the elementary exercises looked no easier than the exercises. That afternoon, as I tried to
solve the exercises, I realized that the set {x ∈ X | f(x) = g(x)} is simply the inverse image of the diagonal
∆Y ⊂ Y × Y under (f , g) : X × X → Y × Y , and all the other exercises had similar easy arrow-theoretic
solutions. There was no need to consider points and neighbourhoods, once separatedness was formulated in
terms of the diagonal. I was hooked.

The second lecture introduced proper maps and proper actions of topological groups. A map f : X → Y
was defined to be proper if for all Z, the induced map f × idZ : X × Z → Y × Z is closed. A topological
group action a : X × G → X was defined to be proper if the induced map (p1, a) : X × G → X × X
is proper. Once again, this was followed by a number of ‘Elementary Exercises’, such as if the action is
proper then the quotient X/G is separated. I had not seen properness before, and the definition of the
properness of an action looked strange at first sight. But once again, solving the exercises revealed the
meanings of these ideas, and reinforced the power of arrow-theoretic arguments without recourse to points
and neighbourhoods.

Seshadri’s lectures were the high point of the week for me for the next few months. I said above that
Seshadri’s course was a revelation. But so was Seshadri’s style and persona. He was not exactly fluent
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as a speaker, and had to frequently consult his notebook when he wrote on the board. This gave some
much-needed extra time to understand what he was trying to say, and sometimes (to my great delight) to
anticipate what was coming. He was completely relaxed and clearly in love with the material. The only
times when he used to look flustered was when he arrived to teach the class 30 minutes late instead of his
usual 15 minutes late. After such extra late arrivals, he would breathlessly say ‘oh my watch . . . ’, leaving
the sentence incomplete (therefore we could never quite figure out what was the matter with his watch). In
fact, many mathematical sentences or even whole paragraphs were left incomplete, with a few suggestive
phrases, punctuated by a stream of ‘you know’s! A differential manifold was defined by drawing two disjoint
circles, below them two intersecting circles and then by performing some kind of a dance with the chalk,
showing by tapping on the board how a point in one of the neighbourhoods gets identified with a point
in the other neighbourhood. While performing this dance, he kept looking at us, saying ‘you know!’ and
nothing more. (One of my batch mates was so overcome by this performance that he had to leave the room
choking, doubled up with laughter. He ended up as an analytic number theorist – such is justice.) Often,
the rest of my day after Seshadri’s lecture would go into figuring out what he meant. Every lecture was a
treat, in which fundamental and beautiful stuff was taken out of his magic notebook, and displayed to us.
One day, he defined Grassmannians and the tautological vector bundles on them. The universal property
of these bundles was thrown at us as a challenge, which I could prove only after a hard two or three days
of struggle. I was anyway used to self-study: What I did not know was what to study. So this course was
just made for me! Later when time came for teaching homology theory, Seshadri (who by then must have
developed enough confidence in me) asked me to lecture in his place, while he sat in the back row. That is
when I discovered that though he was a woolly speaker, he was a sharp listener if and when he chose to pay
attention.

To put all of this in some perspective, the School of Mathematics of TIFR of the early 1980s was
overflowing with brilliant mathematicians of all ages, and had a culture of unrelenting cleverness. To be
regarded as any good, you had to all the time solve tough exercises, involving imaginative tricks. Lectures
used to cover huge amounts of material, at breakneck speeds. The atmosphere was competitive, and it
was not uncommon to hear casual evaluatory comments about anybody not present. Even in the Canteen
conversations, one had to nonstop figure out the puns that were flying about, or be branded as dim. And
here was Seshadri, not very fluent, slow to understand jokes (so they said), always very kindly and happy
looking, without a trace of the biting humor and sarcasm which was the common style, and yet at the very
top. A truly absent minded professor, with goodwill towards all, happy to live in his own rarefied world of
mathematics and Indian classical music. This was much before the Chennai Mathematical Institute (CMI)
was, as they say, even a gleam in his eye. Everybody – including I am sure he himself – would have been
astounded if told that he will set up a new world-class institution for mathematical research and education
in Chennai within a few more decades, struggling against enormous odds, bringing together a team of
dedicated and talented younger people, and enlisting the help of diverse private donors and government
agencies! It must not be just his mathematical eminence, but his entire persona, that made this possible.

My frequent interactions with Seshadri as a student ended with his lecture course. In the final oral
examination in April 1981 – to which I went all prepared to rattle off stuff such as the proof of the Frobenius
theorem on integrable distributions – he made no mention at all of the course material, and instead asked
me a single question: ‘Have you studied characteristic classes?’. When I answered that I had not, he asked
me to read them, and also read Serre’s Faiseaux Algébriques Cohérents (FAC) (see [23]), as home work in
the coming vacation. He told me that it is imperative to acquire French if one is to understand advanced
mathematics. That vacation, sitting at home in Pune with a French dictionary in one hand, I struggled
through the early portion of FAC, learning sheaves and abstract varieties. The basic definitions proposed
in FAC were deeply satisfying to me, something that I have always missed in physics, which seems to be
without clear definitions. This made me postpone indefinitely my earlier plans to return to physics after a
year or two in the School of Mathematics, and I ended up spending almost 40 years there. Not much further
interaction with Seshadri was possible: He was not available for most of the academic year 1981-82 because
of a mathematical emergency (somebody else’s theorem that he had used turned out to have a problem,
and he was busy trying to fix the part that he needed, which he finally accomplished after several months
of hard struggle). In early 1982, he asked me to give a series of introductory talks for graduate students on
Hodge theory and Kodaira vanishing to which he came, and one day in July 1982, just before he left TIFR
for ever, he called me to his office and gave me a research problem which was to determine the singular
cohomology of the moduli space of parabolic bundles on a Riemann surface (this became my first published
mathematics paper - see[14]).

I will not narrate the rest of my personal reminiscences of Seshadri here. That is because the stories
that I can tell – though they are extraordinary by themselves and are precious to me – are mostly of the
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kind that are well known to others. In the last decade while serving on the Governing Council of CMI,
I made many trips to Chennai, and always looked forward to meeting him and discussing mathematics,
music, history, politics and all other interesting things under the sun, always coming back energized and
more enlightened. Many others who were much more closely associated with him have already told their
insightful stories. I will only say that from 1980 to the end of his life, he was somebody whom I greatly
looked up to, and he was always very kind, appreciative, and supportive towards me. It is indeed my good
fortune to have known such a man and become friends with him, and his memory will always inspire me.

5.2 The Narasimhan-Seshadri Theorem.

We know that Narasimhan and Seshadri were essentially self-taught as graduate students, who mastered
huge portions of Seminaire Cartan and other latest such material as it arrived in TIFR in 1950s. They
did this by running a seminar in which they lectured to each other. Occasional visits to TIFR by eminent
mathematicians, and lecture courses by some of these visitors, gave them inputs about what is important and
what to study. Postdoctoral stints in Paris, mentored by Schwartz (Narasimhan) and Chevalley (Seshadri)
had completed their transition from students to researchers. Even before they went to Paris they were aware
(thanks to K.G. Ramanathan) of the paper by Weil [32] in which it is suggested that vector bundles on a
compact Riemann surface X that are associated to unitary representations of the fundamental group π1(X)
may have some unspecified important special properties. They began their investigation of such bundles
after they came back to TIFR (∼1960), and the result which they found in 1964 is the Narasimhan-Seshadri
theorem.

Some of the most important theorems in mathematics can be characterized as ‘bridge theorems’, for
they connect together two quite different regions. The concept of an irreducible unitary representation
ρ : π1(X) → U(n) of the fundamental group of a compact Riemann surface X arose out of one domain of
mathematics, and the concept of a stable holomorphic vector bundle X arose from a very different domain.
The theorem shows that not just the bundle Eρ on X associated to ρ is a stable holomorphic vector bundle,
but every stable holomorphic vector bundle on X of rank n and degree 0 so arises up to isomorphism from
exactly one such irreducible unitary representation up to conjugacy of representations. There is a similar
statement (though a bit more complicated to state) for stable holomorphic vector bundles on X of a non-
zero degree, which replaces representations of π1(X) by those representations of π1(X − x) where x ∈ X
which have a certain scalar local monodromy around x.

The concepts of stability of bundles and stability under group actions were defined by Mumford (∼1962)
as key points of his Geometric Invariant Theory (GIT) which he used to make a moduli scheme for stable
bundles. All that Narasimhan and Seshadri used from Mumford’s work [10] is the definition of stability
of a bundle, which they knew from Mumford’s talk [9] in the International Congress for Mathematicians
(ICM), Stockholm 1962, as the volume of the proceedings of the ICM was available in the TIFR library.
The Narasimhan-Seshadri theorem showed what stability means from another perspective, and consequently
the new field of mathematics – vector bundles and their moduli spaces – which had been dormant after
the early work of Weil, Grothendieck and Atiyah, suddenly became a rapidly expanding hot luminous
star in the mathematical firmament! Over the last 50 years the resulting developments have impacted a
wide arena, including the Langlands program, differential geometry, and the new theories of physics – for
example, Witten wrote that “The Seshadri-Narasimhan theorem plays a central role in the relationship
between conformal field theory in two dimensions and Chern-Simons gauge theory on three dimensions”
(see [33]).

Eminent mathematicians are often feted with birthday conferences. But for the first time as far as
I know, this honor was conferred on a theorem, when the 50th anniversary of the Narasimhan-Seshadri
Theorem was celebrated with an international conference at CMI in Chennai in 2015. Both Narasimhan
and Seshadri were present and in great form. The Organizing Committee had assigned to me two jobs:
to give an exposition of the Narasimhan-Seshadri theorem as the opening lecture of the conference (with
both Narasimhan and Seshadri present in the audience!), and to conduct the closing session of felicitatory
speeches. So probably for the first time after the early 1980s, I tried to read the two papers [11] and [12] of
Narasimhan and Seshadri where they prove the theorem.

At this point I should tell the reader that Narasimhan was my thesis supervisor. After Seshadri left TIFR
in 1982, I went on working on my own for some time and proved some small results, when Raghunathan
pushed me to go and talk with Narasimhan and ask him to guide me for PhD. To my greatest good fortune
Narasimhan agreed, and has been my teacher (a permanent, lifelong position in the Indian tradition in its
best sense) from 1984 onwards. This is not the place to write more about Narasimhan, except to say that
he fully encouraged me to pursue Algebraic Geometry in the Grothendieckian way, even though his own
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natural sympathies were much more analytic in those days. This is relevant to what follows.
When I looked at those papers in 2015 – with the advantage of looking at them 50 years later, and with

eyes that were trained by both Narasimhan and Seshadri – some aspects immediately stood out:

(1) Though the theorem is about individual bundles, the proof is via moduli spaces and maps between
them.

(2) The moduli space of simple bundles is made in an analytic way using the deformation theory of
Kodaira and Spencer.

(3) The arguments use a whole lot of fundamental and beautiful mathematics developed in the 1950s,
which is in the style of Bourbaki but which is pre Grothendieck and pre GIT, and the formulations
are not very functorial.

Let me elaborate a bit on the above three aspects, at the cost of repeating things that some readers
may already know. As Narasimhan explained to me long ago, he and Seshadri were aware of the ‘continuity
method’ that Klein and Poincaré had invented (independently of each other at about the same time), which
was used to prove the uniformization theorem. That also is a proof based on moduli-theoretic arguments of
a statement that is about individual objects. Moduli spaces were much in the air in the 1960s, and Seshadri
[24] had already constructed the Picard variety in an important case. This is the background of the point
(1). There is some interesting history related to (2). Namely, during his postdoctoral years, Narasimhan fell
ill and had to spend a few months in a sanatorium in France, where he carried with him the preprints of the
two fundamental papers of Kodaira and Spencer on deformation theory which were given to him by Schwartz.
He had mastered these while recuperating, and that is how analytic deformation theory (which was freshly
minted, cutting edge stuff in 1958) became a part of his tool kit. In reading the Narasimhan-Seshadri papers,
it is exactly the analytic deformation theory part that caused me difficulty, as I am neither sufficiently well
versed in analytic methods, nor exactly enthusiastic about them, though algebraic deformation theory is
something that I love (see [18], [19]). Now about the point (3). The Narasimhan and Seshadri that I first
met in the early 1980s were well versed in Grothendieck’s philosophy, and employed Grothendieck’s methods
to varying extents. If they themselves had to rewrite their proof even 5 years after they originally wrote it,
it is reasonable to guess that they would have made it more explicitly functorial and perhaps even scheme
theoretic (for example by using nilpotents).

So I decided to go all the way in my expository lecture and replace the Kodaira-Spencer part and the
analytic moduli construction part by the algebraic space of simple bundles made by using the work of
Schlessinger [26] (∼1967) on algebraic deformation theory and that of Michael Artin [1] (∼1968) on moduli
constructions via algebraic approximation (for pdf slides of the lecture, see [20]). This was nearly 30 years
after my PhD viva examination by Narasimhan and Seshadri (who was the external examiner), which I
remembered when I saw them all ready in the first row of the CMI lecture room before my lecture began.
I was quite aware of the enormity of my presumption, and felt relieved when all went well – they liked the
reformulation of the proof and they regarded it as both natural and worth the effort. Both were their usual
curious, gracious and generous selves, who wore their own eminence lightly.

A few years after the Narasimhan-Seshadri theorem, Seshadri introduced the notion of S-equivalence of
semistable bundles (means Jordan-Holder equivalence), and constructed a good moduli space for semistable
bundles, whose points are the S-equivalence classes of semistable bundles of a given rank and degree (see
[25]). The term ‘good moduli space’, which has come into increasing use in the past two decades, indicates
certain properties of the moduli space of an algebraic stack that originated in Seshadri’s formulation of the
notion of a ‘good quotient’ in the context of GIT. If one is willing to use the moduli space of Seshadri, then
the above proof of the Narasimhan-Seshadri theorem further simplifies: the use of Artin’s approximation
theorem and algebraic spaces can be replaced by the use of Seshadri’s moduli space. I lectured on this
simplified proof in the virtual seminar of IIT-B in July 2020 (the video, pdf slides and related notes are
available from [17], [18], [21]). To my great delight, Narasimhan was present in the online audience and
seemed to be happy with the presentation (undoubtedly, he and other experts must have already known
that such a proof is possible).

Seshadri further generalized the ideas from the Narasimhan-Seshadri theorem around 1968 by introdu-
cing the concept of parabolic vector bundles. In collaboration with Vikram Mehta, he constructed a moduli
for these and proved what is known as the Mehta-Seshadri theorem [8], which links irreducible unitary
representations of the fundamental group of a compact Riemann surface with finitely many punctures to
stable parabolic bundles on it.

Instead of moving in the algebraic direction (which would for instance involve the Tannakian theory
of Deligne and Saavedra), one can move in the differential geometric direction, to formulate and prove the
Narasimhan-Seshadri theorem in terms of curvature. In their 1965 paper (see the end of Section 10 of
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[12]), Narasimhan and Seshadri cryptically refer to such a formulation over compact Riemann surfaces. The
famous paper [2] of Atiyah and Bott in 1980 made the connection between stability and the Yang-Mills
equations. Donaldson [4], [5], [6] (∼1983-85) gave a new analytic proof of the Narasimhan-Seshadri theorem
and also extended the theorem to nonsingular projective varieties of all dimensions by proving the existence
of Hermitian-Einstein metrics on stable bundles. The work of Hitchin [7] on Higgs bundles (∼1986) is a very
important development in this subject, that arose from differential geometric ideas, which generalizes the
earlier theory from unitary representations to all linear representations, and vector bundles to Higgs bundles.
It has had unexpected applications, including in the work of Ngô on the Fundamental Lemma (see [13] for a
survey). Uhlenbeck, Yau, Corlette and Simpson (see [30], [31], [3], [27], [28], [29]) made further advances in
the differential geometric direction inspired by the Narasimhan-Seshadri theorem. I was also able to make a
modest contribution to the developing theory (see [16]). Many distinguished mathematicians have told me
that one of the first papers that they were asked to read when they began their graduate study (at some of
the top places in the world) was the 1965 Narasimhan-Seshadri paper, and it played an important role in
shaping their outlook. Today, the Narasimhan-Seshadri theorem is tightly woven into the very fabric of a
vast domain of algebraic geometry, and it is a fair guess that this is going to remain so for a very very long
time to come.

The last time I met Seshadri was when I made a condolence visit to his house in November 2019 after
the death of Sundari, his wife. He talked about Sundari – I had never heard him speak about her before,
and saw what a pillar of strength she must have been for him. Then changing the subject, he asked me
to explain my recent theorem [22] on quadrilateral gaps for affine connections on manifolds. We discussed
mathematics and many other things, and laughed like we always did, but with a heavy heart. When he
came to the gate to see me off, both of us were aware of the passing of time. It does not stop for anybody.

My salute!
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□ □ □

President Ram Nath Kovind said in a tweet, “A multifaceted personality and mathematical
genius, Prof C. S. Seshadri is known for his exceptional contribution in algebraic geometry. In his
passing we have lost an institution builder. My heartfelt condolences to his family and friends.”

Prime Minister Narendra Modi said in a tweet, “In the passing away of Professor C. S. Seshadri,
we have lost an intellectual stalwart who did outstanding work in mathematics. His efforts, especially
in algebraic geometry, will be remembered for generations. Condolences to his family and admirers.
Om Shanti!”
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ABSTRACT. The article is an informal outline of Seshadri’s contributions to the theory of degener-
ations of moduli spaces of bundles.

6.1 Introduction

In this brief write-up I hope to give a glimpse of a lesser known aspect of Seshadri’s mathematical contribu-
tions. One of Seshadri’s old passions was the understanding of vector bundles on singular curves. After his
fundamental work on bundles over smooth curves, both in collaboration with Narasimhan and by himself, it
is not surprising that Seshadri would have been interested in the understanding bundles on singular curves.
The natural moduli theoretic question which arises is one of compactifying the moduli space of bundles on
singular curves. The failure of a valuative criterion with only locally free objects was realized early. The
special feature of Seshadri’s interest on bundles on singular curves and their compactifications was that
his interest was primarily driven by the larger question of studying the degenerations of the moduli spaces
over smooth curves when we allow the curve to degenerate to a stable curve. This question, as we would
see, gets very naturally intertwined with deep issues on group compactifications, which again was one of
Seshadri’s passions. My overview would be in the spirit of story-telling and not technical. The technical
aspects of these questions are spread over several papers in the literature. I would satisfy myself by giving
a few salient references which would easily lead a diligent researcher to the bigger body of research in this
area.

6.2 The history of the problem

The degeneration of moduli spaces has a long history, especially the degeneration of the Picard variety of
smooth projective curves, when the curve degenerates to a singular curve, which could be irreducible with
a single node or reducible with two components.

Historically, Igusa [19] was perhaps the first to study a compactification of a Picard scheme. Igusa takes
a Lefschetz pencil of hyperplane sections on a smooth surface, the general member of which is a smooth
curve and the degenerate fibre has only finitely many nodal singularities. The compactification of the Picard
scheme for the singular fibre is defined as the limit of the Picard schemes of the smooth fibres. Igusa used
Chow’s construction of the Jacobian for this approach. Igusa further proved that this compactification was
intrinsic with respect to this property of degenerations, i.e., whenever the nodal curve is expressed as a limit
of smooth curves, its compactified Picard is the limit of the Picard schemes of the smooth fibres.

The earliest work in the spirit of Seshadri’s later investigations perhaps can be traced to a note by
Mayer and Mumford [3] who give a moduli theoretic characterization of Igusa’s compactified Picard as a
component of the moduli space of rank 1, torsion-free sheaves on the nodal curve. Mayer and Mumford’s
idea was to use GIT and obtain such compactifications for the Picard of any integral curve.

Seshadri gave this question as a doctoral problem to his student Cyril D’Souza [6]. The main result
of this thesis was the construction of a relative compactified Picard for a family of integral curves over a
Henselian Noetherian local ring with separably closed residue field. D’Souza proved that the relative Picard
is flat and that its geometric fibers are integral local complete intersections when all the singularities of
the curves are simple nodes or simple cusps. This thesis was later generalized and developed extensively
by Altman and Kleiman [1]. Christopher Rego, another student of Seshadri’s from the early 1970’s, made
significant contributions to the subject but I will refrain from giving details of his work.

Around these times in one of Seshadri’s visits to Harvard, Seshadri was in Mumford’s office during a
discussion on the compactification of the Picard for more general stable curves with multiple components.
We observe that if the degenerate curve is an irreducible nodal curve, the limiting objects in the degeneration
of the Picard scheme are simply torsion-free sheaves of rank 1 with no further stability condition. Seshadri
remarked that it should be possible to get such a construction using GIT and Mumford immediately asked
Seshadri as to how he would do it say for the “dollar curve”, a simple example of a stable curve with two
components.

Seshadri told me that he worked this out reasonably quickly and the beautiful and significant observation
here was the surprise occurrence of semi-stable torsion-free sheaves. The S-equivalence classes of such
sheaves was the limiting compactification of line bundles on stable curves. The new slope semi-stability
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were in terms of polarizations on the reducible components of the stable curve. This small but insightful
computation of Seshadri led to the huge paper by Oda and Seshadri [22] where using these new ideas from
GIT various compactified Picard schemes were obtained for stable curves. Much work has been done along
these lines by L. Caporaso and several others [20]. We finally remark that the general constructions of the
relative Picard compactifications can all be recovered by the methods developed by Carlos Simpson in the
early nineties.

6.3 The higher rank case

In 1980, soon after the appearence of the paper of Oda and Seshadri, David Gieseker visited the Tata
Institute and gave a course of lectures which gave a GIT construction of the coarse moduli space of stable
curves [12]. Deligne and Mumford had constructed the stack and proved the connectedness among several
other results in their seminal work [21]. Gieseker’s construction was purely geometric invariant theoretic
and explicitly realized the coarse space of the Deligne-Mumford stack. This work of Gieseker led him (in
collaboration with Ian Morrison) to develop a theory of Hilbert stability of vector bundles on curves.

The question which Gieseker was interested in was a conjecture due to Newstead and Ramanan. Let C
be a smooth projective curve of genus g ≥ 2 over C. Let MC be the moduli space of isomorphism classes of
stable vector bundles V of rank 2 and degree d which is assumed to be odd. The moduli space MC under
these conditions is a smooth projective variety. After examining low genus cases using the explicit topology
of the moduli spaces, Newstead and Ramanan (independently) conjectured that the kth Chern class of the
tangent bundle of MC vanishes if k > 2g − 2.

In [10], Gieseker showed that if Co is an irreducible nodal curve of genus g with a single node which is a
limit of a family of smooth projective curves {Ct}, then there exists a flat degeneration {Mt} with general
fibre Mt isomorphic to MCt and the closed fibre Mo an irreducible reduced variety with analytic normal
crossing singularities. Gieseker used this degeneration which was amenable to Hodge theoretic methods to
give a proof of the conjecture. The striking part of the work was a method of constructing the limiting
variety using only locally free sheaves on certain semi-stable curves with a fixed stable model isomorphic
to Co. These semi-stable curves allow the rational components to meet the normalization of Co at lesser
than 3 points, a constraint in the case of stable curves. This allows the automorphism groups of semi-stable
curves to become infinite.

The method of construction of these degenerations was an outcome of a study by Gieseker and Morrison
[11] which I will very briefly outline. Let C be as above, smooth and projective of genus g. We work with
vector bundles E of rank r and degree d on C.

By suitably twisting the semistable vector bundles by an integer, we may assume that these bundles are
globally generated with Euler characteristic χ(E) = χ and furthermore, H1(E) = 0. Thus, the evaluation
map

ev : H0(E) ⊗ OC → E (6.1)

gives a closed embedding
C ↪→ Grassr (H

0(E)) (6.2)

of the curve C inside the Grassmannians of r dimensional quotients of H0(E). Fix a vector space V of
dimension χ = dim(H0(E)) = d+ r(1 − g) and let Sg,χ,r denote the closure of the Hilbert scheme of smooth
curves in Grassr (V ) with Hilbert polynomial P (m) = d.m + r(1 − g). The group SL(χ) acts canonically
on Sg,χ,r and for an appropriate choice of an ample line bundle L as a SL(χ)-linearization on Sg,χ,r , the
Gieseker-Morrison moduli space is the GIT quotient H := Sg,χ,r // SL(χ). The (semi)stable points of
Sg,χ,r are called Hilbert (semi)stable.

Gieseker and Morrison show that for r = 2:
1. if [X ] ∈ Sg,χ,r is smooth, the tautological quotient bundle E on Grassr (V ), when restricted to X is

slope (semi)stable on X if and only if [X ] is a Hilbert (semi)stable point of (Sg,χ,r , L ).
2. [X ] is Hilbert semistable with respect to L , then X is a semistable curve and further H0(EC) ≃ V .

Gieseker uses this construction to discover his degeneration of the moduli space MC . The limiting
moduli space is a certain equivalence class of pairs (E, X) where X is a semistable curve with stable
model isomorphic to the irreducible nodal curve Co and E comes from a list of vector bundles with natural
constraints on their restrictions to the rational components of X. Gieseker, using his insights into the GIT
of the moduli space of curves, could make explicit this list but this could be achieved only when the rank
of the bundle was 2.
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6.4 The higher rank case, Seshadri’s approach

Although Gieseker’s paper [10] appeared in 1984, the work was done earlier during Gieseker’s visit to TIFR.
Seshadri knew of this work and in the Asterisque volume [8], Seshadri gave full details of his different
approach to solving the degeneration and compactification question in the higher rank case. The method
was the natural extension of the approach carried out for the compactification of the Picard scheme. The
power of GIT allowed Seshadri to give a flat degeneration of the moduli space of vector bundles in all ranks
and degrees. The limiting moduli space was the S-equivalence classes of semistable torsion-free sheaves on
the singular curve. Seshadri went on to describe the singularities of the limiting moduli space.

Let C be a projective curve over an algebraically closed field k, which was reduced and with singularities
which were ordinary double points. Seshadri proved that the moduli space of torsion-free sheaves on C was
reduced.

Assume for simplicity that C is irreducible and has a single node C. Let F be a torsion-free sheaf of
rank r which when restricted to a neighbourhood of the node c was isomorphic to m

r

c
. Seshadri proved that

there exists a formally smooth morphism from the the versal deformation space of F to the scheme
Zr := {(A, B) ∈ M (r) × M (r) | AB = BA = 0} (6.3)

as a closed subscheme of the variety of pairs of r × r-matrices. In [8], Seshadri gave a proof of the
“reducedness” of this scheme due to R. Cowsik for the case r = 2 and the general case was settled years
later by E. Strickland [15] by linking it to certain Schubert-type singularities. Unaware of this work of
Seshadri’s, G. Faltings re-discovered this work in the mid-nineties [16]. Faltings’ motivation was somewhat
different [17]. He had realized that the singularities which occurred in these moduli spaces were formally
the same as the ones which arise in certain types of Shimura varieties and Faltings wanted to construct
canonical resolutions of the singularities so as to prove the Frobenius splitting properties for them. In fact,
yet again, unknown to Faltings, Strickland had used the very same Frobenius splitting methods earlier in
[15]. The pleasant outcome was that Faltings’ work put these questions of the study of the degenerations
of the moduli space of vector bundles (or more generally the moduli space of principal bundles) on smooth
curves in a wider perspective with new arithmetic insights.

The degeneration using torsion-free sheaves, albeit for all ranks and degrees was however not the right
one for any Hodge theoretic applications since the singularities of the limiting fibre were far from being
of the simple normal crossing type. More precisely, let {Ct} is a family of smooth curves degenerating
to an irreducible nodal curve Co with a single node. Assume further that the scheme CT , defined over
T = Spec k[[t]] was a regular scheme over k. Then the relative moduli stack MT constructed by Seshadri
had the property that Mt for t ̸= o was smooth but the divisor Mo ⊂ MT consisting of semistable torsion-
free sheaves on Co did not have simple normal crossing singularities. This special feature of the Gieseker
space was missing.

6.5 The work of Nagaraj-Seshadri and Kausz

Towards the late nineties, the Chennai Mathematical Institute was starting to face several financial issues
and Seshadri was overburdened with them. I had witnessed this on several occasions when Seshadri used
this outer crisis to rejuvenate himself with some old wine that he had stored up in his mathematical cellars.
Seshadri revived his passion for the degeneration problem. He was fascinated with Gieseker’s approach and
sought a deeper understanding of its technical drawbacks which made it work only for rank 2. In those days,
I remember him coming to me several times to get me interested in these questions exhorting me to seek out
“deeper avenues” than the ones I was pursuing! But I valiantly resisted his temptations. Singular curves did
not hold much fancy for me and Seshadri was quite disappointed. This led to the fortuitous collaboration
of D. S. Nagaraj with Seshadri, and the outcome was a couple of foundational papers on degenerations [13]
[14]. The paper [14] generalized Gieseker’s construction to all ranks by linking it to the degeneration by
torsion-free sheaves. The new moduli space had all the features that made Gieseker’s space beautiful. From
my point of view, Nagaraj and Seshadri had in essence constructed a canonical resolution of singularities for
the singularities which we have described above. More interestingly, the exceptional fibres of the morphism
from the Gieseker to the Seshadri moduli spaces were shown to be the “wonderful” compactification of
PGL(r) over the torsion-free sheaves of local type mr

c
. This in a way gives a “modular” interpretation of

the wonderful compactifications. This also was in line with the general philosophy of the resolutions of the
singularities of the k[[t]]-scheme

Z̃r := {(A, B) ∈ M (r) × M (r) | AB = BA = t} (6.4)

which Faltings had envisaged.
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Around the same time, quite independently Ivan Kausz [18] was pursuing the same issues but more
from the standpoint of constructing canonical equivariant compactifications of the general linear group.
The “wonderful” compactifications were known for the semisimple groups of adjoint type but a natural one
for the general linear group with a modular interpretation was one of Kausz’s goals.

I closely participated in the discussions but kept a discreet distance. I was getting interested in
Ramanathan’s work on principal bundles. This too was an outcome of a passing remark of Seshadri’s.

One day, Seshadri just came to my room after a visit to the US and said “I met Deligne and during
our conversation, Deligne remarked that the Tannakian approach to studying principal bundles was very
natural as can be seen from Nori’s work”. This was an eye-opener for me and I began my journey into
principal bundles. Seshadri suggested that I read Grothendieck’s Kansas notes [2] with care which I did
with great profit.

6.6 Journey into the parahoric world

As I mentioned above, Seshadri and I got together to get a “Tannakian” perspective and proof of Ramanathan’s
construction of the moduli space of principal G-bundles on smooth projective curves. This foundational
work of Ramanathan’s was in fact his doctoral thesis and is in fact a master-piece of technical prowess and
precision. It extends across two long papers [4], [5] and so to attempt a more direct approach was natural.
We managed to do this [26] after quite a struggle, especially with the “semistable reduction theorem”, the
proof of which involved the use of Bruhat-Tits group schemes. Around this time, I had completed a project
with Biswas and Nagaraj on a “Tannakian” approach to the construction of moduli spaces of analogues
of parabolic vector bundles for general structure groups [24]. The surprising outcome of this paper was
something mysterious looking, namely that for general semisimple groups G, one should look for objects
which are not necessarily principal G-bundles. This observation came from the Tannakian structures on the
category of parabolic vector bundles.

At this time, Seshadri started looking at the more challenging problem of constructing flat degenerations
for the moduli of principal G-bundles. A “torsion-free sheaf” like approach was not completely satisfactory
since it involved choices of representations and naive Tannakian techniques seemed to fail for torsion-free
sheaves.

Seshadri then wrote a rather rambling article in the volume of papers dedicated to Peter Newstead
[7]. The paper had several interesting openings but no real direction or strategies for a closure. A key
remark in this paper was a description of the wonderful compactification of PGL(r) in terms of parabolic
vector bundles on a smooth projective curves with parabolic structures at two marked points together with
a “descent datum”.

I was discussing a bit with Seshadri, getting over my phobia for singular curves. During these discussions
with Seshadri it became quite clear that any attempt at such a degeneration would require a very precise
understanding of the parabolic analogues for principal G-bundles. Seshadri was not satisfied with the
Tannakian description in my paper [24]. We used to have heated conversations, and I was vehemently
defending our work and he in his usual way kept saying “the key point is missing”. One day, while going
together in Seshadri’s car to CMI, I suddenly said that “the invariant direct image of a vector bundle with
trivial determinant does not have trivial determinant. This is what we wish to say in the Tannakian paper”.
Seshadri had a quiet smile on his face and he remarked that we have hit upon the right idea! This was the
beginning of my work with him on “parahoric torsors” [25], which took a couple of years to complete.

Around these times, Seshadri had several set-backs to his health and his intensity was somewhat diluted.
I continued to pursue the degeneration question and to Seshadri’s great satisfaction, I managed to complete
the picture in a long paper in 2020 [23] which in a sense gives a precise shape to Seshadri’s paper in the
Newstead volume together with some new “parahoric ideas”.

One of the central questions in the subject was an intrinsic description of slope (semi)stability of principal
G-bundles a la Ramanathan but over nodal curves. My last conversation with him was on 15 July, 2020,
a one hour talk in which I gave him more details on the precise semistability for the principal bundles on
nodal curves. He was very receptive and kept saying, “I missed this no? so easy”.
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ABSTRACT. In this article we discuss very briefly the meta mathematical framework for a new
music, based on the work of Grothendieck and Seshadri’s encouraging role in it.

7.1 Introduction

There are many fond memories of Seshadri extending over a period of 33 years to include in this memorium.
I will restrict myself largely to those related to my work “Metaraga system: an interaction between geometry
and music” (see [3]). Compositional parts of this work were jointly done with David Balakrishnan, director
of the Turtle Island String quartet. This is a multidisciplinary study that involves algebraic geometry, and
Western and Indian classical music. This gives rise to a meta mathematical framework and a guide to a
new way of composing music. The theoretical foundation is deeply influenced by Grothendieck’s work in
algebraic geometry, his other writings and vast amount of empirical data from music. Indian classical music
is based on the raga system. Some of the basic identifying elements of Western music are polyphony, and its
resultant: modulation. The Metaraga system integrates these foundational aspects of Western music with
elements of Indian classical music and gives a firm foundation rooted in the meta mathematical framework.
We set up techniques for a dictionary between geometry and music which guides in the compositional aspects
of the work. This evolving dictionary gives a process of going back and forth between category theoretic
algebraic geometry and music, generating ideas towards music composition.

Last time I met Seshadri was on January 3, 2020 at his home in Chennai. It was late in the day around
9:30 pm, but he insisted that I visit him before I leave Chennai for Mysore early next morning. I was with
him for nearly 2 hours. He was quite frail, but as sharp as ever; he asked me about the progress of the
framework and listened with total attention. Towards the end of the discussion, he acknowledged that there
is indeed a compelling relationship between geometry and music, and that he has now changed his earlier
view on this issue. It felt good! As I looked back on my phone records, I noticed I had more than 30 hours of
phone conversations with him in the last few years alone. It used to take place around 9:30 pm IST and go
on until 11 pm. Sometimes I used to demonstrate on the violin–via phone–what kind of ideas were involved
in the process of integration of Western and Eastern sounds and how it was influenced by ideas in category
theoretic algebraic geometry. I also discussed how a musical idea would translate into geometry of fibered
categories and Grothendieck-like topologies on them. There was initially some resistance from him. But
as he saw causal connection between the framework and the music, I was playing for him, he understood
things quite quickly and would respond with enthusiasm and make valuable suggestions. Time and again
he insisted that the Metaraga system ultimately should have rigorous rules and the power of repeatability.
This insistence definitely sharpened my focus considerably. He had an intuitive understanding of this work.
He prodded me to write music for purely violin and other instruments like we have in the West, and that
this framework would help in it. This was prescient. I am deeply grateful to him for his deep interest and
genuine enthusiasm, the encouragement he gave me for both my pure mathematics over a period of nearly 27
years, and more recently on the work on geometry and music. I miss those phone calls very much. Besides
phone calls, we exchanged numerous emails in the last 20 years; I cherish them all. This particular email
from him after visiting my music website on May 7, 2015 is particularly poignant. He wrote:

Dear Purna, I read all the reviews. The Ekalavya has got the due recognition. The music and
the recording are very beautiful. I seem to sense an individuality emerging in your playing. The
mistake is to view your playing through Carnatic music alone, but to have a larger sensitivity to
appreciate tonal beauty and other structures. I do not think that you would have got this kind of
recognition anywhere except in the US. Along the lines of what we have been discussing at great
length I hope that you will be able to enlarge the scope of Indian Classical music. Indian classical
music and dance are so highly evolved that it seems impossible to innovate truly remaining in
the same system. The next day after our discussion there was an article on Satyajit Ray’s
music in The Hindu. What a coincidence, we were talking about him. A suggestion to you is to
hear Dwaram as well. He had some subtle gamakas which I believe could be integrated in your
quasi-raga. All the best.- Seshadri.

What came to be Metaraga did not have a name yet, hence his ad hoc name “quasiraga” above. I
met Seshadri for the first time 33 years ago in an entrance interview setting for Matscience. The other
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members were Madhav Nori and R. Balasubramanian. Considering the people involved, the interview was
almost totally about exploration with the student rather than interrogation of the student. It felt really
nice. He then visited Mysore, where he sang and I played. A bond developed almost instantly and deepened
over the years. I recall several music sessions with him, in some of which there were his student V. Balaji,
now a leading Indian mathematician, and senior Indian mathematician S. Ramanan. The sessions were
beautiful and I have fond memories of my time with them. He sang with intensity and concentrated mostly
on exposition of compositions of the musical trinity, in these sessions. His kriti singing was rooted in deep
classicism and in pursuit of subtle aesthetics. His passing away has naturally created a vacuum in parts of my
consciousness. It can be filled somewhat by memories of his affection, his genuinely deep encouragement for
my mathematics, music and later the work in the contents of the article (see [3]), and many fond memories
of my time with him over the years. My meeting with him on January 3, 2020 was very special. At one
point in the discussion, he left his seat opposite me and sat beside me, and held my left palm and gave it
a slight squeeze and said “it was wonderful you went there; you could not have done this anywhere else.”
It was a deeply poignant moment, and I felt a certain peace flow through me. As he always did on earlier
occasions, he came out to see me off. As the car started and picked up speed, I looked back through the
window, he was waving, it was an achingly wonderful sight. I felt this might be the last time I would see
him, and it was.
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1. Balakrishnan, David and Bangere, Purnaprajna: Syzygy, BMI Music. 2019.
2. Balakrishnan, David and Bangere, Purnaprajna: Triality, three movements. BMI Music. 2019.
3. Metaraga, Origin records, released on January 17, 2020. (performed by Purna Loka Ensemble:

Purnaprajna Bangere (first violin), David Balakrishnan (second violin), Jeff Harshbarger (double
bass) and Amit Kavthekar (Tabla)).

Selected Articles for the general audience:
1. Hellman, Rick: A Mathematician-Musician’s breakthrough melds East, West. http://news.ku.edu/

2020/02/10/math-inspires-musicians-creative-breakthrough
2. Ramanan, Sumana: Geometry sings the blues in the Indian-American mathematician’s radical music

system. First post, January 04, 2020.

□ □ □

A rising Seshadri is seen here (standing, right) in the company of Alexander Grothendieck
(standing, on the left) and Armand Borel (sitting, facing), renowned personalities in Algebraic
Geometry and Algebraic groups, at the International Colloquium on Algebraic Geometry, at

TIFR Bombay, 1968. (TIFR Archives).

[ 38 \

http://news.ku.edu/2020/02/10/math-inspires-musicians-creative-breakthrough
http://news.ku.edu/2020/02/10/math-inspires-musicians-creative-breakthrough


8. Musical Evenings with Seshadri
Jayant Shah

Mathematics Department, Northeastern University, Boston, Massachusetts, USA.
Email: shah@neu.edu

I first met Seshadri when I was visiting Mumbai in 1969. I was then a beginning student in Algebraic
Geometry. Having been an engineer until two years before that, I was unfamiliar with the mathematics
community. I just turned up at the Tata Institute of Fundamental Research and asked to see Professor
Seshadri. I sent him a note saying that I was a student of Michael Artin. He immediately asked me to come
up to his office and greeted me warmly. We had a relaxed conversation. He showed much interest in my
engineering background and thought that it could be an asset in my future career in mathematics.

Our paths crossed again in 1974-75 while he was visiting Harvard for the academic year. It was during
this time that I discovered his love for music. Given his interests, my wife and I arranged a musical event at
our house one evening for him and his wife, Sundari. Our guests included Bindu Parikh, a Indian vocalist,
Jennifer Marr, an opera singer and some friends from the mathematics community.

Seshadri performed in the tradition of South India. Bindu provided a contrast by her rendition of several
ragas in the tradition of North India. The classical music traditions of the North and the South India (called
Hindustani and Carnatic styles respectively) are quite distinct. It is not uncommon for an Indian coming
from one region of India to not have much experience with the other tradition. But there is a basic unity
as Sundari showed by singing in multiple styles.

At the end of the evening, Jennifer Marr was the last one to perform. She asked Seshadri what he
would like to hear and he enthusiastically chose Mozart. So our musical evening closed with an aria from a
Mozart’s opera. I have been to many Indian concerts, but this was different. The style or tradition did not
matter. Music mattered. Nine years later, Seshadri visited Brandeis University during the academic year
1983-84. This time, he organized a small group of three vocalists to meet every week at the home of one
of the singers. I was the audience of one. This was the first time since I came to the U.S. that I had an
opportunity to hear Indian classical music on a regular basis. The experience in such an intimate setting
was truly special.

It was many years before I had an opportunity to hear Seshadri again. That was in 2010 when he visited
U.S. to be inducted into the U.S. National Academy of Sciences. My wife and I were fortunate to be able to
host a part of his stay in Boston. By that time, there was an active music group in the Indian community
in the Boston area. Seshadri agreed to give a performance there. To prepare for the concert, he spent hours
practicing at our house. His practice session was attended by my colleague Lakshmibai, my wife and me. In
that informal setting, it was more a conversation than a performance. The music felt as if it had sentences
and paragraphs. Seshadri discussed the structure of the music and compared the Carnatic version with the
corresponding Hindustani version. It was one of the most memorable musical events. I wish I had recorded
it.

The concert next evening was the last time I heard Seshadri sing. I had the pleasure of seeing him again
when he came to attend the symposium held in the honor of David Mumford on his 80th birthday in 2018.
Even during such a short visit, he organized a musical evening. He invited me to come to the gathering. To
my permanent regret, I could not go on account of a prior engagement.

Seshadri aimed at perfection in Music just as he did in Mathematics. I cherish his friendship and his
music.

□ □ □

Seshadri engrossed in music.
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9. Quotations from some tributes
As to be expected, abundant tributes were showered upon Prof. Seshadri following his sad demise, by

many people associated with him in various ways. The Editor also received some obituary messages following
the announcement of this special issue of TMCB dedicated to him. Here we bring to our readers a selection
of quotations from the tributes that highlight some interesting aspects of Seshadri’s personality, and his
achievements.

Editor-in-Charge

David Eisenbud, Director, Mathematical Sciences Research Institute, Berkeley, USA:
I think I first became aware of Seshadri through his work on straightening laws and standard bases

for homogeneous spaces, and then soon thereafter for his work on compactifying the Jacobian on singular
curves. These things were fundamental, and highly influential. But when I think of him now, it is as the
musician and lover of that art. I had the good luck to host him in my home near Boston, and I remember
very clearly his beautiful and intricate singing there. My last meeting with him was in Chennai, at the
season of the music festival, and I remember talking with him about the concerts I had attended. Seshadri
once asked me what I thought about when I was walking in the street, and I gave some obvious answer
about mathematics. He told me that what he thought about was rather the shaping and ornaments of
what he was currently singing. His smile of satisfaction as he said this stays with me still." (From email
communication to the Editor).

Anil Kakodkar, Chairman, Rajiv Gandhi Science & Technology Commission, Former Chairman, Atomic
Energy Commission:

“Prof. Seshadri was unique in many ways. He was deeply committed to his passion of not only taking
mathematics forward but also take it to young bright students. CMI today is the first choice for many
bright students coming out of school and wanting to make a career in mathematics and allied subjects."
(From Tributes posted on the CMI website).

David Mumford, Brown University, USA:
“In all his visits to the West, he was comfortable wearing appropriate Western garb at the office and

relaxing in his lungi when he got home. He lived in the most unpretentious way, resisting the Western
impulse for the latest gadgets and for collecting expensive ornaments. Yet he could fly to Delhi and argue
effectively with high-up officials and ministers for funding for mathematics. His great passion, almost
as strong as his love of mathematics, was singing classical South Indian Ragas which he performed at a
professional level." (From Tributes posted on the CMI website).

M. S. Narasimhan, TIFR, Bangalore:
“CMI has been a success story because of the enormous amount effort he had put in its formation.

Seshadri was rightly proud of his role in the formation of this institution, which apart from being a first-rate
research centre, also runs excellent undergraduate and graduate education programmes in mathematics and
computer science. One of the motivations for the creation of CMI was Seshadri’s strong feeling that an
undergraduate programme intended for training people for research should be taught by researchers, and
that young undergraduates should directly come into contact with those doing research. He had, I think,
as a model the Ecole Normale Superieure, Paris. CMI is now among the best undergraduate institutions in
the world in the fields of mathematics and computer science." (From Tributes posted on the CMI website).

M. S. Raghunathan, Centre for Excellence in Basic Sciences (CBS), Mumbai Retired from TIFR, Mumbai:
“Srinivasa Ramanujan is a household name in the country; and rightly so - he ranks among the greatest

mathematicians of the twentieth century. But that very greatness has cast a long shadow on his worthy
successors - there are indeed a few - that has obscured their public visibility; and Seshadri surely figures at
the top of that list. He ranks among the greats of the mathematical world of the twentieth century. He did
pioneering work in Algebraic Geometry (some of it in collaboration with M. S. Narasimhan, another great
mathematician and a close friend, also from Chennai). His work has had tremendous impact on the very
way in which the field developed during the last six decades. Despite that kind of professional achievement
Seshadri remained always a pleasant, accessible human being. He was certainly aware of the high worth
of his work, yet he was far from egotistical, and seldom spoke about himself. Another manifestation of his
humility was his transparent enthusiasm for good work by others, especially students and colleagues. He
was one of the principal architects behind the rise of the School of Mathematics at the Tata Institute of
Fundamental Research (TIFR) from the fledgling that it was in the fifties to international eminence in a
decade and a half. His own research contributed a great deal to this, but his mentoring of a large number
of students contributed no less.” (From Tributes posted on the CMI website).

[ 40 \



9. Quotations from some tributes

R. Ramanujan, Institute of Mathematical Sciences, Chennai:
“Seshadri leaves behind a legacy that few academics can hope to: not only make deep contributions to

the discipline but also help set up institutions characterized by integrity and high quality research." (From
Tributes posted on the CMI website).

S. R. S. Varadhan, Courant Institute of Mathematical Sciences at New York University, USA:
“Over a period of time the institute grew in size, changed its structure and eventually became the

Chennai Mathematics Institute (CMI). Seshadri had devoted thirty years of his life working for CMI, his
retirement notwithstanding. Raising funds to maintain the Institute was a problem he tried to solve. Gov-
ernment support was spotty and even when it came it was not in time. Private foundations as well as
individuals helped and the Institute grew. Seshadri had always insisted that teaching be a vital part of
the Institute’s mission and it has successfully run a masters' and bachelors' degree program in Mathem-
atics and Computer science. Many of the students have gone abroad to excellent Institutions to obtain
advanced degrees. I have a successful working relationship with one of the graduates. Although most of
my visits to Chennai have been short, I did spend a long period a couple of times and gave a course of
lectures at CMI. I am also a recipient of a Honorary Degree from CMI. Over the years we have had many
discussions about CMI, its goals, problems and accomplishments. I have always enjoyed my visits.” (From
email communication to the Editor).

K. VijayRaghavan, Principal Scientific Adviser to the Government of India:
“Constantly curious, endearingly optimistic, deeply connected to our art and culture, while being a true

internationalist; this is the loss of an intellectual giant whose feet were firmly planted in the vibrant and
welcoming institute he built, students from all over India come.

C. S. Seshadri’s lasting contribution is that he has ensured there will be many more like him from the
CMI, and from all over India. A life in mathematics, music, institution building, and humanism. Worth
understanding and its core values worth emulating, no matter what we do.” (On Twitter).

□ □ □

Professors Seshadri, P. S. Thiagarajan and H. P. Dikshit, at the Seminar Hall, CMI.
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10. Brief Biography of Professor C. S. Seshadri
Life sketch:

Born on 29th February 1932 at Kancheepuram, Conjeeveram Srirangachari SESHADRI did his gradu-
ation from Madras University in 1953 following which he joined the Tata Institute of Fundamental Research
(TIFR), Mumbai, as one of the first batch of graduate students. He did his doctoral research work at TIFR
and acquired his Ph.D. degree from the University of Bombay in 1958, under the supervision of Prof. K. S.
Chandrasekharan.

After completing his doctoral research work, in 1957 Prof. Seshadri went to University of Paris on
deputation from TIFR where he did significant work in Algebraic geometry, greatly influenced by the
stalwarts from the French school. He returned to TIFR in 1960 and was a member of the Mathematics
Faculty until 1984. In recognition of his work he received rapid promotions, as professor in 1965 and as
senior professor in 1975. He soon established himself internationally as a researcher of repute in the field of
Algebraic Geometry. Over his career that followed he made immense contributions to the area, developing
new tools and methodologies for solving many challenging problems in the areas of vector bundles, geometric
invariant theory, and representations theory of algebraic groups, a flavor of which is found in the articles in
this issue. He also contributed significantly in in establishing an active school of Algebraic Geometry at the
School of Mathematics at TIFR, and in training and inspiring many young talented students entering the
School.

In 1984 Prof. Seshadri joined the Institute of Mathematical Sciences at Chennai. His eminence as a
mathematician was also accompanied by a great passion for training young minds in mathematics at an
undergraduate stage, in which he was inspired by the model of the Ėcole Normale Supériore, Paris. This
motivated him, in 1989, to head the School of Mathematics of the SPIC Science Foundation, which under his
stewardship became the SPIC Mathematical Institute, in 1996, renamed later as the Chennai Mathematical
Institute, in 1998. He served as the Director of the Institute until his formal retirement in 2010, after which
he continued to be associated with it as Director-Emeritus. Seshadri nurtured the institution with the vision
that higher learning can only flourish in an atmosphere of active research amidst the presence of masters in
the subject, via integration of undergraduate education with research, leading it to becoming one of the best
schools in the world for undergraduate studies in mathematics and theoretical computer science. Towards
the end he suffered from some serious health problems and passed away on 17th July, 2020, following a
cardiac arrest. He is survived by his sons Narasimhan and Giridhar.

Publications associated with Seshadri:
Prof. Seshadri had over 50 research publications in reputed international journals, including the Annals

of Mathematics. The highly influential nature of his work in the area is evidenced by the fact that his
Collected Papers were published in two volumes, by Hindustan Book Agency, in 2012. A symposium was
held, at Chennai, on 1st March (=”29th February”) 2001 to felicitate Seshadri on his 70th birthday, and a
collection of research and expository papers on Geometry and Representation Theory associated with the
event was published in 2003, by Birkhauser, as A Tribute to C. S. Seshadri.

The Notes of a course of lectures on Theory of Standard Monomials given by Prof. Seshadri at Brandeis
University in 1983-84, prepared by Peter Littelmann and Pradeep Shukla, originally published in the Bran-
deis Lecture Notes Series, have been brought out recently, in 2014, in a second revised edition, by Hindustan
Book Agency.

Prof. Seshadri was also enthusiastic about study of history of mathematics. A seminar was held at
CMI over an extended period in 2008, in the area of history of ancient Indian mathematics, in which many
international experts in the area participated. The participants were encouraged to contribute articles based
on their talks, and a volume consisting of the articles materialized, with Seshadri as Editor (published by
Hindustan Book Agency).

Academic Interaction:
During his long academic career, he visited number of premier institutions all around the world in various

capacities (mostly as visiting professor). Most prominent long-term visits include: University of Paris (1957-
1960), Harvard University(1966-67, 1974-75), Institute for Advanced Study, Princeton(1975-76), University
of California, Los Angeles(1982-83), Brandeis University (1983-84). He was also Visiting Professor in Japan
under the Japanese Society for Promotion of Sciences during May-August 1981.

The venues of his short academic visits include: University of Liverpool, England (1965), Institute of
Henri Poincare, Paris (1965). University of Warwick, U. K. (1971, 1987). University of Bonn, West Germany
(1972), University of Chicago, U. S. A. (1975), University of Rome (1976), Ėcole Normale Supérieure, Paris
(1980). Istituto Guido Castelnuovo, Rome (June 1985). Northeastern University, Boston, U.S.A. (April-
June 1990), International Centre for Theoretical Physics, Trieste, Italy (1994, 1995, 1997, 1999).

He gave an invited talk at the International Congress of Mathematicians at Nice (ICM-1970). Over the
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10. Brief Biography of Professor C. S. Seshadri

years he delivered numerous Invited talks / Series of lectures at various Academic events all around the
world.

Recognitions:
Seshadri’s accomplishments in mathematics were recognized through numerous honors including the

following: He was conferred Padma Bhushan by the President of India in 2009. He was also reciepient of
the Shanti Swarup Bhatnagar Prize (1972), Srinivasa Ramanujan Medal of INSA (1985), the Trieste Science
Prize of the Academy of Sciences for the Developing World (2006), H. K. Firodia Award for Excellence in
Science & Technology, Pune, 2008.

He was elected Fellow of the Royal Society, London, in 1988. He was also elected Fellow of TWAS
- the Academy of Sciences of the Developing World (1988), and of the American Mathematical Society,
U.S.A.(2013). He was also Fellow of the Indian Academy of Sciences, the Indian National Science Academy.

He was conferred with the degree of Doctorat Honoris Causa, by Universitė Pierre et Marie Curie
(UPMC), Paris, in 2013.

He was a member of the National Board for Higher Mathematics (NBHM) during 1986-1992, the Ex-
ecutive Committee of the International Mathematical Union (IMU) (Jan. 1987-Dec. 1990), and the TIFR
Council (1994-1998).
Sources:

1. C. S. Seshadri Memorial page, CMI, https://www.cmi.ac.in/seshadri.

2. A Tribute to C. S. Seshadri, Hindustan Book Agency, 2003.

3. C. S. Seshadri - A Glimpse of his Mathematical Personality - Vikraman Balaji, Asia Pacific Math-
ematics Newsletter, Vol. 2, No. 4, October 2012.

4. From Proofs to Transcendence, via Theorems and Rāgas, Bhavana, Vol. 2, Issue 1, January, 2018.

□ □ □

Prof. Seshadri signing the Register as a Foreign Fellow of the National Academy of Sciences, USA.
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Informal moments

At the Fresher’s welcome party at CMI, Chennai (August 2013).

 An Evening during ICM-1994, Zurich 
1st column: C. S. Seshadri, David Mumford, Pavaman Murthy 

2nd Column: V. Lakshmibai, Ammon Neeman (a student of Mumford), S. Ramanan.

Prof. Seshadri is seen with Mrs. Seshadri and Lakshmibai 
in this photograph taken at his 60 th Birthday.



Memories

Prof. Seshadri (with Prof. J. Osterle, in the middle) honored with the Doctor Honoris 
Causa, by Pierre and Marie Curie University (UPMC), France, in 2013.

 (L-R) M. S. Narsimhan, Oscar Garcia-Prada, C. S. Seshadri, S. Ramanan and 
M. S. Raghunathan at IISc Bangalore 2008 (Photo Courtesy: Oscar García-Prada).

(L-R) N. Lakshmi Narayanan (Managing Trustee, CMI), N. R. Narayana Murthy, 
 C. S. Seshadri , H. P. Dikshit, R. Balasubramanian 

(at the CMI ConvocaTon, 25 July 2016).
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