
The	Mathematics	Consortium	
 BULLETIN

 January 2021             A TMC Publication                Vol. 2, Issue 3

       Chief Editor: Ravindra S. Kulkarni             Managing Editor: Vijay D. Pathak        

Goodbye  2020

Welcome  2021



The Mathematics Consortium

Bulletin
January 2021 Vol. 2, Issue 3

Chief Editor: Ravindra S. Kulkarni Managing Editor: Vijay D. Pathak

Editors

Karmeshu S. G. Dani Mohan C. Joshi Aparna Mehra
Sharad S. Sane Ravi Rao D. K. Ganguly S. A. Katre
S. D. Adhikari V. P. Saxena A. K. Nandakumaran Inder K. Rana
Ambat Vijayakumar Shalabh Bhatnagar Amartya Kumar Dutta Ramesh Tikekar
V. O. Thomas Sanyasiraju VSS Yedida Devbhadra V. Shah Ramesh Kasilingam

Udayan Prajapati Vinaykumar Acharya

Contents
1 Controllability of Systems with effects of Delay, Impulses, White Noise and

Fuzziness
Raju K. George and R. Krishnasamy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 The Bernoulli Family
V. O. Thomas and V. D. Pathak . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3 Book Review
A. S. Vasudeva Murthy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

4 What is happening in the Mathematical world?
Devbhadra V. Shah . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

5 International Calendar of Mathematics events
Ramesh Kasilingam . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

6 A Tribute to Prof. Arun Madhusudan Vaidya
M. H. Vasavada and Devbhadra V. Shah . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

7 Problem Corner
Udayan Prajapati . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

8 TMC Activities
S. A. Katre . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

About the cover-page: The first part of the figure aptly describes the impact of Corona pandemic on
the educational campuses in the year 2020 and the second part expresses our hopes / expectations in
welcoming the year 2021. The photographs are of Hansraj College and IIT Guwahati taken from follow-
ing sources: (https://tinyurl.com/y5w7o4hb, https://tinyurl.com/y5t2d 3np, https://tinyurl.com/y2uttffc,
https://tinyurl.com/y69xtpyu, https://tinyurl.com/y59drufy, https://tiny url.com/yyts3xbs, https://tinyurl.
com/y4z4pgej, https://tinyurl.com/y3cch5yz, https://tinyurl.com/yyyooj2t, https://tinyurl.com/y3nq6yqf).

Typeset and designed by: Praanjala Typesettings, Contact: +91 99603 03874, Email: mr.texdoc@gmail.com.

[ i \

https://tinyurl.com/y5w7o4hb
https://tinyurl.com/y5t2d3np
https://tinyurl.com/y2uttffc
https://tinyurl.com/y69xtpyu
https://tinyurl.com/y59drufy
https://tinyurl.com/yyts3xbs
https://tinyurl.com/y4z4pgej
https://tinyurl.com/y4z4pgej
https://tinyurl.com/y3cch5yz
https://tinyurl.com/yyyooj2t
https://tinyurl.com/y3nq6yqf
mailto: mr.texdoc@gmail.com


From the Editors’ Desk
In this month we are bidding farewell to the year 2020 - a year of the pandemic which has

shaken the world. One would like to forget the past year as a bad dream and look forward to the
year 2021 with a new hope and commitment to regain the spirit and enthusiasm of the pre Covid
era.

At this stage, it is worthwhile to take a review of the gains and losses we, the stakeholders in
the field of education met with during the past year. To start on a positive note, while the concept
of on-line education/ MOOKs has been present for quite some time now, the year 2020 proved
to be a year of transition from face-to-face/ classroom education to online education. This has
provided an opportunity to create new/ enhanced platforms like Zoom/ Google meet/ Microsoft
teams, and students/ teachers/ administrators became technology savvy. This has also widened
our Horizon. Many academic events were organised online giving an easy access to one and all and
provide them an opportunity to listen to the experts across the world and acquaint themselves
with the state of art in the field of their research interest, new collaborative research, and so on.

On the other hand, the educational campuses became silent, charmless places in the absence
of young energetic students. New students entering the campus and graduating students leaving
the campus to pursue their dreams - batches after batches - provided a sort of continuous flow of
life. Year 2020 marks a point of discontinuity in the flow. Students must have missed the golden
days of their lives which are otherwise cherished for the whole life, they must have missed “Jadu
ki Zappi”, graduating students must be really anxious about the uncertainty of their career. All
this is too saddening, yet full of challenges, and we yearn for the strength to get over them. Let
us welcome 2021 hoping that things will open up soon and the 2020-hiatus becomes an isolated
singularity.

In the first article of this issue, Prof. Raju K. George and Dr. R. Krishnasamy discuss
the controllability of systems described by differential equations with various effects like delays,
impulses, white noise, fuzzy states etc. and also consider control systems described by fractional
order differential equations and singular differential equations. In fact, this is the second article
on controllability by the authors, the first having appeared in the first issue of the volume 1 of
our Bulletin. Together, the articles give a good account of developments in the area which will be
useful to the young researchers.

In the second article, Prof. V. O. Thomas and Prof. V. D. Pathak give a brief account
of the Mathematicians/Physicists from the famous Bernoulli family and their contributions in
Mathematics. Prof. Vasudeva Murthy writes a review on the recently published book entitled
Partial Differential Equations - Classical theory with modern touch, by A. K. Nandakumaran & P.
S. Datti (Cambridge University Press, Cambridge, 2020). This is the new feature we have added
to the Bulletin. Prof. Arun Madhusudan Vaidya, a prominent number theorist and one of the
most popular figures in the field of mathematics, not only in Gujarat but also at the national level,
passed away at the age of 85, in Ahmedabad, on November 26, 2020. In another article, Prof. M.
H. Vasavada and Dr. Devbhadra Shah pay befitting tributes to Prof. Vaidya.

Dr. D. V. Shah writes about various important events that occurred in the Mathematics world
during last three months and pays tribute to those Mathematicians who left us in the recent past.

In problem corner, Dr. Udayan Prajapati presents a solution provided by Prof. J. N. Salunke
of Latur, to the problem proposed by Dhruv Bhasin in April 2020 Issue of TMC Bulletin, who also
poses a problem on Analysis for this issue. Dr. Ramesh Kasilingam gives a calendar of Academic
events, planned during March, 2021 to May 2021.

We are very happy to bring out this third issue of Volume 2 in January 2021. We thank all the
authors who have contributed articles for this issue, all the editors, our designers Mrs. Prajakta
Holkar and Dr. R. D. Holkar and all those who have directly or indirectly helped us in bringing
out this issue on time.

Chief Editor, TMC bulletin.
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1. Controllability of Systems with effects of Delay, Impulses,
White Noise and Fuzziness

Raju K. George and R. Krishnasamy
Department of Mathematics,

Indian Institute of Space Science and Technology,
Thiruvananthapuram - 695 547, Kerala, India.

E-mail: george@iist.ac.in

1.1 Introduction

In this article, we discuss the controllability of systems described by differential equations with
various effects like delays, impulses, white noise, fuzzy states etc. and we also consider control
systems described by fractional order differential equations and singular differential equations.
Many practical systems are falling into such categories. For a wide class of systems, the model
show the delay explicitly which motivates the consideration of delay-differential equations as models
and the study of their properties from a system-theoretic point of view. The study of impulsive
systems has become more important in recent years as many of the evolution processes experience
a sudden change in the state due to presence of external forces in the form of impulses. Presence
of uncertainties in the system give rise to stochastic model or fuzzy model based on the availability
of a stochastic distribution or a membership function. We investigate controllability properties of
such linear and nonlinear systems in finite dimensional spaces.

1.2 Controllability of Systems with Delays in States and Controls

In our previous article (George and Krishnasamy [21]), we discussed controllability analysis for
finite dimensional linear and nonlinear systems. We now consider control systems with delays
either in the state or in the control or in both. Many real-life control systems are modelled in
terms of delay systems, see Klamka [36]. In 1967 Weiss [56] considered a linear control system
with delay in the state described by the differential equation of the form:

ẋ(t) = A(t)x(t) +B(t)x(t− h) +C(t)u(t), (1.1)

where, for each t ∈ [t0, t1] ≜ I, the state vector x(t) ∈ Rn, the control vector u(t) ∈ Rm, h > 0 is
the time-delay and A(·), B(·), C(·) are continuous matrix functions.

Definition 1. System (1.1) is said to be controllable to a function ψ(·) ∈ H (an abstract normed
linear space of functions defined on the interval [t0 − h, t0]) with respect to the space of initial
functions B (the Banach space of real n−vector valued functions defined on the interval [t0 −h, t0])
if, for any given ϕ ∈ B, there exist a time t1, t0 < t1 < ∞ and an admissible control segment
u[t0,t1+h] such that x(t; t0,ϕ,u) = ψ(t − t1 + t0 − h), t ∈ [t1, t1 + h], where x(t; t0,ϕ,u) is the
solution of (1.1) starting at time t0 with initial function ϕ and control u.

Theorem 1. (Weiss [56]) Let ϕ ∈ B be the initial function of (1.1). A sufficient condition for the
existence of an admissible control which results in the solution having a zero crossing in finite time
is that there exists t1 > t0 such that

rank

∫ t1

t0
K(s, t1)C(s)CT (s)KT (s, t1)ds = n.

In the year 1970 Chyung [7] considered the linear time-invariant system with time delay in the
control function of the form:

ẋ(t) = Ax(t) +Bu(t) +Cu(t− h), (1.2)
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where, A, B, and C are constant matrices of compatible dimensions. As the system matrix is a
constant matrix, the transition matrix is given by Φ(t, t0) = eA(t−t0). Hence the solution of the
system (1.2) with initial condition x(t0) = x0 is given by

x(t) = eA(t−t0)x0 +
∫ t

t0
eA(t−s)[Bu(s) +Cu(s− h)]ds, t ≥ h (1.3)

Definition 2. The system (1.2) is said to be completely controllable on the time interval I if for
all x0,x1 ∈ Rn and u0 ∈ L2([t0 − h, t0]), there exists a control function u ∈ L2 (I; Rm) such that
the corresponding solution (1.3) of (1.2) satisfying x(t0) = x0, also satisfies x(t1) = x1.

Theorem 2. (Chyung [7]) System (1.2) is controllable if and only if

rank[B,AB, · · · ,An−1B, exp(−Ah)C,A exp(−Ah)C, · · · ,An−1 exp(−Ah)C] = n.

Here, the controllability criterion depends on time-delay and Sebakhy and Bayomi [46] has
shown that the above rank condition will still hold true if we remove exp(−Ah) from the matrix.
Thus, the new necessary and sufficient conditions (Sebakhy and Bayomi [46]) for controllability of
system (1.2) is given by

rank[B,AB, · · · ,An−1B,C,AC, · · · ,An−1C] = n.

Also the same authors [47] considered the linear time varying system of the form

ẋ(t) = A(t)x(t) +B(t)u(t) +C(t)u(t− h) (1.4)

where A(t), B(t) and C(t) are assumed to be continuous matrix-valued functions of time t. The
solution of the system (1.4) is given by

x(t) = Φ(t, t0)x0 +
∫ t

t0
Φ(t, s)[B(s)u(s) +C(s)u(s− h)]ds, t ≥ t0 + h (1.5)

The controllability Grammian is defined by

W (t0, t1) =
∫ t−h

t0
[Φ(t0, s)B(s) + Φ(t0, s+ h)C(s+ h)] + [B∗(s)Φ∗(t0, s) +C∗(s+ h)Φ∗(t0, s+ h)]ds

+
∫ t

t−h
Φ(t0, s)B(s)B∗(s)Φ∗(t0, s)ds.

Theorem 3. (Sebakhy and Bayomi [46]) The system (1.4) is controllable on [t0, t1] if and only if
rank W (t0, t1) = n and the minimum norm steering control is given by

u(t) =

{
[B∗(t)Φ∗(t0, t) +C∗(t+ h)Φ∗(t0, t+ h)]z0, t ∈ [to, t1 − h)
B∗(t)Φ∗(t0, t)z0, t ∈ [t1 − h, t1],

where z0 = W−1(t0, t1)
[
Φ(t0, t1)x1 − x0 −

∫ t0
t0−h Φ(t0, s+ h)C(s+ h)u0(s)ds

]
.

Further they considered the time-varying linear system with multiple time delays in the control
given by

ẋ(t) = A(t)x(t) +
k∑
i=0

Bi(t)u(t− hi), (1.6)

where, hk > hk1 > · · · > h1 > h0 = 0 and characterized controllability in terms of controllability
Grammian W for time-varying system and derived necessary and sufficient condition for control-
lability of time-invariant multiple delay system in terms of rank condition.
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Olbrot [30] formulated the necessary and sufficient conditions for controllability of linear time-
varying system with multiple time delays without using the idea of transition matrix. Also he
obtained the controllability in terms of system matrices under the assumption that the system
matrices are analytic in t. Klamka [34] obtained the necessary and sufficient conditions for relative
controllability of linear time-varying systems with time varying delays in control. In [33] Klamka
investigated certain types of nonlinear time varying systems with time varying delay in the control
function and obtained sufficient conditions for global relative controllability using Schauder’s fixed
point theorem. In [10], Dauer and Gahl characterized necessary and sufficient conditions of com-
plete controllability for nonlinear systems with time delay in both state and control function using
the concept of Schauder’s fixed point theorem. Further controllability of nonlinear systems with
various types of time delays such as distributed time delay, neutral time delay etc, was investigated
by many authors, for details see [4], [5], [18].

1.3 Controllability of Systems with Impulses

Leela et al. [25] investigated the controllability of linear time-invariant system with impulse control
of the following form


ẋ(t) = Ax(t) +Bu(t), t ̸= tk, t ∈ [0,T ],
x(t+k ) = [I +Dku(tk)]x(tk),
x(0) = v0,

(1.7)

where 0 < t1 < t2 < · · · < tρ < T , for each k = 1, 2, · · · , ρ, Dku(tk) is a diagonal matrix such
that Dku(tk) =

r∑
i=1

dki ui(tk)I and I is the identity matrix. In order to analyze the complete

controllability of the system (1.7), Leela et al. [25] assumed that the final state is the origin in Rn

and the finial time is T > 0.

Theorem 4. (Leela et al. [25]) The impulsive system (1.7) is always completely controllable.

George et al. [20] proved that time-invariant linear impulsive system is always null controllable,
but not always completely controllable as claimed by Leela et al. [25] and provided a counter
example for this scenario. In [20], a necessary and sufficient conditions (Kalman’s rank condition)
for complete controllability of time-invariant system with impulse effects is proved.

Theorem 5. (George et al. [20]) System (1.7) is completely controllable if and only if

Rank[B|AB|A2B| · · · |An−1B] = n.

In [20], it is further derived sufficient conditions of complete controllability for the nonlinear
system under the assumption that the nonlinear function satisfies the Lipschitz condition. Liu and
Zhao [38] obtained controllability conditions for a class of linear time-varying impulsive systems
with time-delay in the control and it has been found out that time-delay plays a significant role
in achieving the controllability of the considered system. Dubey and George ([15] and [17]) char-
acterized some sufficient conditions for complete controllability of linear and semilinear matrix
Lyapunov systems with impulse effects under the assumption that the nonlinearities are either
Lipschitz continuous or monotone type. Vijayakumar and George [52] examined the controllability
problem of semilinear impulsive systems with multiple time-delays and obtained sufficient condi-
tions for controllability for a classes of non-linear systems with impulse effects. Schauder fixed
point theorem and Banach contraction principle are employed to establish these results.
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1.4 Controllability of Stochastic systems

For stochastic systems controllability property expects bringing a state to a desired state or a
neighborhood of desired state with positive probability. There are various notions of control-
lability concepts like strong stochastic controllability, weak stochastic controllability, stochastic
ϵ-controllability, stochastic relative controllability etc. for stochastic systems. Shunahara et al.
[49] considered a nonlinear stochastic system of the form:

dx(t) = f [t,x(t),u(t,x)]dt+G[t,x(t)]dω(t), (to ≤ t < tf )

where, x(t) is an n-dimensional vector stochastic process, u(t, ·) is an m-dimensional control vec-
tor, m ≤ n, ω(t) is a p-dimensional standard Brownian motion process, f is an n-dimensional
vector-valued nonlinear function and G is an n× p matrix-valued function. Sufficient conditions
for stochastic controllability using a stochastic Lyapunov like function for the system has been ob-
tained. Also, sufficient conditions for stochastic uncontrollability are provided and the comparative
study is done for deterministic and stochastic controllability. Zabczyk [59] investigated different
notions of controllability for linear stochastic system of the form:

dx = Ax(t)dt+Bu(t)dt+Cdωt, x(0) = 0. (1.8)

Theorem 6. (Zabczyk [59]) The linear stochastic system (1.8) is strongly controllable provided

Rank[B|AB| · · · |An−1B|C|AC| · · · ,An−1C] = n

and the matrix A is stable.

Klamka [35] developed necessary and sufficient conditions of stochastic relative controllabil-
ity for linear stochastic systems with multiple time-delays in the control function. Dauer and
Balachandran [11] investigated sample controllability of nonlinear stochastic systems employing
fixed point theorem. Arapostathis [1] et al. established conditions for weak and strong controllab-
ility for nonlinear stochastic systems characterized by linear controlled diffusion perturbed by a
smooth, bounded, uniformly Lipschitz nonlinearity. In this paper, the Stroock-Varadhan support
theorem is employed to prove controllability results. Also, they constructed a control function
that depends only on the Lipschitz constant and the infinity norm of the nonlinear perturba-
tion. Karthikeyan and Balachandran [32] considered the problem of controllability for semilinear
stochastic systems with time varying multiple delays in control and obtained sufficient conditions
of relative controllability using Banach fixed point theorem. Rajivganthi et al. [43] established
approximate controllability conditions for an abstract model of stochastic semilinear reaction dif-
fusion equation in Hilbert spaces employing contraction principle.

1.5 Controllability of Fuzzy systems

After the introduction of fuzzy set over crisp set by Zadeh many dynamical systems were modelled
in terms of fuzzy dynamical systems. Controllability problem of a fuzzy dynamical system has
been investigated by many authors with different perspectives. Ding and Kandel [13] considered
the fuzzy control system of the form:

ẋ(t) = A(t)x(t) +B(t)U(t), x(0) = x0 ∈ Rn, (1.9)

where, A(t) and B(t) are n× n continuous matrices. The state x(t) and control U(t) belong to
the set En, the set of all n-vectors of fuzzy numbers on R.

Theorem 7. (Ding and Kandel [13]). The fuzzy control system (1.9) is controllable over [t0,T ]
if the corresponding controllability Grammian W (t0,T ) is non-singular and the matrix B(t) is
non-singular for all t.

[ 4 \



1. Controllability of Systems with effects of Delay, Impulses, White Noise and Fuzziness

Dubey [16] established necessary and sufficient condition for quasi-controllability in terms of
nonsingularity of the controllability Grammian W (0,T ). In this case, a procedure to compute the
fuzzy control is also proposed. Dubey and George [14] obtained sufficient condition for controllabil-
ity for the linear time-invariant system with fuzzy initial condition. Murty et al. [29] established a
technique to combine matrix Lyapunov systems with fuzzy sets to form a fuzzy dynamical matrix
Lyapunov system and obtained sufficient controllability conditions.

1.6 Controllability of Singular systems

In the literature, singular systems are also referred systems such as generalized systems, descriptor
systems, differential-algebraic systems and semi-state systems etc. Yip and Sincorec [57] considered
the continuous descriptor system of the form:

Eẋ(t) = Ax(t) +Bu(t), x(0) = x0, (1.10)

where, E, A are n×n complex matrices, B is an n×k complex matrix, x(t) is an unknown complex
vector and u(t) is a function differentiable sufficiently many times. In [57] the authors extended
classical theories of matrix pencils to the solvability of descriptor systems and thereby extend the
concepts of reachability, controllability, and observability of state variable systems to descriptor
systems, and characterized the set of reachable states for descriptor systems. They discussed two
types of controllability namely complete controllability (C-controllability) and reachable states con-
trollability (R-controllability) and obtained corresponding controllability conditions by assuming
(A,E) to be solvable. In this case, system (1.10) takes the form

ẋ1(t) = E1x1(t) +B1u(t),
E2ẋ2(t) = x2(t) +B2u(t), (1.11)

where E1 is an n1 × n1 complex matrix, E2 is an n2 × n2 complex matrix such that Em2 = 0 and
Em−1

2 ̸= 0, B1 is an n1 × k complex matrix, B2 is an n2 × k complex matrix, x1(t) and x2(t) are
unknown complex vectors in Cn1 and Cn2 respectively and u(t) is a function differentiable at least
m− 1 times. System (1.11) is called the standard canonical form of the descriptor system (1.10)
and m is the degree of nilpotency of (1.10).

Theorem 8. (Yip and sincovec [57]) The descriptor system in standard canonical form (1.11) is
C-controllable if and only if

⟨E1,B1⟩ ⊕ ⟨E2,B2⟩ = Cn1+n2 .

Theorem 9. (Yip and sincovec [57])

1. The descriptor system in standard canonical form (1.11) is R-controllable if and only if

⟨E1,B1⟩ = Cn1 .

2. The descriptor system in standard canonical form (1.11) is R-controllable if and only if
subsystem described by the first equation of (1.11) (i.e., the subsystem that is described by
the state variable equation) is controllable.

However, in the case of the state variable systems, C-controllable and R-controllable are equi-
valent. Cobb [8] unifies various concepts related to singular systems and also a new pair of the
concepts unique to singular systems, impulse controllability, and impulse observability are de-
scribed. Wei and Wenzhong [55] investigated controllability of singular system with control delay.
They initially established necessary and sufficient conditions of controllability for the canonical
system and then developed some equivalent conditions for the general singular system with control
delay. Mishra and Tomar [41] followed the similar procedure of analyzing controllability by devel-
oping the canonical form for general linear time-invariant descriptor system. They proved that
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complete controllability is equivalent to the reachable controllability plus controllability at infinity
for general descriptor systems. They also established that complete controllability is invariant
under derivative as well as proportional state feedback while strong controllability is preserved
under proportional state feedback but it is not necessarily retained under derivative feedback.

1.7 Controllability of Fractional Order Systems

Shamardan and Mourbarak [48] established controllability of linear fractional dynamical systems.
Balchandran et al. [6] characterized controllability for the linear fractional dynamical system of
the form:

Dαx(t) = Ax(t) +Bu(t),x(0) = x0, (1.12)

where 0 < α < 1.

Theorem 10. (Balachandran et al. [6]) The linear fractional dynamical system (1.12) is control-
lable on [0, b] if and only if the controllability Grammian matrix

W =
∫ b

0
(b− s)α−1[Eα,α(A(b− s)α)B][Eα,α(A(b− s)α)B]∗ds

is positive definite for some b > 0, where Eα,β =
∞∑
k=0

zk

Γ(kα+β) , for α,β > 0 is the Mittag-Leffler

function.

Further they analyzed the controllability of the nonlinear fractional dynamical system of the
form

Dαx(t) = Ax(t) +Bu(t) + f(t,x(t),u(t)). (1.13)

Theorem 11. (Balachandran et al. [6]) Suppose that the linear system is controllable on [0, b] and
if the function f satisfy the saturating nonlinearity condition then the nonlinear system (1.13)is
controllable on [0, b].

Also they established the sufficient condition for controllability of nonlinear fractional integro-
differential system. Approximate cantrollability of semilinear systems of integer order has been
extensively studied by many authors, (see Naito [42], Sukavanam[50] and George [19]). Sakthivel et
al. [45] considered a class of dynamic control systems described by nonlinear fractional stochastic
differential equations in Hilbert spaces and obtained sufficient conditions for the approximate con-
trollability by using fixed point technique, fractional calculus, stochastic analysis technique and
methods adopted directly from deterministic control problems. Mahmudov and Zorlu [40] determ-
ined the approximate controllability conditions for fractional evolution equations involving Cap-
uto fractional derivative. Approximate controllability of fractional evolution equations involving
Caputo fractional derivative was obtained by Zhang et al. [61]. They considered the nonlinear
fractional impulsive evolution system and obtained approximate controllability conditions under
the assumption the associated linear system is approximate controllable. Sufficient conditions for
approximate controllability is obtained based on the concept of fractional calculus, Krasnoselskii
fixed point and control theory. Zhou et al. [62] studied the existence and controllability of frac-
tional evolution inclusions in Banach spaces and obtained the controllability conditions by avoiding
the assumption of compactness on the semigroup generated by the linear part and any conditions
on the multivalued nonlinearity expressed in terms of measures of non-compactness. Govindaraj et
al. [23] determined trajectory controllability for both linear and nonlinear fractional dynamical sys-
tems represented by the fractional differential equations in the sense of Caputo fractional derivative
by using the Mittag-Leffler function and Gronwall-Bellman inequality. For the nonlinear systems,
the nonlinear functions are assumed to be Lipschitz. Govindaraj and George [24] investigated the

[ 6 \



BIBLIOGRAPHY

problem of controllability for fractional dynamical systems involving monotone nonlinearities of
both Lipchitzian and non-Lipchitzian types, and obtained sufficient conditions based on fixed point
theorem and monotone operator theory. Lizzy et al. [27] derived sufficient conditions for relative
controllability of stochastic fractional neutral systems with bounded operator and multiple time
varying delay in the control. They obtained these conditions for systems with both Wiener and
Lévy noise by using Banach contraction principle.

1.8 Controllability of Networked systems

Liu et al. [26] developed analytical tools to investigate the controllability of an arbitrary complex
network by identifying the set of driver nodes with time-dependent control that can guide the
system’s entire dynamics. These set of nodes are determined by the network’s degree distribution.
Cowan et al. [9] considered the networked model of the form

ẋi = −pixi +
N∑
k=1

aikxk(t) +
N∑
k=1

bijuj(t)

where xi is the state at node i, N is the number of nodes, p is the number of inputs, and the n2

elements aik populate the adjacency matrix. Here, the term −pixi represents the intrinsic dynamics
at the node, absent external influences. The external inputs, uj(t), enter the system through
the coupling matrix {bij}. They proposed structural controllability as an analytical framework
for making predictions regarding the control of complex networks. Zhou [63] established some
necessary and sufficient conditions for the controllability and observability of a networked system
with linear time invariant dynamics. Here the topology of this system is fixed but every subsystem
is permitted to have different dynamics. These conditions essentially depend only on transmission
zeros of every subsystem and the subsystem connection matrix, which makes them attractive in
the analysis and synthesis of a large-scale networked system. Wang et al. [53] considered the state
controllability of networked systems with control inputs of the form

xi = Axi +
N∑
j=1

βijHCxj + δiBui, i = 1, 2, · · · ,N (1.14)

where ui ∈ Rp is the external control input to node i, B ∈ Rn×p, with δi = 1 if node i is under
control, but otherwise δi = 0, for all i = 1, 2, · · · ,N , with N = 2. L = [βij ] ∈ RN×N and
∆ = diag(δ1, δ2, · · · , δN ) represent the network topology and external input channels of the above
networked system.

Theorem 12. (Wang et al. [53]) The networked system (1.14) is controllable if and only if,
for any complex number s, the matrix solution F ∈ CN×n of both equations ∆TFB = 0 and
LTFHC = F (sI −A) is F = 0.

Wang et al. [54] investigated the state controllability of networked higher-dimensional linear
time-invariant dynamical systems, where communications are performed through one-dimensional
connections. Necessary and sufficient conditions are presented for the controllability of the network
with a general topology, as well as for some special settings such as cycles and chains, which shows
that the observability of the node system is necessary in general and the controllability of the node
system is necessary for chains but not necessary for cycles.
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□ □ □
Brachistochrone problem

In the year 1696, Johannes Bernoulli published in the Acta Eruditorum, the following prob-
lem:
“Given two points A and B in a vertical plane, what is the curve traced out by a point acted
on only by gravity, which starts at A and reaches B in the shortest time.”
Even though Johann Bernoulli already knew how to solve it himself, he challenged other
mathematicians in Europe and allowed six months for its solution. This mathematical
challenge is known as the problem of the brachistochrone. However, after that period, no
answer was given. Even Gottfried Leibniz, one of the greatest intellects in history, requested
an extension of the deadline.
On the afternoon of January 29, 1697, Isaac Newton found the challenge in his mail (in a
letter from Bernoulli). He then solved it during the night and sent the solution anonymously.
When Bernoulli received it, he famously declared he recognized the mystery solver “tanquam
ex ungue leonem,” which means “as the lion by its claw.”
Source: https://medium.com/cantors-paradise/the-famous-problem-of-the-brachistochrone-
8b955d24bdf7

— Courtesy: V. O. Thomas, The M. S. University of Baroda

In mathematics. . . we find two tendencies present. On the one hand, the tendency towards
abstraction seeks to crystallise the logical relations inherent in the maze of materials ...
being studied, and to correlate the material in a systematic and orderly manner. On the
other hand, the tendency towards intuitive understanding fosters a more immediate grasp
of the objects one studies, a live rapport with them, so to speak, which stresses the concrete
meaning of their relations.
— David Hilbert - Geometry and the imagination (New York, 1952).

The further a mathematical theory is developed, the more harmoniously and uniformly does
its construction proceed, and unsuspected relations are disclosed between hitherto separated
branches of the science.
— David Hilbert - Quoted in N Rose Mathematical Maxims and Minims (Raleigh N C 1988)

[ 11 \

https://medium.com/cantors-paradise/the-famous-problem-of-the-brachistochrone-8b955d24bdf7
https://medium.com/cantors-paradise/the-famous-problem-of-the-brachistochrone-8b955d24bdf7


2. The Bernoulli Family
V. O. Thomas, Professor, Dept. of Mathematics, Faculty of Science,
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The M. S. University of Baroda, Vadodara

In the history of mathematics, the family that contributed the most number of mathematicians
is the Bernoulli family. It produced about eight outstanding mathematicians in three generations
itself. The calculus developed by Newton and Leibnitz was further developed by the Bernoullis.
Historically, Bernoulli family fled from Antwerp in Belgium in 1583 to escape massacre from Cath-
olics and they settled in Basel, Switzerland. Nicolaus Senior (1623-1708), born in Basel, father of
the first generation of mathematicians, was a great merchant and married from a merchant family
and accumulated enormous wealth. Bernoulli family genealogy has been represented in terms of a
number of family trees in the literature. However, the most relevant one from mathematics point of
view is the genealogical table given by E. T. Bell which is shown in the following diagram. Accord-
ingly, Nicolaus senior had three sons Jacob-I, Nicolaus-I and Johannes-I. In this first generation of
Bernoullis, the great mathematicians were Jacob-I and Johannes-I.

2.1 Jacob-I (6 January 1655 [O. S. 27 December 1654]- 16 August 1705)

He was the first in the Bernoulli family to be recognized as a famous math-
ematician. His parents compelled him to study philosophy and theology, but
his passion was mathematics and physics.

He mastered Leibnitzian calculus by himself and he and his brother
Johannes-I were among the first mathematicians to apply Lebinitz’ calcu-
lus to solving specific problems. In 1689 he gave the well-known Bernoulli
inequality (1 + x)n > 1 + nx, where x > −1 is real and n > 1 is an in-
teger. The Bernoulli inequality is one of the earliest attempts to find the

Taylor expansion of exponentiation, which is also related to Bernoulli numbers, Bernoulli polyno-
mials and the Bernoulli triangle. He also discovered the fundamental mathematical constant e.
Jacob-I showed that the curve, called isochrone, along which an object falls with constant velocity
is a semi-cubical parabola. In this work which appeared in Acta Eruditorum in 1690, he used
the term integral’ and later Leibnitz agreed that ‘integralis’ would be better name than ‘calculus
summatorius’ for the inverse of the calculus differentialis. The first order differential equation
y′ + p(x)y = q(x)yn known as Bernoulli equation was solved by Jacob-I, Leibnitz and Johannes-I
by reducing it to a linear equation. It was one of the first general differential equations to be solved
after the invention of the calculus.

One of the famous problems in Calculus of Variations - the isoperimetric problem- (which can
be loosely translated into optimization of a functional under the constraint of an integral) was
solved and generalized by Jacob-I. One of the three classical problems of Calculus of Variation
was the brachistochrone problem. The problem is to find the curve down which a bead sliding
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from rest and accelerated by gravity will slip (without friction) in a vertical plane from one point
to another, which is not vertically below, in the least time. Jacob-I gave the curve cycloid as the
correct solution for brachistochrone problem which is shown in Figure 1.

Figure 1: Jacob’s solution
of brachistochrone prob-
lem

Figure 2: Lemniscate

Figure 3: Isochrone Figure 4: Logarithmic spiral

His book on Probability Ars Conjectandi was posthumously published in 1713. Many math-
ematical theorems of probability named after Bernoulli refer to this work, such as Bernoulli dis-
tribution, Bernoulli’s golden theorem (the law of large numbers), Bernoulli process and Bernoulli
trial. Bernoulli numbers and Bernoulli polynomials in number theory, lemniscates of Bernoulli (see
Figure 2) are a few among the mathematical terms that bear the name of Jacob-I.

He also contributed extensively to analytic geometry. He has derived the formula for radius
of curvature of plane curves in both rectangular and polar coordinates. He found the equation of
isochrones (semi-cubical parabola y2 = 8gx3/9v2

0, see Figure 3), the plane curve along which an
object falls with uniform velocity. He made extensive study of catenaries, the curve in which a
chain hangs suspended between two points. Jacob-I was fascinated by the study of logarithmic
spiral (a spiral whose polar equation is given by r = aebθ, see Figure 4) and discovered some
interesting properties like: the evolute, the pedal curve with respect to a pole, the envelope of the
rays emanating from a pole and reflected (also refracted) at points on the logarithmic spirals are
equal logarithmic spirals. He was so fascinated by logarithmic curve that he requested to engrave
the logarithmic spiral on his tombstone with an inscription “Edem mutata resurgo” (I shall arise
the same, though changed).

He was a professor of Mathematics in Basel university in Switzerland from 1687 till his death.

2.2 Johannes-I (6 August [O. S. 27 July] 1667 - 1 January 1748)

More mathematical equations today are named after Jacob-I, but Johannes-I stands out because
of the longevity of his contributions, the volume and impact of his correspondence, the fame of his
students, and the number of offsprings who also took up mathematics. Johannes-I, the younger
brother of Jacob-I, started his career as a Doctor of Medicine against the wish of his father who
wanted him to look after the family business. But he turned into mathematics after taking his
M. A. Jacob-I tutored Johannes-I in mathematics who showed great promise. He had already
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solved the problem of the catenary which had been posed by his brother in 1691 and it was his
first important mathematical result produced independently of his brother, although it used ideas
that Jacob-I had given when he posed the problem. Doctoral dissertation of Johannes-I was on
an application of mathematics to medicine, being on muscular movement, and it was submitted in
1694.

He got an appointment as a professor of mathematics at Groningen University in 1695. At this
time, he posed the famous brachistrochrone problem in the Acta Eruditorum
in 1696. He had already found one solution himself. Later Jacob-I also
provided a solution and within the year and a half there were 4 additional
solutions - all correct - using different approaches including the most famous
responses was by Newton.

When Jacob-I died in 1705, Johannes-I succeeded to the professorship
at Basel University. In that chair, Johannes-I had many famous students

(Euler foremost among them, but also Maupertuis and Clairaut). Part of Johannes’ enduring
fame stems from his many associations and extensive correspondences (over 2500 messages) with
many of the top mathematicians of the day. For instance, he had a regular correspondence with the
mathematician Varignon, and it was in one of these letters that Johannes proposed the principle
of virtual velocities which became a key axiom for Joseph Lagrange’s later epic work on the
foundations of mechanics (see Chapter 4 in Galileo Unbound).

Johannes remained in his chair of mathematics at Basel for almost 40 years. This longevity,
and the fame of his name, guaranteed that he taught some of the most talented mathematicians
of the age, including his most famous student Leonhard Euler, who is held by some as one of the
four greatest mathematicians of all time (the others being Archimedes, Newton and Gauss).

Johannes-I, himself did important work on the study of the equation y = xx, discovered the
Bernoulli series and made advances in the theory of navigation and ship sailing.

2.3 Nicolaus-II (20 October 1687 - 29 November 1759)

Nicolaus-II was the son of Nicolaus-I (1662-1716) who has no known contribution related to math-
ematics and was a painter and Alderman of Basel. Nicolaus-II initially studied law but later
diverted his attention to mathematics. In 1704 he graduated from the University of Basel under
Jacob Bernoulli and obtained his Ph. D. five years later (in 1709) with a work on probability
theory in law. His thesis was titled Dissertatio Inauguralis Mathematico-Juridica de Usu Artis
Conjectandi in Jure.

During 1716-1719 he held the chair in mathematics at Padua which Galileo once filled, where
he worked on differential equations and geometry. In 1722 he returned to Basel and held the
position of a professor of Roman and feudal law first and then as a professor of logic.

Nicolaus-II was a gifted but not very productive mathematician. As a result, his most important
achievements are hidden throughout his correspondence, which comprises of about 560 items.

The most important part of his correspondence with Montmort (1710-1712) was published in
the latter’s “Essai d’analyse sur les jeux de hazard” (Paris, 1713).

From Montmort’s work we can see that Nicolaus-II formulated certain problems in the theory
of probability, in particular the problem which today is known as the St Petersburg problem of
economic game theory. Ironically, he posed this paradox while his cousin Nicolaus-III Bernoulli
(brother of Daniel Bernoulli) was actually in St. Petersburg with Daniel.

The St. Petersburg paradox is a simple game of chance played with a fair coin where a player
must buy in at a certain price in order to place $2 in a pot that doubles each time the coin
lands heads and pays out the pot at the first tail. The average pay-out of this game has infinite
expectation, so it seems that anyone should want to buy in at any cost. But most people would
be unlikely to buy in even for a modest $25. Why? And is this perception correct? The answer
was only partially provided by Nicolaus-II. The definitive answer was given by his cousin Daniel
Bernoulli.
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Nicolaus-II also corresponded with Leibniz during the years 1712 to 1716. In these letters
Nicolaus discussed questions of convergence.

Later Nicolaus-II corresponded with Euler. In his letters to Euler (1742-43) he criticizes Euler’s
indiscriminate use of divergent series. In this correspondence he also solved the problem of the sum
of the reciprocal squares, Σ(1/n2) = π2/6, which had confounded Leibniz and Jacob-I Bernoulli.

Nicolaus-II Bernoulli assisted in the publication of Jacob Bernoulli’s Ars conjectandi. Later
he edited Jacob Bernoulli’s complete works and supplemented it with results taken from Jacob’s
diary.

Other problems he worked on involved differential equations. He studied the problem of ortho-
gonal trajectories, making important contributions by the construction of orthogonal trajectories
to families of curves, and he proved the equality of mixed second-order partial derivatives. He also
made significant contributions in studying the Riccati equation.

Nicolaus-II Bernoulli received many honors for his work. For example, he was elected a member
of the Berlin Academy in 1713, a Fellow of the Royal Society of London in 1714, and a member of
the Academy of Bologna in 1724.

2.4 Nicolaus-III Bernoulli (6 February 1695 - 31 July 1726)

Nicolaus-III, son of Johannes-I Bernoulli, assisted his father with correspondence. In particular
he was involved with writing letters concerning the famous priority dispute between Newton and
Leibniz. He not only replied to Taylor regarding the dispute but he also made important mathem-
atical contributions to the problem of trajectories while working on the mathematical arguments
behind the dispute.

Noting the mathematical talents of Nicolaus-III, he was invited to the St. Petersburg Academy,
where he died after eight months of service. He contributed to the theory of curves, differential
equations and probability. He proposed a paradox in probability - Petersburg paradox- which was
investigated further by his brother Daniel, who succeeded him at St. Petersburg.

2.5 Daniel (8 February [O. S. 29 January] 1700 - 17 March 1782)

Daniel was the second son of Johannes-I. Like his father, he studied medicine and got a Doctor of
Medicine degree. He became a professor of mathematics at St. Petersburg at the age of twenty
five. After eight years, he returned to Basel and took up professorship in anatomy and botany, and
finally in physics. He extensively contributed to mathematics and physics in the fields of calculus,
differential equations, probability, theory of vibrating strings and kinetic theory of gases. Daniel
Bernoulli’s work in hydrodynamics associated with his name “Bernoulli principle” states that an
increase in the speed of a fluid occurs simultaneously with a decrease in static pressure or decrease
in the fluid’s potential energy. The principle, is a particular example of the conservation of energy,
which describes the mathematics of the mechanism underlying the operation of two important
technologies of the 20th century: the carburetor and the airplane wing.

His earliest mathematical work was the Exercitationes (Mathematical Exercises), published in
1724 with the help of Goldbach. Two years later he pointed out for the first time the frequent
desirability of resolving a compound motion into motion of translation and motion of rotation.
His chief work is Hydrodynamica, published in 1738 in which he laid the basis for the kinetic
theory of gases, and applied the idea to explain Boyle’s law. It resembles Joseph Louis Lagrange’s
Mécanique Analytique is being arranged so that all the results are consequences of a single principle,
namely, conservation of energy. This was followed by a memoir on the theory of the tides, to which,
conjointly with the memoirs by Euler and Colin Maclaurin, a prize was awarded by the French
Academy: These three memoirs contain all that was done on this subject between the publication
of Isaac Newton’s Philosophiae Naturalis Principia Mathematica and the investigations of Pierre-
Simon Laplace. Daniel Bernoulli also wrote a large number of papers on various mechanical
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questions, especially on problems connected with vibrating strings, and the solutions given by
Brook Taylor and by Jean le Rond d’Alembert.

In 1734, Daniel shared the prize offered by the Académie des Sciences for an essay on probab-
ilities related to the inclinations of orbital planes of the planets, with his father.

A mathematical explanation to ‘Petersburg paradox’ was given by Daniel. Bernoulli often
noticed that when making decisions that involved some uncertainty, people did always try to
maximize their possible monetary gain, but rather tried to maximize “utility”, an economic term

encompassing their personal satisfaction and benefit. Bernoulli realized that
for humans, there is not a direct relationship between money gained and utility,
but that it diminishes as the money gained increases. He created a log utility
function that allowed one to calculate the highest stakes a person should be
willing to take based on their wealth.

Together Bernoulli and Euler tried to discover more about the flow of fluids.
In particular, they wanted to know about the relationship between the speed
at which blood flows and its pressure. To investigate this, Daniel experimented

by puncturing the wall of a pipe with a small open ended straw and noted that the height to which
the fluid rose up the straw was related to fluid’s pressure in the pipe.

Soon physicians all over Europe were measuring patients’ blood pressure
by sticking point-ended glass tubes directly into their arteries. It was not
until about 170 years later, in 1896 that an Italian doctor discovered a less
painful method which is still in use today. However, Bernoulli’s method
of measuring pressure is still used today in modern aircraft to measure the
speed of the air passing the plane; that is its air speed.

He also worked with Euler on elasticity and the development of the Euler-
Bernoulli beam equation. Bernoulli’s principle is of critical use in aerodynam-
ics.

Taking his discoveries further, Daniel Bernoulli now returned to his earlier
work on conservation of energy. It was known that a moving body exchanges its kinetic energy
for potential energy when it gains height. Daniel realized that in a similar way, a moving fluid
exchanges its specific kinetic energy for pressure, the former being the kinetic energy per unit
volume. Mathematically this law is now written as: ρu2/2 + P = Constant, where P is pressure,
ρ is the density of the fluid and u is its velocity.

One of the earliest attempts to analyse a statistical problem involving censored data was
Bernoulli’s 1766 analysis of smallpox morbidity and mortality data to demonstrate the efficacy of
inoculation.

According to Léon Brillouin, the principle of superposition, which lies at the heart today of
the physics of waves and quantum technology, was first stated by Daniel Bernoulli in 1753 “The
general motion of a vibrating system is given by a superposition of its proper vibrations.”

Though most of his works were related to physics, he worked on topics of pure mathematics like
computation of trigonometric functions, continued fractions and Riccati problem. Daniel Bernoulli
is often called the founder of mathematical physics.

2.6 Johannes-II (18 May 1710 - 17 July 1790)

He was the youngest of the three sons of Johannes-I Bernoulli. He started his stud-
ies in law and became a professor of eloquence and later turned into mathematics.
He had the remarkable distinction of winning the Prize of the Paris Academy on
no less than four separate occasions. On the strength of this he was appointed to
his father’s chair in Basel when Johannes-I Bernoulli died.

Daniel’s brother Johannes-II published in 1736 one of the most important texts
on the theory of light during the time between Newton and Euler. Although the
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work looks woefully anachronistic today, it provided one of the first serious attempts at under-
standing the forces acting on light rays and describing them mathematically. Euler based his new
theory of light, published in 1746, on much of the work laid down by Johannes-II. Euler came very
close to proposing a wave-like theory of light, complete with a connection between frequency of
wave pulses and colours, that would have preempted Thomas Young by more than 50 years. Euler,
Daniel and Johannes-II as well as Nicholaus-II were all contemporaries as students of Johannes-I
in Basel.

2.7 Johannes-III (4 November 1744 - 13 July 1807)

Grandson of Johannes-I Bernoulli and son of Johannes-II Bernoulli, was known
around the world as a child prodigy. Like his father Johannes-II, he started with
law and then returned to mathematics. He studied at Basel and at Neuchâtel,
and when thirteen years of age took the degree of doctor in philosophy. When
he was fourteen, he got the degree of Master of Jurisprudence. At nineteen
he was appointed astronomer royal of Berlin. A year later, he reorganized the
astronomical observatory at the Berlin Academy. Some years after, he visited
Germany, France and England, and subsequently Italy, Courland, Russia and

Poland. His travel accounts were of great cultural and historical importance.
On his return to Berlin, he was appointed as a director of the mathematical department of

the academy. His writings consist of travels and astronomical, geographical and mathematical
works. In the field of mathematics, he worked on probability, recurring decimals and the theory of
equations. In 1774 he published a French translation of Leonhard Euler’s Elements of Algebra. He
contributed several papers to the Academy of Berlin, and in 1774 he was elected a foreign member
of the Royal Swedish Academy of Sciences.

He was entrusted with the administration of Bernoulli family’s mathematical estate. The bulk
of the correspondence was sold to the Swedish Academy where it was overlooked until rediscovered
by Hugo Gyldén at the Stockholm Observatory in 1877. At that time when these treasures were
examined, 2800 letters written by Johannes-III Bernoulli himself were found in the collection.

2.8 Jacob-II Bernoulli (17 October 1759 - 3 July 1789)

Younger brother of Johann-III Bernoulli, was a Swiss physicist. He also started
with law and later returned to experimental physics and mathematics. He had
his hereditary taste for geometry. The early lessons which he had received
from his father were continued by his uncle Daniel, and such was his progress
that at the age of twenty-one he was called to undertake the duties of the
chair of experimental physics, which his uncle’s advanced years rendered him
unable to discharge. He afterwards accepted the situation of secretary to Count
de Brenner, which afforded him an opportunity of seeing Germany and Italy.

In Italy, he formed a friendship with Lorgna, professor of mathematics at Verona, and one of
the founders of the Societá Italiana for the encouragement of the sciences. He was also made
corresponding member of the royal society of Turin; and, while residing at Venice, he was, through
the friendly representation of Nicolaus von Fuss, admitted into the academy of St Petersburg. In
1788, he was named one of its mathematical professors.

He drowned while bathing in the Neva in July 1789, a few months after his marriage with a
granddaughter of Leonhard Euler.

Several of his papers are contained in the first six volumes of Nova Acta Academiae Scientiarum
Imperialis Petropolitanae, in the Acta Helvetica, in the Memoirs of the Academies of Berlin and
Turin, and in his brother Johannes’ publications. He also published separately some juridical and
physical theses, and a German translation of Mémoires du philosophe de Merian.
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Bernoulli family played a dominant role in the development of calculus and its applications
in seventeenth and eighteenth centuries. Most of them had started their profession in a different
discipline and then switched over to mathematics. As E. T. Bell writes “The significant thing
about a majority of the mathematical members of this family in the second and third generations
is that they did not deliberately choose mathematics as a profession but drifted into it in spite of
themselves as a dipsomaniac returns to alcohol”. The Bernoulli Edition: The collected scientific
papers of Mathematicians and Physicists from Bernoulli family has been published by Birkhäuser
Verlag AG, Basel. Boston. Berlin.

Several more recent prominent scholars in other disciplines have also descended from the family.
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TMC Distinguished Lecture Series

The (Indian) Mathematics Consortium has recently instituted the TMC Distinguished Lec-
ture Series, or in short, TMC DLS. This activity is co-hosted by IIT Bombay and ICTS,
Bengaluru. It aims to host virtual colloquiums by some of the best researchers and exposit-
ors around the world. The speakers are carefully chosen by the Scientific Committee among
mathematicians who are not only distinguished researchers, but also known for the quality
of their exposition. The principal aim is to make the talks as widely accessible as possible,
especially to Ph.D. students. With this in view, the format of most of the talks has been as
follows:

• First, a pre-recorded talk by the speaker is posted online. Interested audience can
view it at their leisure and communicate questions, if there are any, to the organizers.

• A live interactive session between the speaker and interested participants is held in
about 2 weeks after posting the online talk. Here the questions communicated earlier
as well as questions and comments received on-the-spot are discussed.

The speakers in TMC DLS thus far have been:

1. Prof. Yves Benoist (University of Paris-Saclay) who lectured on Harish-Chandra
tempered representations and homogeneous spaces.

2. Prof. Bernd Sturmfels (Max Planck Institute, Leipzig and University of California,
Berkeley) who lectured on 3264 Conics in a Second.

3. Prof. Nalini Anantharaman (University of Strasbourg) who lectured on Uncer-
tainty principle and uncertainty inequalities.

4. Prof. Alex Lubotzky (Einstein Institute of Mathematics, Hebrew University) who
lectured on Stability, non-approximate groups, and high dimensional expanders.

In the coming months, the TMC DLS will feature talks by Prof. Scott Sheffield (Mas-
sachusetts Institute of Technology). Prof. Karen Smith (University of Michigan), Prof.
Daniel Wise (McGill University), and many more.

More information about the TMC DLS, including the Scientific Committee and Organizing
Committee, is available at: https://sites.google.com/view/distinguishedlectureseries/

The videos of the talks held thus far are available on the TMC YouTube Channel at:
https://www.youtube.com/channel/UCoarOpo_-9fgzFWDap6dFFw/
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3. Book Review
Partial Differential Equations -A. K. Nandakumaran & P. S. Datti

(Cambridge University Press, Cambridge. 2020)

A review by A. S. Vasudeva Murthy

3.1 Introduction

Given the surge of graduate level textbooks on PDE in the past decade it is obvious to ask
the question: Do we need another? In the international context perhaps the answer could be a
plausible ‘No’. But in the Indian scenario it would be a definite and a resounding ‘Yes’ especially
when it comes from the present authors who are among the leading experts of the country and
have travelled widely lecturing at several Indian Universities and Institutes for more than decade.
Having served as a subject board member at a few central universities and IITs I found that most of
them either follow the ancient and classical book of Sneddon [12] or the modern classic of Evans [6].
For instance most would prefer a Qing Hian [7] or Craig [2] or any of the [11], [10], [3], [1] and [5] for
their research needs rather than for teaching. It is just that the time taken to use them at graduate
level of teaching requires time to get comfortable and confident. On the other hand if the book is
written by somebody (the present authors) whose lecturing and teaching is exalting the process is
quicker. Egged on by the popular demand for their lecture notes the authors decided to embark
upon writing this book and prior to that a book entitled Ordinary Differential Equations,
A. K. Nandakumaran, P. S. Datti & Raju K. George (Cambridge University Press, Cambridge.
2017)(see Appendix). Not only have they lectured off-line they have also been lecturing through
the NPTEL program across the entire country and abroad. It has been found that NPTEL courses
are very popular in many other countries too. Hence these two books will be welcomed both in
India and abroad.

3.2 PDE

The book sets the tone with a brief introduction to the origins and nature of PDE followed by
two illuminating examples. All the tools of calculus, ODE and Fourier transforms that are needed

are compiled in Chapter 2, which gives the reader the necessary confidence
to explore any topic in the book. First order PDE are treated in Chapter
3, a major highlight being the introduction of the Hamilton-Jacobi equations
and its connection to the classical Hamiltonian system and the Euler-Lagrange
equations. Chapters 4 and 5 deal with the Cauchy problem for nonlinear first
order equations in non-conservative and conservative form

ut +H(∇u) = 0, (HJ)

ut + f(u)x = 0. (CL)
Existence results are presented in Theorems 4.21 and 5.11 using the Hopf-Lax and Lax-Oleinik
formulas. The mathematical depth (with detailed proofs) and the richness of applications are
splendidly presented making it extremely convenient and exciting for the instructor to convey the
nuances of (HJ) and (CL) to the students. The need to accommodate nonclassical solutions is
introduced and emphasised in these chapters itself.

Chapters 6 deals with classification of PDE of second-order and briefly on higher order. A
highlight of this chapter is the reduction of a general semi-linear PDE

n∑
i,j=1

aij(x)uxixj + F (x,u,ux1 , · · · ,uxn) = 0

Dr. A. S. Vasudeva Murthy, a recipient of C V Raman young scientist award in 2000, is a former Professor at
the TIFR-Centre for Applied Mathematics, Bangalore. He has worked in the area of numerical analysis of Partial
Differential Equations and its applications in atmospherics and other areas.
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to the canonical form

p∑
i=1

uyiyi −
p+q∑
i=p+1

uyiyi + F̃ (y,u,uy1 , · · · ,uyn) = 0,

examples like the Cauchy-Riemann operator and the additional class of ultrahyperbolic PDE, thus
highlighting a specific class of PDE that are perhaps mathematically interesting but have not been
pursued due to its irrelevance in applications. Most of the books point out this philosophy in their
introduction but the present book supports this view with this specific example. Chapters 7-9 deal
with the classical Laplace, Heat and Wave equations. The role of weak solutions in Laplace and
Wave equations is well discussed and is not out of the blue as its need was already discussed in
the treatment of first order equations in Chapter 3. In Chapter 8 for the heat equation the section
8.4.2 on free exchange of heat at the end (Robin boundary condition) stands out (again rarely
discussed in standard text books). The need to solve the nonlinear equation

2h cos(λL) = (λ− h2) sin(λL).

to obtain eigenvalues for the Robin boundary condition

ux(0, t) − hu(0, t) = 0 = ux(L, t) + hu(L, t)

is presented. This is in sharp contrast to the Dirichlet or Neumann case, which needs to be high-
lighted to the students. Chapter 11 deals with the Cauchy-Kovalevsky and Holmgren’s uniqueness
theorems which are mandatory in any text book on PDE purely for historical reasons. A unique
feature of Chapter 9 is Theorem 9.2 where an L∞ estimate for the wave equation is derived. Fol-
lowing this, energy conservation for the homogenous wave equation is derived; at this stage a
discussion of the equipartition of energy [4] could have been included. This says that after a finite
time the kinetic energy of the solution is also a constant and is equal to the potential energy.
Finally Chapter 10 deals with the wave equation for space dimensions greater than unity. The
main tool for studying this is the spherical mean function

Mf (x, r) = 1
σnrn−1

∫
|x−y|=r

f(y)dS(y)

which is very well elucidated. Till some time back one relied on John’s 1955 classic [8], more
recently we have Pivato [9]. But the treatment given here is an absolute treat and going through
it was a sheer pleasure. After an impressive amount of simple but subtle calculations the grand
finale of Theorem 10.12 consisting of the solution to the n-dimensional wave equation in the form
of

u(x, t) = ∂

∂t
Qψ(x, t) +Qϕ(x, t)

has been crafted in a splendid manner. The notes of this chapter have a few remarks on the
quasilinear equations and results obtained by Klainerman, von Wahl and Fritz John. One only
wished a sentence on Narasimha’s string equation [13] could have been included as a source of
inspiration for PDE nationalism.

3.3 Conclusion

By writing this PDE book (and the ODE book, see Appendix below,) the authors have brought
a logical conclusion to their online and offline courses. This is not only a great service to the
consumers of these courses but the authors have also provided valuable material to the instructors
and students of PDE/ODE both in India and abroad.
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3.4 Appendix

Ordinary Differential Equations AKN, PSD & Raju K. George(CUP 2017)

This book published in 2017 is also a product of the authors effect of teaching online and offline.
The need for such a book can be emphasised for the same reasons mentioned above. There are ten
chapters including a chapter on first order PDE which is included to illustrate how ODE techniques
benefit PDE. In fact PDE are introduced as early as in Chapter 3 itself (page 89), this way the
instructor can imbibe a spirit of not putting ODE and PDE into two separate baskets. A chapter on
prerequisites is included for obvious reasons. The proof of the classic Poincaré-Bendixson theorem
is provided in the Appendix. Additionally, the existence of periodic solutions for the Liénard
equation is given. All in all a very useful book for both undergraduate and graduate level courses.
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4.1 90 years old ‘Keller’s conjecture’ now solved by Computers in 30
Minutes

Keller’s conjecture, a mathematical problem that has been open for about 90-years, was recently
fully resolved by computer scientists and mathematicians at Carnegie Mellon university, Rochester
Institute of Technology, and Stanford. To obtain this result, they combined decades of mathemat-
ical insights into the conjecture with automated reasoning on a cluster of computers.

Keller’s conjecture sounds simple: In 1930, German mathematician Ott-Heinrich Keller con-
jectured that: “Tiling an n-dimensional space with n-dimensional hyper cubes of equal size gives
an arrangement in which at least two hyper cubes have an entire (n− 1)-dimensional ‘side’ in
common.” Thus tiling a floor with square tiles, all of the same size, that is, any gap-free tiling
results in at least two fully connected tiles, i.e., tiles that have an entire edge in common. The
same is true if the statement is generalized from a two-dimensional floor to a three-dimensional
space: when completely filling a space with equal-sized cubes, there must be two cubes that fully
share a face.

Figure 1: Two-dimensional
tiling

Figure 2: Three-dimensional tiling Figure 3: A Keller graph

In the decades that followed, many advances were made regarding Keller’s conjecture. Perron
(1940) was the first to show that the conjecture holds in the six-dimensional case. However,
Lagarias and Shor (1992) demonstrated that the conjecture is false for ten or more dimensions. This
negative result was later improved by Mackey (2002) to eight or more dimensions. Until recently,
the only remaining case - seven dimensions - was still open, despite various researchers producing
new insights over the years. Now, recent work by Brakensiek, Heule, Mackey, and Narváez (a
doctoral student) finally resolved this last remaining issue proving that the pattern holds in the
seven-dimensional case, in their IJCAR 2020 paper “The Resolution of Keller’s Conjecture”. Their
result was obtained with the aid of automated reasoning techniques that produced an enormous
proof of roughly 200 gigabytes. The correctness of this proof has been verified with a so-called
proof checker - a computer program that was itself proved to be correct.

A crucial step in proving Keller’s conjecture in the seventh dimension is a reformulation of the
problem as a property of Keller graphs, an invention by Corradi and Szabo in 1990. The Keller
graphs are constructed using two parameters: the dimension n and the shift s. Each vertex in a
Keller graph can be considered a dice with n dots such that each dot is coloured using a palette
of 2s colours. The colours come in s pairs of opposite colours. For example, black and white are
opposite colours. Red and green are opposite colours as well. Two vertices (dice) are connected
if (1) they have at least two dots that differ in colour and (2) they have at least one dot with
opposite colours.
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Figure 3 shows a Keller graph with n = 2 and s = 2 and the two pairs of opposite colours used
are black/white and red/green. All 16 different dice are shown. The top dice (black + white) is
connected to the left-most dice (red + black) because both dots are different (requirement 1) and
the colour of their second dot is opposite (white versus black, thus requirement 2). The top dice is
not connected to the dice with two red dots: The colours of both dots differ, but they don’t have
a dot with opposite colours.

Corradi and Szabo showed that Keller’s conjecture is false for dimension n if there exists a
Keller graph with dimension n and some shift s such that 2n dice are fully connected. Thus, for
instance, Keller’s conjecture would have been false for n = 2 if there were 4 dice that were fully
connected in the shown graph. However, observe that there are not even 3 dice that are fully
connected.

In recent years Kisielewicz and Lysakowska made significant progress regarding Keller’s con-
jecture. In short, they showed that Keller’s conjecture is false in the seventh dimension if and only
if there exist 128 fully connected vertices in the Keller graph with n = 7 and s = 3/4/6. Joshua
Brakensiek, Marijn J. H. Heule, John Mackey, and David Narváez used automated reasoning to
prove that they do not exist and thus Keller’s conjecture holds in the seven-dimensional case. They
have prepared a computer algorithm for the purpose, which solved this problem in mere half hour.

Sources:

1. https://www.cs.cmu.edu/ mheule/Keller/

2. www.newsweek.com/uncracked-problem-mathematician-diophantine-puzzle-1384422

3. https://13wham.com/news/local/rit-student-helps-solve-90-year-old-math-equation

4.2 Mathematicians have settled a three-decade old problem related
to the existence of a mathematical concept called ‘hemisystems’

Three mathematicians from the University of Western Australia
have been awarded a prestigious national prize for solving a prob-
lem that has perplexed researchers for more than 30 years. Prof.
Michael Giudici, Prof. Gordon Royle and Prof. John Bamberg
received the Gavin Brown Prize for their article “Every flock gen-
eralized quadrangle has a hemisystem” published in the Bulletin of
the London Mathematical Society. The prize, awarded annually by
the Australian Mathematical Society, recognises an outstanding and

innovative piece of original research in the field of mathematical sciences.
Their work focuses on finite geometry and is closely related to finite group theory, the study

of symmetry. The ground-breaking paper proved the existence of a mathematical concept called
hemisystems, after several decades of discussion among the mathematical science community. This
paper has been highly influential in the field of finite geometry and uses a clever mixture of
geometric and algebraic techniques to tackle a question no one had been able to answer till then.

Prof. Royle, who specialises in graph theory, said: “Finite mathematics was not usually studied
with applications in mind, but the widespread growth of computers and networks had relied heavily
on these concepts. Finite mathematics underpin much of the technology and systems that most
people use daily, from telecommunications and mobile phones to cryptography and online banking”.

Prof. Bamberg, a specialist in finite geometry, said: “Finite mathematics heavily supported
the theory of experimental design. Finite mathematics, including finite geometry, is central to the
mathematics of experimental design which deals with ways to efficiently allocate treatments to
subjects in medical or agricultural experiments”.

Source: https://www.uwa.edu.au/news/article/2020/december/mathematicians-recognised-for-
solving-three-decade-old-problem
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4.3 New mathematical model proves time travel could happen without
paradox

Time travel has always caught the attention of people, and whether it is possible or not, many
have concluded that there would be a lot of paradoxes one should deal with if it ever happens.
Several creative minds have stretched the concept of time travel and brought it to life through
various books and movies, such as the Back to the Future and Terminator. These stories have
all concluded that going back in time and changing the past could be catastrophic. But a new
mathematical model from a physics student Germain Tobar from the School of Mathematics and
Physics at the University of Queensland in Australia has proven that time travel could become
possible without paradoxes.

Without any valid reasoning, a self-contradictory statement like the paradox cannot be proven
acceptable. Some paradoxes are the bootstrap paradox, the Fermi paradox, and the grandfather’s
paradox. Dr. Fabio Costa of the Centre for Engineered Quantum Systems at the University
of Queensland’s School of Mathematics and Physics and Tobar’s professor takes the example of
COVID-19.

Imagine going back to the time when COVID-19 patient zero was exposed to the virus. Stopping
him from getting infected means eliminating the motivation to go back in time, to prevent the
pandemic from happening. That is a paradox or an inconsistency leading people to think that
time travel is impossible in this universe. An alternative example also is the grandfather’s paradox,
wherein the time traveller goes back in time to kill the grandfather but in the process prevents the
existence of the time traveller.

According to Tobar, classical dynamics says that if someone knows how it is at a specific time,
it could tell people the entire history of the dynamics. But in the theory of general relativity of
Einstein, he predicted the existence of time loops and time travel. Tobar’s mathematical model
proves that paradoxes can be eliminated, meaning that the virus would still spread but via a dif-
ferent route. According to the Tobar and Costa, non-random deterministic processes can influence
an arbitrary number of areas in the spacetime continuum. Moreover, closed time-like curves in
Einstein’s theory of general relativity could fit in with the rules of free will. This means the virus
may stop infecting patient zero, but it will still find a way to spread somehow.

The researchers combined Kurt Godel’s theory of closed time-like curves, Einstein’s theory of
general relativity, and their mathematical model to prove that time travel will happen without
any inconsistencies. In their paper, they explained that combining quantum physics and general
relativity could lead space time to lose its classical properties, which leads to indefinite causal
structures, and space time will adjust itself. The events will always adjust themselves to avoid any
paradox. The range of mathematical processes they discovered shows that arbitrary time travel is
logically possible in this universe without paradox.

Source: https://www.sciencetimes.com/articles/27483/20200928/new-mathematical- model -
proves -time-travel-happen-without-paradoxes.htm

4.4 After Centuries, a seemingly simple maths problem gets an exact
solution

Mathematicians have long pondered the reach of a grazing goat tied to a
fence, only finding approximate answers until now. Here is a simple-sounding
isolated problem: Imagine a circular fence that encloses one acre of grass. If
you tie a goat to the inside of the fence, how long a rope do you need to allow
the animal access to exactly half an acre?

It sounds like high school geometry, but mathematicians have been pon-
dering this problem in various forms for more than 270 years. And while they have successfully
solved some versions, the goat-in-a-circle puzzle has refused to yield anything but fuzzy, incomplete
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answers. Even after all this time nobody knows an exact answer to the basic original problem.
The known solution is only given approximately.

Now, a German mathematician Ingo Ullisch finally made progress, finding
what is considered the first exact solution to the problem-although even that
comes in a clumsy, reader-unfriendly form. This is the first explicit expres-
sion for the length of the rope. It certainly is an advance. This problem is
not connected to other problems or embedded within a mathematical theory.
But it is possible for even fun puzzles like this to give rise to new mathemat-
ical ideas and help researchers come up with novel approaches to other prob-
lems.

The first problem of this type was published in the 1748 issue of the London-based periodical
The Ladies Diary: Or, The Woman’s Almanack - a publication that promised to present “new
improvements in arts and sciences, and many diverting particulars.” The original scenario involves

“a horse tied to feed in a Gentlemen’s Park.” In this case,
the horse is tied to the outside of a circular fence. If
the length of the rope is the same as the circumference
of the fence, what is the maximum area upon which the
horse can feed? This version was subsequently classified
as an “exterior problem,” since it concerned grazing out-
side, rather than inside, the circle. An answer appeared
in the Diary’s 1749 edition. The answer was 76,257.86

square yards for a 160-yard rope, which was an approximation rather than an exact solution. The
problem re-emerged in 1894 in the first issue of the American Mathematical Monthly, recast as
the initial grazer-in-a-fence problem (this time without any reference to farm animals). This type
is classified as an interior problem and tends to be more challenging than its exterior counterpart.
In the exterior problem, you start with the radius of the circle and length of the rope and compute
the area. You can solve it through integration. Reversing this procedure - starting with a given
area and asking which inputs result in this area - is much more complicated. In the decades that
followed, the Monthly published variations on the interior problem which mainly involved horses
rather than goats, and fences that were circular, square and elliptical in shape. But in the 1960s,
for mysterious reasons, goats started displacing horses in the grazing-problem literature. In 1984,
Fraser got creative, taking the problem out of the flat, pastoral realm and into more expansive
terrain. He worked out how long a rope is needed to allow a goat to graze in exactly half the
volume of an n-dimensional sphere as n goes to infinity. Meyerson spotted a logical flaw in the
argument and corrected Fraser’s mistake later that year, but reached the same conclusion: As
n approaches infinity, the ratio of the tethering rope to the sphere’s radius approaches to

√
2.

As Meyerson noted, this seemingly more complicated way of framing the problem actually made
finding a solution easier. In infinite dimensions, the problem has a clean answer, whereas in two
dimensions there is not such a clear-cut solution.

In 1998, Michael Hoffman, a Naval Academy mathematician, expanded the problem in a differ-
ent direction after coming across an example of the exterior problem through an online newsgroup.
This version required to quantify the area available to a bull tied outside a circular feed storage.
The problem fascinated Hoffman, and he decided to generalize it to the exterior of not just a circle,
but any smooth, convex curve, including ellipses and even unclosed curves.

More recently, the Lancaster University mathematician Graham Jameson worked out the three-
dimensional case of the interior problem in detail. Since goats can’t move easily in three dimensions,
the Jamesons called it the “bird problem” in their 2017 paper: If you tether a bird to a point on
the inside of a spherical cage, how long should the tether be to confine the bird to half the cage’s
volume? According to Graham, the three-dimensional problem is actually simpler to solve than
the two-dimensional one. Using an approximation technique, he arrived at an “exact” (although
horrible!) solution.
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Nevertheless, an exact solution to the two-dimensional interior problem from 1894 remained
elusive - until Ullisch’s paper earlier this year. Ullisch set up the problem in such a way that he could
get a more tractable transcendental equation to work with: sin(β) − βcos(β) − π/2 = 0. Using
the techniques of complex analysis, he was able to transform this transcendental equation into an
equivalent expression for the length of rope that would let the goat graze in half the enclosure. In
other words, he finally answered the question with a precise mathematical formulation.

Unfortunately, Ullisch’s solution is a bit more complex-the ratio of two so-called contour integral
expressions, with numerous trigonometric terms.

Source: https://www.quantamagazine.org/mathematician-solves-centuries-old-grazing- goat -
problem -exactly-20201209/

4.5 Obituary

4.5.1 Renowned Spanish-Gujarati priest, mathematician and literatist Father Vallés
passes away at the age of 95

Renowned Spain-based Gujarati author, mathematician and Jesuit priest
Father Carlos Gonzalez Vallés, popularly known as Father Vallés died at the
age of 95 in Spain on 9 Nov. 2020. He was a priest who has immensely con-
tributed in bringing modern mathematics to Gujarat and much to Gujarati
Literature. Father Vallés authored many books and taught mathematics at
Gujarat University for several decades.

Father Vallés was born on 4 Nov. 1925 in Logroňo, Spain. His friends
told him that he was an Indian in his previous birth. Thus, he felt a strong

connection with India. He came to India as a missionary at the age of 15. He first went to Madras
University and completed MA in mathematics with first class in 1953. There he learned English
to complete his studies. Later he studied Gujarati, as he was asked to teach mathematics at the
newly opened St. Xavier’s College, Ahmedabad (1960), which had Gujarati students. On May
1, 1960, two things happened - it was the day of the formation of the two states of Gujarat and
Maharashtra, and it was also the first day in newly-formed Gujarat for a young Jesuit, Carlos
Vallés. For the next 22 years, he not only made Gujarat his karma bhoomi, but also Gujarati his
own language.

This was the time when the “modern mathematics” was introduced with concepts such as sets,
groups, rings, fields, vector spaces, matrix algebra etc. He introduced this modern mathematics
in the Gujarat University, creating new terms for new concepts. To teach it to Gujarati students,
he devised new terms where a set became ‘gan’ and rings became ‘mandala’. He translated many
mathematical concepts into Gujarati, including co-authoring a volume on the subject in the official
Gujarati encyclopaedia.

In the very first year of his stay in Gujarat, Father Vallés published a small book for college
students, laying the foundation of his successful and prolific writing career which spanned four
decades and resulted in 100+ books in Gujarati, English and in his native Spanish language. His
Sunday columns in the Gujarat Samachar became very popular, establishing him as a leading
Essay writer. The Gujarat government gives every year several literary prizes to the best book
in different categories. Father Vallés received the essay prize for 5 consecutive years, till the
government brought out a law so that no author could get a prize for more than five times. In
1978 he became the first foreigner to receive the highest cultural award in Gujarat - “Ranjtram
Gold Medal”. He also received the “Acharya Kakasaheb Kalelkar Award for Universal Harmony”
(1995) and “Ramakrishna Jaidalal Harmony Award” (1997). He was also the president of Gujarat
Ganit Mandal for the year 1969. He helped to start the first mathematical magazine “Suganitam”
in Gujarati language and regularly contributed an article on recreational Mathematics in its every
issue till 1978.

In a tweet, Prime Minister Narendra Modi said - “Father Vallés endeared himself to many,
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especially in Gujarat. He distinguished himself in diverse areas such as mathematics and Gujarati
literature. He was also passionate about serving society. Saddened by his demise. May his soul
rest in peace.”

On January, 26 2021, as per announcement of Ministry of Home affairs, Government of India,
President of India approved conferment of “Padmashri” award (posthumous) to Father Vallés for
his contributions to literature and Education.

Sources:
1. https://www.outlookindia.com/newsscroll/ spainbased-gujarati-authorpriest- dies-pm-cm- ex-

press -grief/1972981
2. https://timesofindia.indiatimes.com/city/ahmedabad/gujarati-loses-its-spanish-father-figure/

articleshow/79137567.cms

□ □ □

5. International Calendar of Mathematics events
Ramesh Kasilingam

Department of Mathematics, IITM, Chennai; Email: rameshk@iitm.ac.in

March 2021
1. March 5-7, 2021, Math For All in New Orleans (online conference), Tulane University, New

Orleans, LA (online). www.math.tulane.edu/mathforallnola

2. March 8-10, 2021, Mathematical and Computational Approaches to Social Justice Offered
Virtually. icerm.brown.edu/events/htw-21-mcasj/

3. March 20-21, 2021, Tenth Ohio River Analysis Meeting (ORAM 10) ORAM 10 will be virtual
on Zoom. math.as.uky.edu/oram20

April 2021
1. April 9-11, 2021, International Conference On Analysis and Its Applications 2021(ICAA

_NEPAL_2021), Kathmandu University, Nepal (Virtual Conference). icaa2021.ku.edu.np/

2. April 12-16, 2021, Algebraic Geometry and Polyhedra, ICERM, Providence, RI.
icerm.brown.edu/programs/sp-s21/w4/

3. April 20-23, 2021, 3rd IMA and OR Society Conference on Mathematics of Operational
Research - Innovating Mathematics for New Industrial Challenges- Now Online, Aston Uni-
versity, Birmingham UK. ima.org.uk/14347/14347/

May 2021
1. May 10-14, 2021, Leuca2021, Celebrating Claude Levesque’s and Michel Waldschmidt’s 75th

birthdays, Marina di San Gregorio, Patù (Lecce), Italy.

2. May 23-27, 2021, Quantum chaos and number theory, a conference in honor of Zeev Rudnick’s
60 birthday, The Steinhardt Museum of Natural History, Tel Aviv University, Israel.

3. May 25-29, 2021, Curves over Finite Fields, http://benasque.org/2021curves/

4. May 3 - August 20, 2021, Harmonic Analysis and Analytic Number Theory Dual Trimester
Program, Hausdorff Research Institute for Mathematics, Bonn, Germany.

5. 31 May - 4 June, 2021, Arithmetic, Geometry, Cryptography and Coding Theory.
https://conferences.cirm-math.fr/2579.html

□ □ □
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6. A Tribute to Prof. Arun Madhusudan Vaidya
M. H. Vasavada,

Former Professor and Head, Department of Mathematics, S. P. University, Vallabh Vidyanagar,
Devbhadra V. Shah

Department of Mathematics, Veer Narmad South Gujarat University, Surat

Prof. Arun Madhusudan Vaidya, a prominent mathematician and one of the
most popular figures in the field of mathematics, not only in Gujarat, but also
at national level, passed away at the age of 85, in Ahmedabad, on Nov. 26,
2020. Prof. Vaidya’s demise is a colossal loss to the mathematical community
of Gujarat. His name, along with the names of his renowned uncle Prof. P. C.
Vaidya and equally renowned Prof. A. R. Rao, will be enshrined with golden
letters in the history of mathematics of Gujarat for his untiring efforts for the
uplift of mathematics education in the state.

Prof. A. M. Vaidya was born in Jamnagar on October 14, 1935. He had his
school and college education in Mumbai and he obtained his M.Sc. degree from Bombay University
in 1958. Prof. Vaidya started his teaching career as a Lecturer in Mathematics in Institute of
Science, Mumbai, in 1958. In 1959, he was transferred to Jamnagar, Gujarat and after spending
one year in Jamnagar he moved to Vallabh Vidyanagar to join the Department of Mathematics of
Sardar Patel University, in 1960. In 1961, he went to Chandigarh for pursuing research work under
the guidance of Prof. Hansraj Gupta. In 1962, he went to USA, with Fulbright travel grant, as a
research student in the University of Colorado, Boulder, where he worked in Number Theory under
the supervision of the well-known number theorist Prof. Sarvadaman Chowla. In 1963, his Ph.D.
supervisor Prof. Chowla went to Pennsylvania State University, State College, in Pennsylvania, as
a visiting professor and Prof. Vaidya also joined him. In 1964, when his Ph.D. work was almost
done, he joined the Texas Technological College, Lubbock, Texas, as an Assistant Professor. In
July, 1965, he got his Ph.D. degree and returned to India. Then he taught for eight years in South
Gujarat University, Surat and twenty-two years in Gujarat University, Ahmedabad, He retired as
a Professor and Head, Dept. of Mathematics, Gujarat University, Ahmedabad in 1995.

Even though his main area of research was Theory of Numbers, Prof. Vaidya was also interested
in Mathematical Modeling, History of Mathematics-especially history of Indian Mathematics, and
Astronomy. Prof. Vaidya has supervised Ph.D. theses in Number Theory (the field of his research
interest) as well as in Mathematical Modeling.

Prof. Vaidya was an excellent teacher. With beautiful handwriting, neat board work, clear
exposition, he would teach with lucid explanation and appropriate examples. He inspired hundreds
of students and as someone put it: he taught not only theory of numbers, but theory of life as
well.

Prof. Vaidya was an excellent speaker too. He developed his lectures effortlessly and he was
able to carry his audience with him till the end. Apart from his ability to keep the audience
spell-bound, he had so much new to offer in each of his lectures; new facts, new directions, new
ideas.

Another area in which Prof. Vaidya made a stupendous contribution was the publication of
a bimonthly magazine in Gujarati-Suganitam. He was the editor of Suganitam for more than
four decades. During this period he took the magazine, started by the late Prof. P. C. Vaidya,
to greater heights. He would personally go through each article, make changes so as to make
the article easily understandable, give a suitable title (as catchy as possible) and write a short
editorial note at the end of the article in his characteristic style. His editorial notes encouraged
the authors and enlightened and entertained the readers. His notes were an invaluable part of the
magazine. The impact of Suganitam has been great. Over the years, it has provided treasure of
mathematical literature in Gujarati and encouraged students, teachers and math lovers to read
and write mathematics.

Still another area in which Prof. Vaidya was interested, contributed and excelled was problem
solving. At an early stage of his career, he started solving problems from the problem section of
the American Mathematical Monthly. He helped in training students for mathematical olympiad.
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He was the national coordinator of Indian Mathematical Olympiad and represented India with the
team of students at the International Mathematical Olympiads in 1992 (Moscow, erstwhile USSR)
and 1993 (Istanbul, Turkey). Prof. Vaidya was the convener of the International Mathematical
Olympiad held in Mumbai in 1996. It was a huge task. He accomplished it so well that it was
widely acclaimed and received a thunderous applause at the end.

At national level, besides contributing to mathematical olympiad training programme, Prof.
Vaidya served as an editor of ‘Bona Mathematica’ and the journal ‘Mathematics Student’ of the
Indian Mathematical Society. He was connected with NCERT for many years and was a member of
the National Board for Higher Mathematics. He was associated with the UGC/CSIR JRF tests for
several years. He was the fellow of Gujarat Science Academy and the National Academy of Sciences.
He also served as the treasurer of the Indian Mathematical Society for six years during 1971-77.
Prof. Vaidya received ‘Distinguished Service Award’ for the year 2014 from Vijñana Parishad of
India for the outstanding contribution and services rendered to the subject. He delivered numerous
popular and technical lectures at various institutions all over the country and he was the president
of Gujarat Ganit Mandal for the years 1977 and 2013. He participated in almost all conferences
of the Gujarat Ganit Mandal since1965. His presence at the conference inspired students ,teachers
and research scholars alike. He encouraged a number of people who did not have any formal
education in Mathematics but were keenly interested in Mathematics and invariably helped them
to demonstrate their skills in GGM conferences or for writing articles in Suganitam. It is difficult
to imagine a GGM conference without the presence of Prof. Vaidya.

Prof. Vaidya had a great command over both Gujarati and English languages. Prof. Swarup
Singh, the then Vice Chancellor of Delhi University and a Professor of English himself, after hearing
a speech of Prof. Vaidya in a function where he was felicitated by The Mathematical Association
of India and where Dr. Swarup Singh was presiding, commented that ‘Prof. Vaidya would have
been a professor of English, had he not become a professor of Mathematics’.

Prof. Vaidya worked extensively for the popularization of mathematics, He was associated
closely with Gujarat Vishwa Kosh, the organization which has brought out encyclopaedia in Gu-
jarati. Prof. Vaidya has contributed two very valuable books to Gujarati literature: one is the
translation of Robert Kanigel’s book: ‘The Man Who Knew Infinity’ on the life of Ramanujan
(jointly with Prof. N. N. Roghelia) and the second is the biography of the late Prof. P. C. Vaidya
titled ‘Aapni Mongheri Dharohar’ (our priceless heritage). For his latter book, he received ‘Gaurav
Puraskar’ from the Gujarat Sahitya Academy. The book on number theory by late S. G. Telang
which has been published by Tata McGraw Hill was very much improved because of various sug-
gestions of Prof. Vaidya. Prof. Vaidya wrote many articles, which were a delight to read.

Prof. Vaidya’s research career spanned over more than three decades. His Ph. D. thesis was
entitled ‘Contributions to the Theory of Square-free Numbers’. A number is said to be square-free
if its prime decomposition contains no repeated factors. The number 1 is by convention taken
to be square-free. The square-free numbers are 1, 2, 3, 5, 6, 7, 10, 1, 13, 14, 15, · · · . This is a topic
which comes under the most celebrated subdivision of number theory-Analytic number theory.

Some of his major work in his thesis includes the asymptotic value of error terms in estimating
the sum of the kth power of all square-free numbers not exceeding x. He proved that this asymptotic
value is xk

(k+1)ζ(2) , where ζ(s) is the well-known Riemann zeta function of a complex variable s
defined by the infinite series ζ(s) =

∑∞
n=1

1
ns . Further he dealt with the distribution of square-free

numbers and proved that every integer can be expressed as a sum as well as a difference of two
square-free numbers. He showed that ‘if a2, a3, · · · , ak are positive integers, then either there is
no n or there are infinitely many n for which n+ a2,n+ a3, · · · ,n+ ak are all square-free.’ Later
he also dealt with the order of the error function of the square-free numbers and the number of
square-free divisors of an integer. His results had great impact in the field of analytic number
theory.

Prof. Vaidya had also worked in the field of Partition Theory. His work on the restricted
partitions had ignited some of the students of the region for further research work in this area.
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Apart from the analytic number theory, Prof. Vaidya also contributed notably in the area of
elementary number theory. In a number of his papers, he obtained the necessary and sufficient
condition to express a positive integer as a sum of (i) two triangular numbers (ii) odd composite
integers. Some of his work also dealt with the Pell’s equation as well as with the periodic nature
of the sequence of Fibonacci numbers when considered modulo any positive integer greater than 1.
Aside from the work related with the ‘purest of pure’ branch of mathematics - number theory (as
Prof. G. H. Hardy said), Prof. Vaidya had also done outstanding work related with recreational
mathematics and mathematical modeling, considered to be a branch of applied mathematics. This
shows his versatility as far as research work is concerned. He co-authored many papers with some
prominent number theorists of the country. His work in analytic number theory drew attention of
many renowned mathematicians of the country and around the world.

Prof. Vaidya was a man of principles and total integrity. He lived a life with full zest. Even after
a major brain surgery, his enthusiasm for life did not diminish. He had a charismatic personality.
His interest in life went far beyond mathematics. He was a great lover of music and had a keen
sense of humour. Besides mathematics and music, he loved books, nature, cricket, films and food.
But whatever he enjoyed, had to be of high standard. Nothing that was cheap or shallow, had a
place in his life. His smiling face, affable nature and sense of fairness will be missed by all who
came in his contact.

□ □ □
Mathematics of Vaccination

Today, mathematical modeling is routinely used to study real life situations. So in this
time of covid-19 and the huge drive for vaccination, it would be interesting to know that
the mathematical modeling was used as early as the beginning of eighteenth century (some
three hundred years ago) for the study of a disease, when the Swiss mathematician Daniel
Bernoulli published a model for prediction of impact of immunization with cowpox.
Once, while travelling, he introduced himself modestly to a fellow traveler: ‘I am Daniel
Bernoulli’. Famous as Daniel was, the passenger thought that the man was bluffing to show
off. So he said sarcastically: ‘And I am Isaac Newton!’ Daniel was delighted to get such a
praise, which the unknown passenger unknowingly showered on him.
Later, Ronald Ross, who was awarded Nobel Prize in 1902, did the foundation work in the
mathematical study of diseases by publishing a series of papers on the spread of malaria.
— Courtesy: Dr. D. J. Karia, Retired Associate Professor, S. P. University, V V Nagar

The potential infinite means nothing other than an undetermined, variable quantity, always
remaining finite, which has to assume values that either become smaller than any finite limit
no matter how small, or greater than any finite limit no matter how great.
— Georgr Cantor

Analysis and natural philosophy owe their most important discoveries to this fruitful means,
which is called induction. Newton was indebted to it for his theorem of the binomial and
the principle of universal gravity.
— Pierre-Simon Laplace
In Frederick Wilson Truscott (trans.) and Frederick Lincoln Emory (trans.), A Philosophical
Essay on Probabilities (1902), 176.
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7. Problem Corner
Udayan Prajapati

Head, Mathematics Department, St. Xavier’s College, Ahmedabad
Email: udayan.prajapati@gmail.com

In this issue, we present a solution of the problem based on Combinatorial Geometry proposed
by Dhruv Bhasin in Issue 4 of Volume 1 of TMC Bulletin in April 2020 in one of the past issues.
The solution is prepared by Prof. Jagannath Nagorao Salunke of Latur (MH), Former Professor,
School of Mathematical Sciences, Swami Ramanand Teerth Marathwada University, Nanded (Ma-
harashtra).

For our readers, we pose a problem from Analysis. Readers are invited to email their solutions
to Udayan Prajapati (udayan64@yahoo.com), Coordinator, Problem Corner, before 10th February,
2021. Most innovative solution will be published in the subsequent issue of the Bulletin.

Problem: Suppose n points are arranged as in the given Figure 1, n− 1 points are equally
placed on an arc of a circle of radius r, of length strictly less than πr and the nth point is on
the perpendicular bisector of the base line. It is placed high so that whole of the arc is inside the
triangle formed by the 1st point, the (n− 1)th point and the nth point. What is the number of
n-sided simple polygons that can be constructed using the above configuration? A solution, for
the case n = 4, where we get 3 simple polygons, is given in Figure 2, as an illustration.

Solution:

Figure 1 Figure 2

Let l1 = P1Pn, l2 = Pn−1Pn, l3 = P1Pn−1 be sides of the triangle P1Pn−1Pn and the consec-
utive points P1,P2, . . . ,Pn−2 on the arc P1Pn−1 are inside the triangle P1Pn−1Pn.

Here the arc P1Pn−1 is an arc of a circle of radius r with its length less than πr and Pn is a
point on the bisector of the chord P1Pn−1 etc as in Figure 1.

Let n ≥ 4. Discuss all simple (of non-intersecting sides) n-gons with n vertices P1,P2, . . . ,Pn.
Let

m13(n) = Number of simple n-gons containing sides l1 and l3
m23(n) = Number of simple n-gons containing sides l2 and l3
m12(n) = Number of simple n-gons containing sides l1 and l2
m1(n) = Number of simple n-gons containing sides l1 but not the side l2, l3
m2(n) = Number of simple n-gons containing sides l2 but not the side l1, l3
m3(n) = Number of simple n-gons containing sides l3 but not the side l1, l2
m(n) = Number of simple n-gons not containing any of the sides l1, l2, l3.
By symmetry: m13(n) = m23(n) and m1(n) = m2(n). Also it is easy to see that m12(n) = 1.
Then total number required of simple n-gons with vertices P1,P2, . . . ,Pn (as shown in Figure 1) is

fn =m12(n) +m23(n) +m13(n) +m1(n) +m2(n) +m3(n) +m(n)

fn =1 + 2m13(n) + 2m1(n) +m3(n) +m(n), for n ≥ 4 (*)

For n = 4, 5, 6, 7, 8, 9, 10, 11, 12, we compute these values explicitly and have the following table:
Table: Counting of n-gons associated with Figure 1 for n = 4, 5, 6, 7, . . .
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No. of vertices n m13(n) = m23(n) m1(n) = m2(n) m3(n) m(n) f(n)
4 1 0 0 0 3
5 2 1 1 0 8
6 4 3 4 1 20
7 8 7 12 5 48
8 16 15 32 17 112
9 32 31 80 49 256
10 64 63 192 129 576
11 128 127 448 321 1280
12 256 255 1024 769 2816

Following formulae for m13(n),m23(n), . . . ,m3(n),m(n) are obtained by generalizing the ob-
servations of these initial cases listed in the table, observing patterns and guessing for the general
case:

For any integer n ≥ 4 :
m13(n) = m23(n) = 2n−4; m1(n) = m2(n) = 2n−4 − 1
m3(n) = 2n−5(n− 4) and m(n) = 2n−5(n− 6) + 1.
We can prove these formulae by the induction. From the above formulae we determine required

formula (*) in the form f(n) = 2n−4(n− 1) for all n ≥ 4.
We present here induction argument for m13(n). All the other cases can be done in similar

flavour. To prove by induction: m13(n) = 2n−4 ......(5.1)
We know that 5.1 holds for n = 4 and suppose that 5.1 holds for some k > 4, i.e. m13(k) = 2k−4.

Let us prove it for k+ 1. Consider Figure 1. Since, we have a polygon, each vertex has two edges
coming out of it. It is easy to see that in our current case (polygons having Pk+1P1 and P1Pk
as edges), the other edge coming out of Pk is either PkPk−1 or PkP2. This is because we do
not want any intersections to happen. So, if the other edge coming out of Pk is PkPi for some
2 < i < k − 1 then travelling the polygon along its edges gives us that there are j, l such that
2 ≤ j < i < l ≤ k− 1 and that PjPl is an edge. But PjPl intersects PkPi, which is a a contradiction.
So we have two cases. Polygons containing Pk+1P1Pk and

(a) the edge PkPk−1
(b) the edge PkP2.

• For (a): Number of simple (k + 1)-gons with vertices P1P2, . . . ,Pk+1 each containing the
path Pk+1P1PkPk−1 (with sides Pk+1P1,P1Pk,PkPk+1)
= Number of simple k-gons with vertices P1,P2, . . . ,Pk−2,Pk,Pk+1 (taking fusion of edge
Pk−1Pk to a single vertex Pk) each containing the path PkP1Pk+1

= 2k−4 by induction hypothesis.

• For (b): Number of simple k-gons each with path PkP1Pk+1 and without edge Pk−1Pk

=Number of simple (k+ 1)-gons each with path Pk+1P1PkP2.
= Number of simple k-gons with vertices P1,P3,P4, . . . ,Pk,Pk+1 (taking fusion of edge
P2Pk to a single vertex Pk) each containing the path PkP1Pk+1

= 2k−4 by induction hypothesis.

Therefore, there are 2k−4 + 2k−4 = 2k−3, simple (k+ 1)-gons each containing the path PkP1Pk+1
that is m13(k+ 1) = 2k−3 = 2(k+1)−4.

By induction, m13(n) = 2n−4 is true for all n ≥ 4.
Hence the number of simple n-gons with vertices P1,P2, . . . ,Pn as shown in Figure 1 is by (*),

f(n) = 1 + 2m13(n) + 2m1(n) +m3(n) +m(n)

= 1 + 2(2n−4) + 2(2n−4 − 1) + 2n−5(n− 4) + 2n−5(n− 6) + 1
= 2n−4(n− 1) for all n ≥ 4.
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Problem for this issue - Posed by Mr. Dhruv Bhasin Integrated Ph. D. student IISER
Pune.

Does there exist an increasing function f : R+ → R+ such that for every integer m ≥ 0,

lim
x→∞

log(m)f(x)

log(m)x
= ∞

and
lim
x→∞

log(m)ex

log(m)f(x)
= ∞?

Here log(0) is just the identity function and for every natural number n, log(n) =
log(log(n−1)). [Note that, the function f should satisfy that for each m there is a tm > 0
such that for x ≥ tm the corresponding functions in the above equations are well-defined.]

□ □ □

8. TMC Activities
S. A. Katre, Lokmanya Tilak Chair Professsor, SPPU, Pune, Email: sakatre@gmail.com

Regional Programmes of The Mathematics Consortium in 2020-21

8.1 Report on Kalna College - TMC Summer School on MAthematics

The Mathematics Consortium is promoting online lectures/workshops under Regional Programs
due to COVID-19 pandemic. Accordingly, an online Summer School was organized at Kalna
College WB, was held online during 12 June - 12 July 2020. It was supported by The (Indian)
Mathematics Consortium (TMC) & Kalna College. The Communication Platform was GOOGLE
MEET. This was the first TMC activity held online in 2020-21. The summer school was attended
by a large number of college teachers, research students and MSc students at the national level.

The academic convener of the program was Dr. Krishnendu Gongopadhyay (IISER, Mohali)
and conveners were Dr. Abhishek Mukherjee (Kalna College) and Dr. Sunamra Ghosh (Kalna
College) and Co-convenor was Prof. Debasis Bhattacharya (Kalna College). Chairman of the
program was Principal of Kalna College, Dr. Tapas Samanta.

Following Lectures were delivered during this month long program:
• Prof. S. A. Katre (S. P. Pune Univ.), Bilinear Forms and Their Applications (5 lectures).
• Dr. Krishnendu Gongopadhyay (IISER-Mohali), Hyperbolic Geometry (6 lectures).
• Prof. Pralay Chatterjee (IMSc, Chennai), Lie Groups and Lie Algebras (5 Lectures).
• Dr. Sudip Mazumder (Bangabasi College, Kolkata), Canonical Forms (4 Lectures).
• Dr. Avijit Pal (IIT Bhilai), Advanced Complex Analysis (4 lectures).
• Dr. Abhishek Mukherjee (Kalna College), Algebraic Topology -I (4 Lectures).
• Dr. Arpan Kabiraj (IIT Palakkad), Algebraic Topology-II (3 Lectures).
• Dr. Soumya Dey (Post-Doc Fellow, IMSc, Chennai), An invitation to the theory of mapping

class groups of surfaces (4 Lectures).
• Dr. Ajay Kumar (IIT Jammu), Commutative Algebra (3 Lectures).
• Dr. Amartya Goswami (The University of Johannesberg, South Africa), Category Theory (2

Lectures).

[ 34 \



8. TMC Activities

• Dr. Pranab Sardar (IISER Mohali) An Invitation to Geometric Group Theory (5 Lectures).

• Contributory Talk: Mr. Sumanta Das (Research scholar Calcutta Unive.) An introduction
to Leavitt Path Algebra.

In addition to the above course work, the following Plenary (Special) Talks were arranged.
• Prof. Kalyan Chakraborty (HRI, Allahabad) (4 talks)

(i) A sauntering in the number garden (Popular Talk).
(ii) Cryptography: The science of information security.
(iii) Elliptic curve cryptography and applications - Classical and Post-Quantum paradigms
(iv) Elliptic Curves: Introduction and an application.

• Prof. Ravi Kulkarni (Bhaskaracharya Pratisthana) Mathematics and Periodic Table of
Atoms.

• Prof. Dipendra Prasad (IIT Bombay) Lie Groups and representations: The case of SL(2, R).

• Prof. S. Ponnusamy (ISI, Bangalore) on “An Invitation to Advanced Complex Analysis”.
• Prof. Amritanshu Prasad (IMSc, Chennai) on “Shur Polynomials”.

8.2 Other Academic events held so far during 2020-21

1. A Workshop on “Importance of Mathematics” was organized by Indian Academy of Indus-
trial and Applicable Mathematics (IAIAM), The Indian Mathematics Consortium, Bhas-
karacharya Pratishthana, Pune and Phaltan Education Society’s College of Engineering
(COE), Phaltan Dist. Satara, Maharashtra, during 20-22 June 2020. The sessions were
conducted on Google Meet and they were made available on YouTube. A large number of
participants therefore could watch the sessions. (See Vol. 2, No.1 for details)

2. A mini course of 4 lectures of 2 hours duration (1 and half hour lectures and 30 min discussion)
was organised in July-Aug 2020 at COE, Phaltan, Maharashtra online (Dates: 15th July, 23rd
July, 29th July, 5th August 2020).
Speaker: Prof. S. A. Katre. Topic: “Mathematics of Aryabhata (Ganitapada)”.
The original 33 Sanskrit Verses in Ganitapada of Aryabhata were discussed with illustrations
in these 4 lecture sessions. The course was coordinated by Prin. Dr Ajay Deshmukh and
was jointly organised by TMC, Bhaskaracharya Pratishthana and IAIAM.

3. Symposium in Mathematics was held at Bhaskaracharya Pratishthana, Pune, Jointly with
TMC and Ganit Mandal, Pune, on 22nd July 2020 to celebrate the occasion of birthday of
Founder Director of Bhaskaracharya Pratishthana, Pune, Professor Shreeram S. Abhyankar.
The following lectures were delivered which are available on YouTube.

(i) Prof. Nitin Nitsure (TIFR, Mumbai) on “Why logic works”.
(ii) Prof. K. N. Raghavan, IMSc (HBNI), Chennai, on “Symmetric Functions. On the

structure constants of their multiplication” (joint work with Mrigendra Singh Kushwaha
and Sankaran Viswanath).

(iii) Prof. A. Raghuram, IISER Pune, “The usefulness of useless knowledge”.

4. The Engineers Day celebration was held on 15th September 2020 at COE, Phaltan, jointly
with Bhaskaracharya Pratishthana, IAIAM and TMC. Following online Lectures was organ-
izeds by TMC:
Prof. Ulhas Dixit and Priyesh Tiwari (Mumbai Univ.) on Statistical Analysis of COVID-19.

5. A special lecture by Prof. S. A. Katre was organised by TMC-IAIAM online through COE,
Phaltan on 16-12-20 (Pythagorean Day) on Bodhayan-Pythagoras Theorem.

□ □ □
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TMC President Prof. Karmeshu has been conferred  
with D.Sc. degree (Honoris Causa) by the DEI, Dayalbagh. 

 
We are pleased to announce that Prof. Karmeshu, President TMC, has been honoured with D.Sc. degree  
(Honoris Causa) by the Dayalbagh Educational Institute (Deemed to be University) at its 39th 
Convocation held on 22nd January, 2021.  

Dayalbagh Educational Institute (DEI) was established as a Registered Body in 1973, which integrated 
and brought under one umbrella all the educational institutes of Dayalbagh. On May 16, 1981, the 
Government of India declared the DEI, Agra, comprising of the DEI women’s Training College, REI 
Degree College, Dayalbagh, as a Deemed University under Section 3 of the UGC Act.  DEI has been 
accredited by NAAC with A+ grade with 3.4 CGPA. We are happy to mention that DEI (Deemed to be 
University) is a member Institute of TMC since 2020. 

Since its establishment, DEI is engaged in carrying out significant broad-based educational experiments 
by providing an academic atmosphere in agricultural, rural, industrial complex, oriented to specific 
conditions and needs and providing suitable social services, work experience, national integration and 
vocational training programs along with academic curriculum. The system of education aims at 
excellence without jeopardizing relevance. It inculcates the dignity of manual labor, encourages initiative 
and creative work. It has an interdisciplinary approach and it aims at building up an integrated personality 
of well adjusted men. 

DEI has a long tradition of felicitating renowned experts from various fields. This year 10 eminent 
persons from diverse areas of activity including Prof. Karmeshu were honored by conferment of the 
degree of D.Sc. (Honoris Causa). 

Prof. Karmeshu having a Ph.D. degree from University of Delhi, has served the Jawaharlal Nehru 
University, New Delhi for over 3 decades. Currently, he is holding a position of Distinguished Professor 
of Computer Science & Engineering, Shiv Nadar University, Greater Noida, India.  

Prof. Karmeshu has been the recipient of the several prestigious awards including Shanti Swarup 
Bhatnagar award in 1993, CM Jacob medal in 1990, Distinguished Service award of Vijnana Parishad of 
India in 2013, System Society of India Lifetime Achievement award in 2015 to name a few.  

 Prof. Karmeshu has been honored for his outstanding pioneering contributions towards the understanding 
of the unity of structure and dynamics of diverse and apparently unconnected systems which is highly 
significant from systems thinking perspective and to the field of Mathematical modeling of dynamical 
systems and their applications to technical systems as well as abstract socio-economic systems.  

On behalf of TMC we congratulate Prof. Karmeshu for this outstanding achievement. 

--  Ravi Kulkarni, Chief Editor, TMC Bulletin 
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One of the most influential German mathematicians.Developed fundamental 
ideas in: invariant theory, the calculus of variations, commutative algebra, 
algebraic number theory, the foundations of geometry, spectral theory of 

operators, mathematical physics. Famous for a collection of problems that set 
the course for the mathematical research of the 20th century.


David Hilbert (23 Jan. 1862 - 14 Feb. 1943)

German mathematician. Best known for his creation of set theory - a 
fundamental theory of Mathematics, concept of one-to-one correspondence 
and its use to establish uncountability of real numbers, Definition of cardinal 

and ordinal numbers and their arithmetic.

Georg Ferdinand Ludwig Philipp Cantor (19 Feb. 1845 (OS) - 6 Jan. 
1918)

A French mathematician, physicist, astronomer, philosopher. Best known for 
Laplace’s equation, Laplacian differential operator, pioneering the Laplace 

transform useful in many branches of Mathematical physics, and the Bayesian 
interpretation of probability. He summarized and extended the work of his 

predecessors in his five-volume Mécanique Céleste (1799 - 1825).

Pierre-Simon, Marquis de Laplace (23 Mar. 1749 - 5 Mar. 1827)
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