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From Editors’ Desk

In recent decades, Mathematics has become the language of contemporary scholarship across
disciplines. Mathematics pervades not only the traditional basic Sciences and Engineering but
disciplines as diverse as Social Sciences, Peace and Conflict studies, as well as Linguistics and
Music. It is imperative, therefore, that the new methodologies in Mathematics be adopted in all
higher education and research if we wish to keep our presence at the international level. In an
effort to evolve newer mathematical frameworks as well as their emerging applications across the
disciplines, there is a need of massive regional teaching and training programs for students and
teachers at the school, college and university level as well as for researchers at the Ph.D. level and
beyond.

Currently, several mathematical societies and similar bodies in India are engaged in such
endeavors covering various aspects towards promotion of Mathematics. To provide a unified face
to all such societies or similar bodies and to bring them under an over-arching consortium through
voluntary acceptance of membership, The Mathematics Consortium (India)(TMC) was formally
constituted in July, 2015.

TMC, so far, has organized several faculty development programs, workshops and seminars
at various places in India, in collaboration with its member societies, and many other colleges,
universities and Institutions. TMC-BHU International conference was organized by TMC in co-
operation with the American Mathematical Society at Banaras Hindu University, in December
2016.

In order to meet the objectives of TMC and spread awareness about its activities among larger
mathematical community, it was decided to publish a quarterly news Bulletin which can be widely
circulated among various academic bodies and among its members. The Bulletin is expected to
include:

• Feature articles on changing paradigm in Mathematics education and research and on any
topics which can provide guidelines for young students, teachers and researchers.

• Interviews of experts working in Industries or researchers working in allied disciplines, who
are using the power of mathematics for solving problems they are dealing with.

• Information regarding opportunities and current developments in Mathematics world and
activities of TMC and its member societies etc.

• A Forum for readers and the user community to express their views on various issues related
to mathematics education and research.

• Platform for discussion on various aspects of different talent search competitions’ problems
and a challenging problem or modeling problem to the student community in each issue.

We are pleased to bring out the first issue of the TMC bulletin in July, 2019.
We encourage our member societies to use this platform to spread awareness about their

activities among the wider mathematical community. We invite our readers to contribute an
article in concurrence with the objectives of the bulletin and to give their feedback on the articles
published in this bulletin. Editorial board would like to make it clear that this is not a research
Journal and any material published in this bulletin will be subject to critical review by the board.

We thank all those who have contributed immensely in giving appropriate shape to this
bulletin in general, and to bring out this issue in particular. We also thank Prof. R. D. Holkar and
Mrs. Prajakta Holkar for the commendable work that they done in technically editing and nicely
designing the first issue of the bulletin.

Chief Editor,
TMC bulletin.
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1. Definition of Mathematics

Ravindra S. Kulkarni

Mathematics is conventionally formulated in a deductive way, that is, we fix a system of axioms,
define some notions based on axioms, and derive a body of statements following the rules of
logic. The main “rule of logic” is the implication, interpreted mostly á la binary logic. However,
this procedure cannot be applied to define Mathematics itself. Mathematics surely has its own
content which is accumulated over the centuries. In turn, it has provided methods and models for
all theory-building for all rational thought. The issue of the definition of Mathematics is about
capturing and describing the nature of Mathematics in a succinct manner.

In most parts of Mathematics, we use the “binary” logic, that is, each statement has exactly two,
mutually exclusive, truth-values, namely, “true” and “false”. If A is any statement, then either A is
true, or A is false, but not both.

For any statement A, there is exactly one negative statement which we denote by −A. If A is
true (or false), then −A is false (respectively, true). The negation follows the rules:

A and B = −A or − B, −(A or B) = −A and − B.

The implication in binary logic is defined in the following way: Let A and B be two statements,
then the third statement “A implies B”, denoted by “A =⇒ B”, is false if and only if A is true and
B is false, that is, “−(A =⇒ B) = (A and − B)”. Or equivalently, “(A =⇒ B) = (−A or B)”.
This leads to the following puzzling conclusion: If A is false then A =⇒ B is always true. But of
course, this does not mean that B is true.

If we consider binary logic as an essential part of mathematics, then the above interpretation
of implication gives the epistemology of Mathematics. The philosophical word “epistemology”
means a procedure to decide the truth (or validity) of any statement in a given human discourse.
If we think that this is all that Mathematics is about, then we could define Mathematics as a part
of binary logic having this epistemology. But most mathematicians will agree that there is much
more to Mathematics than being just a part of binary logic. In fact, some great mathematicians, for
example, H. Poincare, L. E. J. Brouwer, H. Weyl, and more recently L. A. Zadeh, , would not
even agree that binary logic is an absolutely essential part of Mathematics.

When we are looking for a definition of Mathematics, we are not looking for a definition based
on some system of axioms. Nor are we looking for some technical definition enumerating all
topics like Number Theory, Analysis, Topology, Differential Equations, etc., which are studied in a
typical syllabus in a college or a university offering a degree in Mathematics. But we are looking
for a definition which will explain the nature of Mathematics. This should be of interest even to a
person who is not taking mathematics as a profession.

Let me take a simpler example. Suppose in the natural number system, we wish to define
the notion of an even number. A natural definition of an even number is: “a number is called
even if it is divisible by 2”. But we could also define it as: “A number is called even, if, in the
decimal system of expressing natural numbers, the expression ends up with 0, 2, 4, 6, or 8”. I have
actually seen this definition stated in a textbook. It is certainly very effective in recognizing when
a given natural number is even. It even suggests exercises, how to recognize an even number
when we express natural numbers in binary, ternary and similar systems, and, furthermore, many
interesting exercises how to recognize numbers divisible by 3, 4, . . . in a given n-ary system could
be constructed. But such rules or algorithms are not natural definitions of the original notions.

Similarly, with Mathematics. In final analysis, surely, Mathematics is a certain type of human
experience. Our definition should describe the nature of this experience. To formulate such a
description, let us look at history, where in different cultural intellectual traditions, a certain type
of experience was considered as a mathematical experience.

From times immemorial, counting is accepted as a part of Mathematics. In fact, the word for
Mathematics in Sanskrit is Gan’ita, which comes from the root gan’a, which mean “to count”. In
the present author’s opinion, Mathematics is very much a human activity. It is an “invention” of
the human mind. It is not like a diver’s “discovery” of pearls at the bottom of an ocean. In fact,
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the system of natural numbers itself is a creation of the human mind. For the notion of “two” is
not the same as “two boys” or “two girls”, but it is a mental abstraction as the common property
of all pairs. All animals have a good notion of “one” and “two”. But beyond two, they can only
think of “many”. According to the experiments done by psychologists, very few animals have
a notion of “three, four, . . . ”. Even a chimpanzee does not go beyond ten. But in the Indian
intellectual tradition, the Vedas already, refer to natural numbers up to a few hundreds, and there
is a clear understanding that the system of natural numbers has infinitely many elements. It must
be admitted however, that the system is not inherent in the mind, but it needs to be taught to a
human child. The minds of other animals are not developed enough to grasp this system.

The Saankhya Darshan, attributed to Kapil Muni, enumerates twenty five basic tattwaas. The
Grammar (Vyaakaran’a) of Panini (Paan’ini), which was a major vedaanga among the six vedaangaas,
formulates 14 sutraas which is a certain classification of 13 vowels and 36 consonants. It is heralded
as a scientific way to develop a grammar of Sanskrit. In a very different context of Poetics, or the
Chhandas Vedanga, and its later development, about a hundred vruttaas (meters) are described in,
what we would now consider, a mathematical language expressed in a script based on 2 letters,
and two 1-letter words and eight 3-letter words. We now interpret this as a mathematical activity,
although it does not involve the usual type of counting and was developed originally without
reference to Gan’ita. Since it is closely associated with the system of natural numbers, it may be
described as an activity coming under the “number”-category of thought. In a still different context
of Astronomy (Jyotisha-vedaanga), the natural number system itself was extended to the rational
number system, including zero and negative numbers, and a recognition that certain other entities,
for example, a square root of 2, is not a rational number, that is, a “ratio” of two integers, but
should be considered as some sort of more general “real” number. In the history of Mathematics,
how to make sense of this “number” is described as a nightmare of the Pythagoreans.

The Shulba Sutras, which are part of the Kalpa-vedaanga, and Astronomy (Jyotisha-vedaanga),
brought about a still different perspective about what Mathematics is. The practical issues in-
volved were precise measurements of sacrificial altars, positions, and motions of stars and planets,
predictions of seasonal changes, eclipses, etc. The mathematics that developed in these contexts
was what we would now call the Euclidean and spherical geometries, using the notions of dis-
tance between two points, area (respectively, volume) of a region in 2-dimensional (respectively,
3-dimensional) space, and the angle between two rays. While distance, area, volume, angles
are numbers, they are now used, not for simple counting, but for “measuring” objects in the
3-dimensional space of everyday experience. The Mathematics involved in the 3rd and 4th books
of Bhaaskaraachaarya II (1114–1185) is concerned with calculating distances between points, areas of
regions, and calculating lengths of sides and angles of spherical triangles.

This experience suggested “space” as another category of mathematical thought quite different
from “number”. This notion of “space” is an abstraction, much more general, than the usual
experience of the 3-dimensional physical space containing material objects. A “Geometry” is
a space along with a certain scheme of measurement of objects in this space. These issues are
discussed in B. Riemann’s (1826–1846) famous paper “The hypotheses which underlie geometry”
which is one of the great philosophical papers dealing with the nature of Mathematics. At the
same time, it started a new branch of Mathematics, now called Riemannian geometry, in honor of
Riemann.

Riemannian geometry is built on differential calculus, which, in turn, implicitly assumes that
we know “real” numbers. We briefly alluded to this issue, when Pythagoreans were confronted
with the dilemma that a square root of 2 is not a ratio of two integers, but should be considered as
a more general real number. Its “existence” cannot be doubted, for it is the length of a diagonal
of a square whose two sides are of unit length, which we “see”. Similarly, we are convinced that
there must be a number which is the “exact” length of the circumference of a circle of unit radius.
Any such two lengths can be compared, as one is less than, or equal to, or greater than, the other.
Moreover, the lengths associated with rational numbers come arbitrarily close to, from both below
and above, any such length. A rather complicated model for such a system is given by infinite
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1. Definition of Mathematics

decimals. In this system, the rational numbers correspond to eventually periodic (with a finite
period) expansions. With some such understanding, some great mathematicians like Newton,
Euler, Gauss, Cauchy, Riemann and Weierstrass used real numbers, and its extension, complex
numbers, without much ado.

R. Dedekind, in his 1881 essay “What are, or what should be, the real numbers”, gave a
conceptual description in terms of certain types of ordered sets, and Archimedean field properties.
This is another great philosophical paper dealing with the nature of Mathematics. In this paper,
the system of real numbers is described as a set with a certain structure, namely, that of (i) an
ordered set, (ii) an Archimedean field. The “uniqueness” of the system comes as the uniqueness of
the set, up to a structure-preserving bijection. One great statement in the paper, is that the real
numbers are creations of the human mind. He argues that the issue is not, what “are” the real
numbers but what “should be” the real numbers, which will facilitate our expression of some of
our mathematical experiences.

This set-theoretic formulation is considered as a great achievement of Dedekind. Before
Dedekind, sets were used in Mathematics in a rather peripheral way, usually referring to finite
collections of objects. But with the development of set theory, due to Cantor, Frege, Hausdorff, et
al “sets” replaced “numbers” as a foundational object for Mathematics. Indeed, we now describe
both “numbers” and “space” as certain “sets with structures”. “Set theory” gave a new ontology
to Mathematics. The word “ontology” is used in philosophy, to indicate initial entities whose
“existence” is mentally accepted in a given human discourse. The entities may not refer to any
“material” objects. Thus, a “number system”, a “topological space”, a “measure space”, a “group”,
a “ring” or a “field” are simply sets with certain structures. None of these are “material” objects.
We do not need to “see”, “hear”, “taste”, “touch”, “utter”, or “bodily manipulate” any of these
objects!

A good example: the notion of “time” in physics. “Time” is a certain human experience, which
we can consider as a “physical” experience. In Newtonian physics, it was mathematically modeled
on real numbers, and was considered as independent of our experience of physical space. In
Einstein’s general relativistic framework, “time” is only locally modeled on real numbers, and
“physical space” also is locally modeled on triples of real numbers. But the real mathematical
entity underneath them is a 4-dimensional Lorentzian manifold! In the wake of highly successful
Quantum Theory, some physicists have speculated whether the mathematical model for time
should be real numbers, or should it be good old integers, that is, in physicist’s lingo: is “time”
quantized?

The set theory also affected the epistemology of Mathematics. It completely replaced “sense-
perception” as a method of proof, which was accepted as a pramaan’a (= a method of proving a
statement) in the Indian, and most knowledge traditions in the world. Anumaana (= implication)
- with the interpretation of A⇒ B given at the beginning- is the only pramaan’a used in most of
Mathematics.

Set theory has been immensely beneficial for explaining the nature of Mathematics. To put it
briefly:

1. The set theory gave a new ontology, and strict epistemology to Mathematics. By allowing
to create mental structures, it immensely increased mathematician’s freedom. For example,
it justified introducing the notions of a topological space, a measure space, the fundamental
group, and homology groups of a topological space, formal power series without worrying
about its convergence, etc., which, besides clarifying a large chunk of Mathematics that went
before, led to much further development.

2. It clarified the distinction of “finite” and “infinite”. In fact, it gave definitions of a “finite” set,
and an “infinite” set, and pointed out that given any infinity, there is a strictly larger infinity. In
particular, there are infinitely many infinities. Philosophy talked about “infinity” as soon as the
natural number system was conceived. But I think, the point of “infinitely many infinities” was
missed in Philosophy before the 20th century (There is however an issue, a logical difficulty,
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in talking about “a set of all infinities”, or “a set of all sets”. This has led to the notion of a
“category”). Three broad divisions in Mathematics are now recognized:

(i) that dealing with finite sets (for example, the discipline of combinatorics),
(ii) that dealing with countably infinite sets (for example, the discipline of Number Theory),

and
(iii) that involving real numbers, (for example, the discipline of continuum mechanics).

3. The set theory clarified the notion of “symmetry”, by formulating the definition of a “group”,
and related concepts. A major highly successful effort in the 20th century Mathematics was the
classification of simple finite groups, and simple Lie groups.

Still, it must be remembered that the language of Set theory with binary logic, and categories, has
been found as a convenient, highly successful, expression for Mathematics which started in the
20th century. What does it say about the nature of Mathematical thought? In view of the above
discussion, I think, most mathematicians would agree with the following formulation:

Mathematics is a creation of the human mind, trying to explain its experiences in the thought-
categories of “number” and “space”, with a careful examination of the underlying ontology and
epistemology.

From 20th century onwards, “number” and “space” are both described as certain sets with certain
structures.

Perhaps this also explains a quantum physicist Eugene Wigner’s wonder, why Mathematics
is so effective in explaining “Nature”. For indeed, Mathematics is the highest mental expression
that we have found, for any communicable, rational, theory-building in natural as well as social
sciences.

� � �

2. Controllability of Finite Dimensional Systems

Raju K. George and R. Krishnasamy
Department of Mathematics,

Indian Institute of Space Science and Technology,
Thiruvananthapuram - 695 547, Kerala, India.

E-mail: george@iist.ac.in

2.1 INTRODUCTION

Controllability is one of the fundamental properties of a controlled dynamical system which
ensures the ability of the system to steer the state of the system from any initial state to a desired
final state in a given time duration. R. E. Kalman [24] introduced the notion of controllability
in 1960’s and established the complete characterization of controllability for linear systems in
finite dimensional spaces. Subsequently many researchers extended the controllability notion
for nonlinear systems, especially semilinear systems [37] having a dominant linear part and a
nonlinear perturbation. Many of the powerful tools of nonlinear analysis like fixed point theory,
monotone operator theory, set-valued function theory, Lie Group approach etc. are employed
to establish controllability for nonlinear systems. Since the original concept of controllability
has come from control systems theory, the controllability analysis is often tested for all practical
systems controlled by external forcing terms. For linear systems, the fact that controllability
implies stabilizability triggers the study of controllability of real life systems which are required
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2. Controllability of Finite Dimensional Systems

to be stabilized. Therefore, controllability has many important applications not only in control
system theory but also in many areas such as industrial and chemical process control, reactor
control, satellite control, airframe control in aerospace, electrical bulk power Systems, aerospace
engineering, drug control in physiological systems, electric circuit theory, vibration control, thermo-
elastic Systems, quantum system theory etc. refer to [25]. In this article, we discuss the notion of
controllability for both linear and nonlinear finite dimensional systems and provide some known
controllability results. We first consider an n-dynamical system described by the vector differential
equation

dx
dt

= G(t, x(t), u(t)), 0 ≤ t0 < t ≤ t1 < ∞, (2.1)

x(t0) = x0

where, for each t ∈ [t0, t1] , I, the state vector x(t) ∈ Rn, the control vector u(t) ∈ Rm, the
function G : I ×Rn ×Rm → Rn is a continuous function, not necessarily linear. A mild solution
of (2.1) is given by the nonlinear integral equation

x(t) = x0 +
∫ t

t0

G(s, x(s), u(s))ds. (2.2)

Definition 1 The system (2.1) is said to be completely controllable on the time interval I, if for all x0, x1 ∈
Rn, there exists a control function u ∈ L2 (I; Rm) such that the corresponding solution (2.2) of (2.1)
satisfying x(t0) = x0, also satisfies x(t1) = x1.

We define the reachable set R(t0, t1), for the system (2.1) by

R(t0, t1) =

{
w ∈ Rn : w = x0 +

∫ t1

t0

G(s, x(s), u(s))ds; u ∈ L2 (I; Rm) ; x0 ∈ Rn
}

The system (2.1) is completely controllable if R(t0, t1) = Rn. The reachable set R(t0, t1) need not
be a subspace of Rn unless G is a linear function with respect to the state x(t) and control u(t). If
R(t0, t1) = Rn then the system (2.1) is said to be approximately controllable.

2.2 CONTROLLABILITY OF LINEAR SYSTEMS

We first discuss controllability of non-autonomous as well as autonomous linear systems.

2.2.1 A. Non-autonomous Linear systems

As the complete characterization for controllability of the general nonlinear system (2.1) is not easy,
many researchers considered a linearized version of it by taking the linear terms after expand-
ing G(t, x, u) in Taylor’s series about a nominal solution (x0(t), u0(t)), that is, G(t, x(t), u(t)) ≈
A(t)x(t) + B(t)u(t), where, A(t) = (aij(t))n×n = ∂Gi

∂xj
|(x0,u0) and B(t) = (bij(t))n×m = ∂Gi

∂uj
|(x0,u0) are

matrix-valued functions and G = [G1, G2, · · · , Gn]T. Then the linearized system corresponding to
(2.1) takes the form

ẋ(t) = A(t)x(t) + B(t)u(t), x(t0) = x0. (2.3)

Let Φ(t, t0) be the transition matrix generated by the matrix A(t), refer Balachandran and Dauer
[3]. The solution of the system (2.3) is given by Brockett [6]:

x(t) = Φ(t, t0)x0 +
∫ t

t0

Φ(t, s)B(s)u(s)ds. (2.4)
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In this case, the reachable set R(t0, t1) for (2.3) is defined by

R(t0, t1) =

{
w ∈ Rn : w = x(t1) = Φ(t1, t0)x0 +

∫ t1

t0

Φ(t1, s)B(s)u(s)ds; u ∈ L2 (I; Rm) ; x0 ∈ Rn
}

Obviously, for the linear system (2.3), R(t0, t1) is a subspace of Rn. As subspaces are closed
in Rn, the notion of complete controllability and approximate controllability are equivalent for
the linear system (2.3) in finite dimensional cases. To obtain the complete characterization for the
complete controllability of the linear system (2.3), we define an operator C : L2(I; Rm)→ Rn by

Cu =
∫ t1

t0

Φ(t1, s)B(s)u(s)ds.

Let ω = x1 −Φ(t1, t0)x0. From (2.4) it follows that the system (2.3) is controllable if and only if for
every ω ∈ Rn there exists a control u ∈ L2 (I; Rm) such that Cu = ω. That is, the system (2.3) is
completely controllable if and only if C is onto. The reachable set R(t0, t1) is same as Range(C).

The adjoint operator C∗ : Rn → L2(I; Rm) of C satisfying 〈Cu, v〉Rn = 〈u, C∗v〉L2(I;Rm) is given
by

(C∗v)(t) = B∗(t)Φ∗(t, t0)v.

Note that the bounded linear operator CC∗ : Rn → Rn can be realized as an n× n matrix given by

CC∗ = W(t0, t1) =
∫ t1

t0

Φ(t1, s)B(s)B∗(s)Φ∗(t1, s)ds (2.5)

and is known as the controllability Grammian. By using the above operators, the complete
controllability of the linear system is characterized in the following theorem, see Chen [8], Callier
and Desoer [12] and Zabczyk [44].

Theorem 1 The following statements are equivalent:

(i) The linear system (2.3) is completely controllable.

(ii) The control operator C is onto.

(iii) The adjoint operator C∗ is one-one.

(iv) The controllability Grammian W(t0, t1) is non-singular.

For the computation of control we are looking for a control u ∈ L2 (I; Rm) for any given ω ∈ Rn

satisfying Cu = ω. Let u = C∗v. Now we solve the equation CC∗v = ω. If CC∗ is invertible then
v = (CC∗)−1ω and hence u = C∗(CC∗)−1ω. This implies that if the system (2.3) is controllable,
the control function defined by

u(t) = B∗(t)Φ∗(t, t0)W−1(t0, t1) [x1 −Φ(t1, t0)x0] (2.6)

steers the system from an arbitrary initial state x(t0) = x0 to a desired final state x(t1) = x1 during
the time interval [t0, t1]. It can be verified easily that the control function given by (2.6) is the
minimum energy (L2-norm) control function among all other steering control functions.

Chang [7] established characterization of complete controllability of linear time-varying sys-
tems based on some results of La Salle [22].

Theorem 2 (Chang [7]) Suppose A(t) and B(t) are (n− 2) and (n− 1) times continuously differentiable,
respectively. A sufficient condition for the time-varying linear system (2.3) to be completely controllable is:
Rank[B1(t), B2(t), · · · , Bn(t)] = n, for some t > t0, where, B1(t) = B(t) and Bk(t) = −A(t)Bk−1(t) +
dBk−1

dt , k = 1, 2, · · · . Further, if the elements of A(t) and B(t) are analytic functions, then the rank condition
becomes necessary and sufficient.

[ 6 \



2. Controllability of Finite Dimensional Systems

B. Time-invariant linear systems
In case, the linear system is time-invariant, then the system takes the form ẋ(t) = Ax(t)+ Bu(t),

and Theorem 1 reduces to the following simple Kalman’s rank condition which can be easily
proved by using Cayley-Hamilton theorem, see Chen [8], which will now become a special case of
Theorem 2.

Theorem 3 The time-invariant n-dimensional system ẋ(t) = Ax(t) + Bu(t) is controllable if and only if
Rank[B|AB|A2B| · · · |An−1B] = n.

Hautus [19] established controllability of linear time-invariant system (LTI) by analyzing the
spectral properties of the system matrices. The Popov-Belevitch-Hautus (PBH) test for control-
lability is that the LTI system in Theorem 3 is controllable if and only if rank[A− λI | B] = n for
every eigenvalue λ of A, that is, the LTI is controllable if and only if for every complex λ, the
only n-vector y that satisfies y∗A = λy∗ and y∗B = 0, is the zero vector, y = 0. Note that the
time-varying linear system (2.3) is controllable if and only if all eigenvalues of the controllability
Grammian are non-zero, see George and Jaita [18]. Russell has obtained controllability results for
linear systems using steering operator method, see Chapter 2 of [32].

2.3 CONTROLLABILITY OF NONLINEAR SYSTEMS

In 1965, Markus [26] considered a nonlinear control system of the form (2.1) and obtained complete
controllability result by defining a Lyapunov function and showed that a given initial state can
be steered to the neighbourhood of the origin eventually using bang-bang controllers and under
some inequality conditions. Using fixed point theorem, Hermes [20] proved controllability for a
nonlinear system of the form ẋ(t) = f (t, x(t)) + B(t)u(t) with bounded and Lipschitz continuous
f and the matrix

∫ t1
t0

B(t)B∗(t)dt assumed to be nonsingular. In the same paper, with a totally
different approach, Hermes proved that the nonlinear system ẋ(t) = f (t, x(t)) + B(t, x(t))u(t)
is completely controllable if an associated Pfaffian system is non-integrable. In 1967, Tarnove
[39] established a “controlled solution subset”-controllability for a nonlinear system by using a
multi-valued fixed point theorem approach. Subsequently, Dauer [11] studied ε-approximate
controllability on a control solution subset for the system of the form ẋ(t) = g(t, x(t)) + k(t, u(t))
by using Kakutani-Ky Fan fixed point theorem. Here the analysis is via multi-valued function
theory with the assumption that the nonlinear function satisfies boundedness condition and
Lipschitz type condition with respect to x. Sufficient condition for controllability is established on
a bounded and closed convex set of solutions satisfying the initial and final states. A new notion of
Trajectory controllability (T-controllability) is introduced in 1996 [17] in which a control function is
sought not only to steer from an arbitrary initial state to an arbitrary desired final state but also the
control steers the system along a prescribed trajectory. It has been shown that if f (t, x) is Lipschitz
with respect to x then the nonlinear system ẋ(t) = f (t, x(t)) + b(t)u(t), x(t0) = x0, b(t) 6=
0 is T-controllable on any given smooth trajectory. Jurdjevic and Sussmann [38] established
controllability conditions for nonlinear systems using the tools of Lie algebra of Differential
geometry. Yamamoto [43] established sufficient conditions for controllability of general nonlinear
systems by transforming the controllability problem into a fixed point problem.

2.4 CONTROLLABILITY OF SEMILINEAR SYSTEMS

Let us assume that the control systems is described in the following semilinear form:

ẋ(t) = A(t)x(t) + B(t)u(t) + f (t, x(t)), x(t0) = x0 (2.7)

or in a slightly more general semilinear form:

ẋ(t) = A(t)x(t) + B(t)u(t) + f (t, x(t), u(t)), x(t0) = x0. (2.8)
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If Φ(t, t0) is the transition matrix generated by the matrix A(t) (see Chen [8]) and f (t, x) :
I ×Rn → Rn is a nonlinear function satisfying the Caratheodory conditions, i.e., f is measurable
with respect to t and continuous with respect to x, then the mild solution of (2.7) is given by

x(t) = Φ(t, t0)x0 +
∫ t

t0

Φ(t, s)B(s)u(s)ds +
∫ t

t0

Φ(t, s) f (s, x(s))ds. (2.9)

2.4.1 Reduction of controllability problem to a solvability problem

Suppose that the linear part (2.3) of the semilinear system (2.7) is completely controllable, that is,
the controllability Grammian W(t0, t1) given by (2.5) is invertible. In this case, the solution (2.9)
with the control function u(t) defined by

u(t) = B∗(t)Φ∗(t, t0)W−1(t0, t1)

[
x1 −Φ(t1, t0)x0 −

∫ t1

t0

Φ(t1, s) f (s, x(s))ds
]

(2.10)

satisfies x(t0) = x0 and x(t1) = x1. Hence the semilinear system (2.7) is completely controllable if
the coupled equations (2.9) and (2.10) has a solution. Hence controllability of (2.7) follows from
the solvability of (2.9) and (2.10). In the year 1972, Vidyasagar [41] established controllability of
the semilinear system (2.7) with an inequality condition on the nonlinear function f .

Theorem 4 (Vidyasagar [41]) Suppose that the nonlinear system (2.7) satisfies the following conditions:

(i) A(t) and B(t) are piece-wise continuous time-varying matrices and f (t, x) is continuous with respect
to x.

(ii) The linear system (2.3) is controllable.

(iii) For each pair of positive numbers (c, d) there exists an M > 0 such that.

c‖ f (t, x)‖+ d ≤ M whenever ‖x‖ ≤ M and t ∈ I

.

Then the system (2.7) is controllable.

A number of papers were published for complete controllability of semilinear systems by using
fixed point theorems, see Balachandran and Dauer [4] for a survey article. Mirza and Womack
[27] established the following theorem for a slightly more general nonlinear system (2.8) by using
Schauder’s fixed point theorem.

Theorem 5 (Mirza & Womack [27]) Suppose that the n-dimensional system (2.8) satisfies:

(i) The linear system is controllable, A(t) is continuous, B(t) has continuous first derivative f (t, 0, 0) =
0.

(ii) f (t, x(t), u(t)), ∂ f
∂x , ∂ f

∂u are continuous and uniformly bounded in I ×Rn ×Rm.

Then the system (2.8) is controllable.

Lukes [23] considered a similar system of the form (2.8) with A(t) and B(t) as constant matrices
and established controllability by converting the problem into a boundary value problem, and
using successive approximation method and Arzela-Ascoli theorem. The nonlinear function is
assumed to be bounded and the linear part is assumed to be controllable. Using general Lipschitz
type conditions with respect to x and u, controllability was proved by Aronsson [2] as in the
following theorem.
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Theorem 6 (Aronsson [2]) Suppose that the linear system is controllable and the nonlinear system (2.8)
satisfies:

(i) The entries of the matrices A(t) and B(t) are in L1(I).

(ii) t→ f (t, x, u) is measurable for each (x, u) ∈ Rn ×Rm, (x, u)→ f (t, x, u) is continuous for each
fixed t ∈ I and ‖ f (t, 0, 0)‖ ∈ L1(I).

(iii) For each M > 0 there exist a(t) ∈ L1(I) such that

‖ f (t, x, u)− f (t, y, u)‖ ≤ a(t)‖x− y‖ provided ‖u‖ ≤ M

.

(iv) For each M > 0 there exist b ∈ L1(I) and a continuous non-decreasing function µ(s) satisfying
µ(0) = 0 such that

‖ f (t, x, u)− f (t, x, v)‖ ≤ b(t)(‖x‖+ 1)µ(‖x− y‖) provided ‖u‖, ‖v‖ ≤ M

.

(v) There exist α(t) ≥ 0 and β(t) ≥ 0 both belong to L1 such that

‖ f (t, x, u)‖ ≤ α(t)(‖x‖+ ‖u‖) + β(t)

.

Then the nonlinear system (2.8) is controllable provided that
∫ t1

t0
α(s)ds is sufficiently small.

In 1976, Dauer [11] considered a similar system and established the following theorem having
nonlinearity assumptions as stated below:

Theorem 7 (Dauer [11]) Suppose that f (t, x, u) is a continuous “saturating nonlinearity”, that is, f :
I ×Rn ×Rm → Rn satisfies

lim
‖(x,u)‖→∞

‖ f (t, x, u)‖
‖(x, u)‖ = 0

uniformly for t ∈ I. Then the system (2.8) is controllable, provided the linear part is so.

When the Lipschitz constant of the nonlinear function is sufficiently small, we can prove the
complete controllability of the semilinear system as well as one can iteratively compute the steering
control for the nonlinear system invoking Banach contraction principle.

In [21] Joshi and George proved complete controllability of the semilinear system when f (t, x)
is a monotonic function.

Theorem 8 (Joshi & George [21]) If the linear part of the nonlinear system (2.7) is controllable and the
nonlinear term f satisfies Lipschitz condition with Lipschitz constant α << 1 then the perturbed nonlinear
system is controllable. Further the steering control and controlled trajectory can be iteratively computed
from the iteration scheme:

xn+1(t) = Φ(t, t0)x0 +
∫ t

t0

Φ(t, s)B(s)un(s)ds +
∫ t

t0

Φ(t, s) f (s, xn(s))ds.

un(t) = B∗(t)Φ∗(t, t0)W−1(t0, t1)

[
x1 −Φ(t1, t0)x0 −

∫ t1

t0

Φ(t1, s) f (s, xn−1(s))ds
]

The complete controllability was obtained with monotonicity conditions by Joshi and George
[21] in 1989. It has been shown that when A(t) and f (t, x) satisfy monotonicity conditions, one
can get better controllability estimate as seen in the following theorem.
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Theorem 9 (Joshi & George [21]) Suppose that the linear part of (2.7) is controllable and assume that

(i) f satisfies Caratheodory condition and ‖ f (t, x)‖ ≤ M, M > 0 ∀ x ∈ Rn.

(ii) 〈 f (t, x)− f (t, y), x− y〉 ≤ −α‖x− y‖2 ∀ x, y ∈ Rn.

(iii) 〈−A(t)x, x〉 ≥ β‖x‖2.

Then the nonlinear system (2.7) is completely controllable.

In 1990, Do [13] established the following controllability result.

Theorem 10 (Do [13]) Suppose that the linear part of (2.7) is controllable and the nonlinear function f
satisfies

‖ f (t, x, u)‖ ≤
q

∑
i=1

αi(t)φi(x, u) ∀ (t, x, u) ∈ I ×Rn ×Rm

where φi : Rn ×Rm → R+ and αi : I → R+, i = 1, 2, · · · , q are measurable functions, then the system
(2.7) is controllable if

lim sup
γ→∞

(
γ−

q

∑
i=1

Cisup{φi(x, u)} : ‖(x, u)‖ ≤ γ

)
= +∞

where C′i s are constants depending on A(t), B(t) and α(t).

2.5 CONCLUSION

Though the controllability characterization for the linear system is well established in the literature,
see [25], not much results are available for a general nonlinear system (2.1). However, there
are results for nonlinear systems for which many of the conditions are not easily verifiable for
a practical system. Instead of working on a general nonlinear system, many researchers have
considered a semilinear system consisting of a dominating linear part and a nonlinear perturbation
of the forms (2.7) and (2.8). In these papers various types of conditions on the nonlinear function
are assumed to guarantee that the nonlinearly perturbed system is controllable when the linear
part is controllable. The major conditions assumed on the nonlinear perturbation f are (a) Lipschitz
condition [21]; (b) monotonicity condition [21]; (c) uniform boundedness [27]; (d) linear growth
condition [21]; (e) sublinear condition [13]; (f) coercivity condition [21]; (g) saturated nonlinearity
condition [11]; (h) regular integral contractor condition [16]; (i) quasiboundedness condition [34]
etc. The branch of nonlinear analysis has been developed to an extensive manner, not much of its
tools have been tapped for establishing controllability results for general nonlinear systems.

Similar types of controllability criteria are also established for an infinite dimensional control
system of both linear and nonlinear types, see [9], [29] and [40]. Further, controllability conditions
for control systems with additional effects such as time-delays (both in the control and the state,
multiple time-delays in the control) [25], impulses in the system [42] etc. are also investigated
by many researchers and have been reported in the literature. Also controllability conditions for
various types of control systems such as stochastic systems [1, 31], fuzzy systems [28], Lyapunov
systems [14], networked systems [45], fractional order systems [15], integro-differential systems
[5], discrete systems [36], hereditary systems [33], singular systems [10], thermoelastic systems
[30] etc. are also derived in the literature. A brief survey on controllability of these systems will
appear in another article in the next issue of this Bulletin.
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3. Role of Mathematics in Industries and in Engineering Education

(Conversation with Dr. G. S. Grewal, Retired Deputy Director, ERDA)

Dr. G. S. Grewal obtained his Ph. D. in Materials Science and
Engineering, in the year 1989 from the Department of Chemical and
Nuclear Engineering, University of Maryland, College Park, USA,
where he was awarded a prestigious Graduate School Fellowship
and was inducted in the National Academic Honour Society, Phi-
Kappa-Phi, USA as a member for life. He obtained his M. Tech. in
Metallurgical Engineering, in the year 1980 from the IIT (BHU),
Varanasi.

Dr. G. S. Grewal is the recipient of Gujarat Government’s
prestigious Dr. Vikram Sarabhai award for the year 2005 in the
field of energy for inventing low steel hammer ring technology for
ring granulators operating in coal yards of thermal power plants.

The IIM-KK Award for the year 2008, of the Indian Institute of Metals-Baroda Chapter, was
also conferred on Dr. G. S. Grewal in recognition of his outstanding, selfless, and meritorious
contributions towards professional field.

His cumulative professional experience is more than 30 years, which includes graduate fellow-
ship research at the University of Maryland College Park and Materials Engineering Associates
(MEA) in Maryland, USA. In India, his professional experience includes assignments at the Tha-
par Centre for Industrial Research and Development (TCIRD) - Patiala Electrical Research and
Development Association (ERDA), Vadodara from where he retired as Deputy Director and Head
(MIMD) on January 31, 2019. While working with TCIRD, Dr. Grewal had also been concurrently
associated as Adjunct Faculty at the Thapar Institute of Engineering and Technology (TIET) –
Patiala.

Dr. G. S. Grewal has nearly 130 publications in National and International Journals and
Conferences and has guided 16 M. Tech. Thesis and one Ph. D. Dissertation. His areas of expertise
include Materials Science and Metallurgical Engineering and Mechanical Engineering with focus
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on Fracture Mechanics, Welding, Computational Thermodynamics, Mathematical Modelling of
Energy Systems, Mathematical Statistics, Failure Analysis as well as Reliability and Condition
Assessment of Industrial Plants and Materials.

The following are the excerpts from the conversation of Dr. Grewal with Prof. V. D. Pathak
(VDP) and Prof. V. O. Thomas (VOT).

VDP: In the TMC bulletin, we would like to promote ideas of Industrial Mathematics as we
believe that the teaching of Mathematics to students from allied disciplines like Science, Engineer-
ing or social sciences can be made more relevant if the teachers are aware about the problems
the real world and methodology used by experts in Industries to tackle them. Since you have a
rich experience in Industrial R & D, we decided to discuss these issues with you, through this
conversation. Can you please tell us about your Academic interest and the type of work you have
been doing during your professional career?

GSG: My academic and professional interests are in the general areas of materials science and
metallurgical engineering and mechanical engineering with special focus on computational ther-
modynamics, fracture mechanics, process metallurgy and welding and reliability of materials/
structures.

VDP: We started interacting with you while you were in ERDA. How long you had been in ERDA
and prior to that with which institutions you were associated with?

GSG: I joined ERDA only in 2002 and spent about 16 years and 5 months. Prior to this assignment,
I worked with the Thapar Centre for Industrial Research and Development (TCIRD), which was
run by Thapar group of companies including Crompton Greaves, Greaves Ltd, and Ballarpur
Industries Ltd (BILT). All these companies were very heavy on R & D. This centre was part of
the Thapar Technology campus which has an Engineering college (TIET) and a Polytechnic. In
this big 250 acre campus, TCIRD was located on 25 acres, and I was there for about 8 years and
worked on research projects sponsored by the Thapar Group Companies. Prior to that, I worked
in a company in USA which was engaged in fracture mechanics, fatigue and environmental
evaluation of advanced materials for various organizations. Before that, I was on a graduate
research fellowship at the University of Maryland and worked on kinetics and thermodynamics of
growth in two phase Titanium alloys.

VDP: In Thapar group, which kind of problems you focused on?

GSG: Focus was on materials development and solving problems related to corrosion, etc. In
solving corrosion problems at BILT, random variable based computational techniques were used.

VDP: Did they have any specific products?

GSG: Unfortunately, I cannot talk about specific products they were developing but everything
that they did was related to new technology.

VDP: In ERDA, did you work on problems related to Electrical engineering?

GSG: My focus was on problems related to mechanical engineering and materials.

VDP: When you interacted with Academic institutions did you work on generic problems or
some specific problems? How useful these interactions were?

GSG: For example, we interacted with you during which you were trying to optimize operations.
In a similar way, we interacted with Metallurgical Engineering department, Mechanical Engineer-
ing department as well as with Dr. Dhanesh Patel from your Applied Mathematics department
of Faculty of Technology and Engineering, M. S. University of Baroda. The inputs have been
fantastic. University faculty is generally rigorous in their work, they understand the rigour behind
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the techniques they are using and it was great to talk to them and over all great inputs were
received. In my view, Mathematics is a huge field. In fact, it is the field with largest number of
specializations, each one of them requiring years of study for mastery. Hence, to effectively use
the power of Mathematics for solving Engineering problems, one needs to interact with domain
experts in Mathematics. In my opinion, my interactions with various Mathematics professors have
been most useful in this regards.

VOT: What types of problems were tackled during such interactions and what Mathematical
tools were used for solving such problems? For example, you have ODE, PDE, Optimization
techniques, so which specific techniques you used?

GSG: Problems solved were related to fluid mechanics, advanced problems in machine dynamics
and vibrations, multivariate statistics as well as operations research. Techniques used are mostly
differential equations, statistics and numerical methods. Industrial problems are multi-objective,
multiple input-multiple output problems which involve number of parameters. Hence it requires
optimization. You do lots of actual experiments or numerical experiments and you have a large
output data. So, one needs to use decision statistics which includes techniques like Design of
experiments, Analysis of variance, Data analytics, Regression analysis etc., to identify which of
these parameters are significant and which are not and taking relevant decisions. For all practical
purposes, typical tools used were various professional FEM and CFD packages, Statistical packages
such as SPS, and of course lots of numerical analysis implemented in FORTRAN, C or PASCAL.

VOT: No neural network, Fuzzy theory?

GSG: My understanding is that lot of industries are using neural network techniques to solve
their problems. In electrical engineering, lots of fuzzy theory is being used.

VDP: Were you interested in Mathematics right from your school days?

GSG: Oh yes. I was interested in all the rigorous subjects, in particular, Mathematics and Physics
were my major areas of interest.

VDP: In general, in the Engineering institutes Mathematics departments are considered as just
service departments.

GSG: Oh yes, unfortunately it is true. Not only Mathematics but other subjects like Physics,
Chemistry, even humanities are also treated in the similar manner.

VDP: In most of the Engineering institutions, barring IITs or some elite institutions, students
do not realize the importance of Mathematics. Do you think that teachers should change their
approach in teaching Mathematics? Because, if the mathematics is taught rigorously, most of the
students are not able to keep connected. And we cannot talk about significant applications unless
one has rigorous understanding of Mathematical techniques. So there is a dilemma.

GSG: In this connection, my view is apart from undergraduate courses, each student pursuing
B. E. or B. Tech program is required to take a project in the final semester. Most of these projects
hardly have any Mathematical/ Science component. This lacuna can be corrected by associating
Mathematics/ Physics/ Chemistry faculty right from the beginning in all such projects as members
of a core team, along with engineering professors, that oversees the projects. Since Mathematics is
the language of the Science and the field of Engineering, I suggest that the Maths component should
always be included in each and every project that a student does. That is where students will learn
theorems, learn rigor, how to handle problems, and learn about quantitative interpretations.

VDP: That is a good suggestion. Do you have any suggestions for Maths curriculum that should
be taught to engineering graduates, as the rate of obsolescence is very high and day in and day
out new techniques keep coming into play?
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GSG: Well, I think the undergraduate Maths curriculum that I went through during my period in
80’s and 90’s was good enough, 85% of all technical and engineering actual real world problems
could have been solved using this Maths. Of course, since then there has been a lot of focus on
soft computing techniques like neural network, on Deep Learning, Data Science, Support Vector
Machine etc. I think this portion can also be included in the curriculum. You can focus on Deep
learning; Artificial Intelligence based techniques for problem solving. Otherwise, what Maths I
learnt in 80’s, as I understand, is still relevant.

VDP: As per the current trends, when we look at the Job prospects for Maths students in Indus-
tries, the jobs are available in areas like soft computing, AI, software development, data science etc.
But, I think, there should be jobs in core R & D sector for Maths students.

GSG: Oh Yes, there should be. In fact, right here, in Jyoti Ltd., the owner and chairman of the
company, Mr. Nanubhai Amin had set up a big R & D centre, in which there were a number of
Mathematicians along with Engineers. It was a very composite team. That vision needs to be there.

VDP: We started our interaction with Industries from Jyoti Ltd and our first collaborative project
was with them, in which their R & D personnel were involved.

GSG: Oh! O. K.

VDP: So what you are saying is absolutely right. That vision is really missing right now. Except
for big international companies or small units working on specific product development, most of
the Industries do not focus on R & D activities.

GSG: You find Mathematicians/Physicists/ Chemists working only in very big R & D centres of
Multinational or Indian multinational companies.

VDP: Yes. However, the use of Mathematics has been extended even to social sciences. But
everywhere the major focus is on data science.

GSG: Yes. Data Analytics, Data Science.

VDP: When did you first time felt the need of using rigorous Mathematical techniques in solving
Industrial/ Engineering problems?

GSG: While doing my M. Tech thesis on lamellar tearing in IIT Madras, I inferred that I will not
be able to make any meaningful conclusions if I take a route of doing some experiments, recording
some data and drawing conclusions on the basis of that. So, I decided to formulate and solve the
posed problem in an Applied Mechanics setting. Then the results and conclusions derived were
consequently most rigorous, precise and usable.

VDP: While working on Industrial problems, you must have developed Mathematical models
for many Industrial problems. So, what kind of skills are required for developing a Mathematical
model for a real world problem?

GSG: When you do Mathematical modelling, it is not just one phenomenon you are modelling.
Real world problems are coupled phenomena. There is a lot of physics involved; Chemistry is
involved, Fluid Mechanics, Heat transfer, Electromagnetism, Stress analysis and so on. Basically
you need to have a holistic understanding of the problem. You need to have a wider knowledge
base rather than a narrow focus generally most engineers tend to have. They need to broaden
their knowledge and then synthesize this knowledge for a particular application. Therefore,
what I would generally recommend is, in addition to strong foundations of Physics, Chemistry
and Mathematics, Engineers should be exposed to the rigors of modern systems theory. The
moment that happens, he is able to set up a problem in system settings and he will have the sound
conceptual understanding of the Physics behind the problem, Chemistry as well as Mathematics
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that might be required to solve the problem. Then only true Mathematical model can take place.
Otherwise, you will tend to create a model that would be too simplistic. You will not be able to do
the approximation, you may not know how to linearise the model, or whether your approximation
is perturbing a problem or it leads to entirely new problem. All these things need to be put in
proper perspective before solving modelling problem. Unfortunately, the models tend to fail when
the degree of actual complexity required is not put in. Either the model is too simplistic or too
complex and becomes intractable.

VDP: As you say that engineers should have this training, do you recommend some such training
or say, internship for about six months in some industries for mathematics faculties in Engineering
Institutes?

GSG: Specifically, I would not recommend any internship in Industries. That is not needed. The
moment when the Maths faculty come on board along with the core team of Engineers and work
on solving problems, that is where the training happens. You need not send mathematicians into
the industries.

VDP: But at least they should sit with the team and work on real world problems.

GSG: Yes. Basically the real world problem has to be understood case wise. All problems are case
specific. Whatever you choose to work on, you work closely with the core team, get on to their
wave length, and engineers should get on to mathematicians wave length and solve the problem.
Of course, you may do an Engineering degree and then a maths degree and then do Ph. D. in
Maths, but in India, this is not so easy.

VDP: The educational system is currently going through a revolution. There are many online
courses offered by experts, a lot of educational material is available online. As a result, normal
students many times are not interested in sitting in a class and learn. The gap between a student
and a teacher is becoming wider day by day. What is your opinion on this changing paradigm of
the educational system?

GSG: Well, online courses are going to even increase further and they are going to be embedded
with lots of AI systems and possibly after 10-15 years it may be difficult to distinguish between a
real teacher and an online teacher. That may happen, but my opinion is that teachers spend a lot of
time in coming to the level where they are, they are highly experienced, they have understood the
concepts, the theorems, they have thought about the problems, and have understood depth of the
subject. I do not think that at least at the present time, a student can go online and get that kind of
a virtual teacher. That can only happen with a real teacher in a class room who has gone through
the process himself and who understands the main theme of the subject.

VDP: There is always a dilemma about techniques versus rigor in engineering institutions as
students are interested in knowing only techniques.

GSG: Students certainly need techniques. But the problem happens when you do not understand
the conditions under which the techniques work. In fact, I have come across people who try to
differentiate a function which is not differentiable or solve a differential equation which does not
have a solution under given boundary conditions and due to that the results they obtain are far
from reality. So, it is not merely techniques but one must also understand the conditions under
which such techniques work. For that a lot of self study is required on the part of the students and
appropriate help from the teachers.

VDP: These days in engineering institutes there is a lot of focus on soft skills.

GSG: Yes, engineering schools need to develop managers who are required to manage business.
However, engineering schools must also produce engineers for manning scientific institutions,
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some of them will be doing science, and some will be doing teaching. So the objectives must be
very clear. Everybody should be exposed to the foundations of the subject.

VDP: They should be taught entire mathematical process, the basic ideas behind mathematical
concepts, way the results are conjectured, their rigorous proofs etc., right?

GSG: Absolutely!

VDP: These days, educational institutes are interested in organising many programs and due
to that there is very little time for real teaching and teachers are required to rush through the
curriculum.

GSG: Yes, go on rushing things; tend to solve only typical problems, only small changes in the
way the things have been taught over the years. I do not think this is going to help in developing
real engineers.

VDP: Do you have any comments on examination patterns?

GSG: Examination patterns should be more thinking oriented and not only grade oriented. The
grades are of course important, otherwise students will not seriously work. It has to be a proper
balance. You can give take-home exams, open book exams where you can ask problems which
require thinking at multiple levels, for which you need more information to solve the problem,
and see what happens.

VDP: How do you view this activity of TMC?

GSG: I think, it is very important to bring this information to the notice of the decision makers
in engineering institutes as well as among engineers. Then form various groups, have wider
interactions and figure out a method by which effective use of Mathematical techniques and rigor
can be achieved.

VDP: You have been supporting our activity of study group meetings, how did you find these
meetings?

GSG: Fantastic! I was two times a resource person in these meetings, once right in this department
and once in ITM, Vadodara. What I find that when engineers and Mathematicians work together
and when Mathematician understands engineer’s problem, he can also offer a method for solving
the problem which was not known earlier to the engineer. It was a wonderful experience.

VDP: Well, then thank you very much!

GSG: Thanks a lot! I wish your magazine a great success. Please send me a copy.

� � �

4. What is happening in the Mathematics world?

Devbhadra V. Shah

4.1 FORMULA DISCOVERED THAT GENERATES 50 PRIME NUMBERS

For thousands of years, mathematicians have tried to understand prime numbers, but so far
no one has discovered an effective formula for the primes. In number theory, no such formula
which is efficiently computable is known. Euler’s formula f (n) = n2 + n + 41 generate prime
numbers for n = 0, 1, 2, . . . , 39 but for n = 40 it produces a square number 1681. Other types of
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prime-generating formulas start with a carefully chosen number and use this to generate a string
of primes. One such formula was established by W. H. Mills in 1947, who proved that there
exists a real number A such that, if dn = A3n

then [dn] = [A3n
] is a prime number for all positive

integers n. If the Riemann hypothesis is true, then the smallest such A has a value of around
1.3063778838630806904686144926 . . . , and is known as Mills’ constant. This value gives rise to the
primes [d1] = 2, [d2] = 11, [d3] = 1361, . . .. However, very little is known about the constant A (not
even whether it is rational). This formula has no practical value, because there is no known way of
calculating the constant without finding primes in the first place. As another example, if you start
with n = 1.92878, calculate 2n and replace n with this new value, you get a sequence of numbers,
whose integer parts are primes. However, this formula cannot generate all the prime numbers as
the sequence grows too rapidly, skipping many primes and becoming more difficult to calculate.
The first few numbers generated by the above formula are 3, 13, 16381 followed by a number as
big as 105000!

Now mathematician Simon Plouffe has discovered a new method to produce long sequences
of prime numbers, improving on previous efforts. Plouffe has tried to find a formula that does not
grow too quickly and which works indefinitely. He starts with a carefully chosen prime number
10500 + 961, and uses a formula that generates a string of digits that produce a prime around 1,
00, 000 times bigger. Applying the formula again produces another prime, again only 1, 00, 000
times bigger, so the sequence grows practically slowly. So far, this method has yielded 50 prime
numbers, more than any other prime-generating algorithm to date.

For further details, readers can refer an article by Katie Steckles entitled “Formula generates 50
prime numbers” in the January 17, 2019 (page 10) issue of New Scientist.

Source: http://www.newscientist.com/article/2191045- mathematicians- record- beating- formula- can-
generate-50-prime-numbers/

4.2 SUM OF THREE CUBES PROBLEM SOLVED FOR NUMBER 33

Mathematician Andrew Booker, Reader of Pure Mathematics at the University of Bristol in the U.
K. has cracked part of a problem that had remained unsolved for 64 years. He worked out how to
express the number 33 as the sum of three cubes in the first week of April this year.

Since 1955, mathematicians have used the most powerful computers to search for triplets of non-
zero integers that satisfy the “sum of three cubes” equation n = x3 + y3 + z3, where n is a positive
integer. Sometimes solutions are easy, as with n = 29, since 29 = 33 + 13 + 13. But usually, solutions
are nontrivial, as in the case with n = 26, since 26 = (114844365)3 +(110902301)3 +(−142254840)3.

Sometimes it is known that solution does not exist, as with all integers n that are of the form
n = 9k ± 4, for any positive integer, such as the number 32. Mathematicians long wondered
whether it is possible to express the number 33 as the sum of three cubes. That is, whether the
equation 33 = x3 + y3 + z3 has a solution. This problem for the case 33 was unsolved for 64
years. Even with increasingly powerful computers and more efficient algorithms used to solve this
problem, some integers could not be expressed in this desired form.

Now, Andrew Booker has finally cracked it: He discovered that 33 = (8866128975287528)3 +
(−8778405442862239)3 + (−2736111468807040)3. Andrew Booker found this triplet of 16-digit
integers by inventing a new search algorithm. The more efficient algorithm ran on a university
supercomputer continuously for three weeks. Booker explains: “Previous algorithms didn’t know
what they were looking for. They could efficiently search a given range of integers for solutions to
n = x3 + y3 + z3, for any positive integer n. But they were not able to target a specific one, like
n = 33.” Booker’s algorithm, as he said, works “maybe 20 times faster, in practical terms”, than
algorithms that take an untargeted approach.

Until Booker found this solution, it was one of only two integers left below 100 (excluding the
ones for which solutions definitely does not exist) that still could not be expressed as a sum of
three cubes. Now the only one left is 42. Now Booker plans to look next for a solution for 42. (He
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already determined that none exists in the ten-quadrillion range; he will have to look further out
to at least 1017.)
Sources:

1. http://www.newsweek.com/uncracked-problem-mathematician-diophantine-puzzle-1384422

2. http://science.howstuffworks.com/math-concepts/mathematician- has- just- cracked- 33-problem.html

4.3 MARYAM MIRZAKHANI’S BIRTHDAY MARKED AS WOMEN IN MATHEMATICS DAY

In the World Meeting for Mathematics held in Rio de Janeiro, Brazil, in
2018, the birthday (May, 12) of late Prof. Maryam Mirzakhani, Iranian-
born genius mathematician and Stanford University professor, was
designated as a Women in Mathematics Day. The proposal was ap-
proved by several organizations for women in mathematics including
European Women in Mathematics, the Association for Women in Math-
ematics, the Colectivo de Mujeres Matemáticas de Chile (Collective of
Women Mathematicians in Chile) and Indian Women in Mathematics.

“The goal of the day (12 May) is to inspire women everywhere to
celebrate their achievements in mathematics, and to encourage an open,
welcoming and inclusive work environment for everybody.” according

to the website for the initiative.
Iranian winner of Fields Medal, also known as the Nobel Prize of mathematics, Mirzakhani,

passed away at 40 in a hospital in the U.S. on July 14, 2017. In 1994, Mirzakhani won a gold medal
in the Hong Kong International Mathematical Olympiad, to be the first female Iranian student to
have received a gold medal. In the 1995 Toronto International Mathematical Olympiad, she became
the first Iranian student to receive a perfect score and to win two gold medals. She obtained her
B.Sc., in mathematics (1999) from Sharif University of Technology, Tehran. She went to the U.S.,
and got a Ph.D. from Harvard University in 2004. Mirzakhani was diagnosed with breast cancer in
2013, a year before she set the record of the first ever woman to win the prestigious Fields Medal in
mathematics. Mirzakhani specialized in moduli spaces, Teichmüller theory, hyperbolic geometry,
Ergodic theory and symplectic geometry.
Source: http://www.tehrantimes.com/news/434454/Maryam-Mirzakhani-s -birthday- marked-world-s
-Women-in-Mathematics

4.4 MATHEMATICIANS REPORT POSSIBLE PROGRESS ON PROVING THE RIEMANN
HYPOTHESIS

The Riemann hypothesis is a fundamental mathematical conjecture, proposed 160 years ago,
that has huge implications for the rest of mathematics. Its validity has become one of the most
famous open questions in mathematics. At the heart of the Riemann hypothesis is a mysterious
mathematical entity known as the Riemann zeta function. It is intimately connected to prime
numbers and how they are distributed along the number line. The Riemann hypothesis suggests
that the function’s value equals zero only at points that fall on a single line when the function is
graphed, with the exception of certain obvious points. But, as the function has infinitely many of
these “zeros”, this is not easy to confirm. The puzzle is considered so important and so difficult
that there is a $1 million prize for a solution, offered up by the Clay Mathematics Institute.

Studying Jensen polynomials is one of a variety of strategies for attacking the Riemann hypoth-
esis. The idea is more than 90 years old, and previous studies have proved that a small subset of
the Jensen polynomials have real roots. Now, mathematician Ken Ono and colleagues have shown
that many of these polynomials indeed have real roots, satisfying a large mass of what is needed
to prove the Riemann hypothesis. Ono and his colleagues, in a paper published on May 21, 2019
in the journal ‘Proceedings of the Natural Academy of Sciences’ proved that in many cases, the
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criterion is true. However, there are still some cases where they don’t know if the criterion is true
or false. For more details refer to the following sources.
Sources:

1. http://www.sciencenews.org/article/mathematicians-progress-riemann-hypothesis-proof

2. http://www.livescience.com/65577-riemann-hypothesis-big-step-math.html

4.5 EMINENT MATHEMATICIAN V. S. VARADARAJAN AND HIS WIFE VEDA GIVE $1
MILLION TO UCLA

An India-born eminent mathematician and professor emeritus V. S.
Varadarajan and his wife Veda have given one million US dollars to
the University of California, Los Angeles (UCLA) to establish the
‘Ramanujan Visiting Professorship’ honoring legendary mathemati-
cian Srinivasa Ramanujan, who made substantial contributions to
mathematics in the early 1900s. The post will help UCLA attract
visiting faculty members in Varadarajan’s specializations, namely
automorphic forms, an important concept in number theory, and
representation theory, which has been linked to elementary par-

ticles and quantum physics. The gift is a part of the Centennial Campaign for UCLA, which is
scheduled to conclude in Dec. 2019 during UCLA’s 100th anniversary year.

Prof. Varadarajan’s career included work in various areas of mathematics and physics and his
research has been motivated by a desire to understand the role of symmetry in mathematics and
physics. He received Ph.D. in Mathematics from Calcutta University and Masters in Mathematics
and Statistics from the University of Madras. Prof. Varadarajan also has an honorary doctorate
in physics from the University of Genova, and was awarded the Lars Onsager medal from the
Norwegian University of Science and Technology for his work in mathematics. Varadarajan joined
UCLA in 1965 and retired in 2014.
Sources:

1. http://newsroom.ucla.edu/releases/professor-emeritus-gives-1-million-to-bring-visitingmathematics-faculty-to-ucla

2. http://timesofindia.indiatimes.com/ nri/us-canada-news/ india-born-eminent-mathematician -wife-give-1-million-to
-us-university/ articleshow/68312941.cms

4.6 THE SUPER MASSIVE BLACK HOLE DEPICTED

Courtesy: Prof. Vijay Potbhare, Formerly at Department of Applied Physics, MSU, Vadodara.

The present decade (2010–2019) overlaps several centenaries, related to the Einstein’s theory
of general relativity, a theory of gravitation, presented in 1915. According to it, the observed
gravitational attraction between masses is due to distortion of space and time by the masses. The
first successfully conducted experimental test of the theory was conducted on 29th May 1919, on
the occasion of total solar eclipse, passing over an island of Principe on the coast of South Africa.
Eddington could detect and measure the apparent shift of position of stars, just behind the solar
disk. The shift was predicted by the theory of general relativity, due to bending of light due to
strong gravitational field felt by the light beam as it passed near the surface of the Sun. This proof
was responsible for sudden fame of Einstein.

The theory involves complicated tensor analysis and therefore is hard to assimilate. The
theory of general relativity was considered “complicated tensor analysis” in 1920s, but is now well
understood from the advances in differential geometry that have occurred since then.

The existence of gravitational waves as predicted by the theory was confirmed by LIGO and
VERGO laboratories on 14th Sept. 2015 and was announced on 11th Feb. 2016.
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The occurrence of Black holes is another prediction of the theory. Their existence was indirectly
inferred through observation of a star motion around its unseen binary partner, which must be a
black hole. In April this year (2019), a collective effort was successful in photographing, an outline
of a giant black hole with a mass of 6.5 billion solar masses, at the centre of gigantic galaxy M87,
53 million light years away.

A black hole is a region of space, from which nothing —not even light— can escape. Despite
its name, black hole is not empty, but has huge amount of matter, packed density in a very small
volume, giving a very large gravitational pull. The minimum velocity of a projectile to escape the
gravitational pull of the earth from its surface is about 11.2 km/sec. This escape velocity from

distance R can be shown to be
√

2GM
R , where G = gravitational

constant, M = Mass of the astronomical object and R = distance
from the centre of the object. If this exceeds c, the velocity of light,

the object is a black hole. The distance R at which
√

2GM
R = c, is

called the event horizon. Anything entering the event horizon due
to gravitational attraction is totally absorbed. Astronomers have
taken the first ever image of a black hole, which is located in a
distant galaxy. It was captured by the Event Horizon Telescope
(EHT), a network of eight linked radio telescopes. ‘Image of a black
hole’ is self contradictory phase. It is not the black hole but the
region around it is photographed. It turns out that gas particles

(matter) are strongly attracted by the black hole, giving rise to their tremendous velocity. Collisions
ionize these and hence accelerated charged particles radiate according to Maxwell’s theory. If the
black hole is rotating, then the in-falling particles are in the shape of a ring and hence the region
around the black hole is seen as an intensely bright “ring of fire” surrounding a perfectly circular
dark hole. The bright halo is caused by superheated gas falling into the hole.

No single telescope is powerful enough to image the black hole, so far away. So in the biggest
experiment of its kind, Prof. Sheperd Doeleman of Harward Smithsonian centre for Astrophysics
led a project to set up a network of eight linked telescopes. Together they formed an EHT and
can be thought of as a planet sized array of dishes. Katie Bouman, an MIT student developed the
algorithm that analyzed the data from EHT.
Source: https://en.m.wikipedia.org The Black Hole � � �

4.7 AWARDS

Karen Uhlenbeck becomes the first woman to win the Abel Prize

Karen Keskulla Uhlenbeck is an American mathematician and a
founder of modern geometric analysis. His Majesty King Harald
V presented the Abel Prize for 2019 to Karen Keskulla Uhlenbeck
of the University of Texas at Austin, USA at the award ceremony
in Oslo on the 21st of May, 2019. She is the first woman to win
the prize since its inception in 2003. She was awarded this prize
“for her pioneering achievements in geometric partial differential
equations, gauge theory and integrable systems, and for the funda-
mental impact of her work on analysis, geometry and mathematical

physics”. The Abel Prize recognizes contributions to the field of mathematics that are of extraor-
dinary depth and influence. It is presented annually in Oslo by His Majesty King Harald V, and
is administered by the Norwegian Academy of Science and Letters on behalf of the Norwegian
Ministry of Education and Research. The prize amount is NOK 6 million. The choice of laureate is
based on the recommendations of the Abel Committee, which is composed of five internationally
recognized mathematicians. The Abel Prize was established in 2002 on the 200th anniversary of
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Niels Henrik Abel’s birth, and it has been awarded to 19 laureates, so far.
Karen Keskulla Uhlenbeck was born in Cleveland, Ohio, on August 24, 1942, to Arnold Edward

Keskulla, an engineer, and Carolyn Windeler Keskulla, an artist. When Karen was in third grade,
the family moved to New Jersey. Karen grew up in New Jersey and, since there was no state
university at the time, she got into the honors program at the University of Michigan. When Karen
entered the University of Michigan, she found mathematics a broad and intellectually stimulating
subject. After receiving her BA degree in 1964, she became a National Science Foundation Graduate
Fellow, pursuing graduate study in mathematics at Brandeis University. She spent a year at New
York University’s Courant Institute. Karen received her Ph.D. in mathematics from Brandeis
University in 1968 under the guidance of Prof. Richard Palais and the title of her doctoral thesis
was “The Calculus of Variations and Global Analysis”. Karen then had two temporary jobs. She
taught for a year at MIT and then went for two years to the University of California at Berkeley.

Karen taught at the University of Illinois in Chicago from 1977 to 1983, first as associate
professor and then professor. In 1979 she was the distinguished visiting professor at the University
of California, Berkeley. An Albert Einstein Fellowship enabled her to pursue her research as
a member of the Institute for Advanced Study at Princeton University from 1979 to 1980. She
published more than a dozen articles in mathematics journals during the 1970s and was named
to the editorial board of the Journal of Differential Geometry in 1979 and the Illinois Journal of
Mathematics in 1980. Karen is one of the founders of the field of geometric analysis, a discipline
that uses differential geometry to study the solutions to differential equations and vice versa. She
has also contributed to topological quantum field theory and integrable systems. Together with
Jonathan Sacks in the early 1980s, she established regularity estimates that have found applications
to studies of the singularities of harmonic maps and the existence of smooth local solutions to
the Yang–Mills–Higgs equations in gauge theory. Building on these ideas, in 1983 she initiated a
systematic study of the moduli theory of minimal surfaces in hyperbolic 3-manifolds (also called
minimal submanifold theory).

She moved again to the University of Chicago in 1983. She was elected to the National Academy
of Sciences in 1986. In 1988, she received an honorary doctor of science degree from Knox College,
and was named one of America’s 100 most important women by Ladies’ Home Journal. She was
the Noether Lecturer of the Association for Women in Mathematics in 1988. In 1990, she was a
plenary speaker at the International Congress of Mathematicians, as only the second woman (after
Emmy Noether) to give such a lecture. In 1991, Karen co-founded, with Herbert Clemens and Dan
Freed, the Park City Mathematics Institute. She also co-founded the Women and Mathematics
Program at the Institute for Advanced Study with the mission to recruit and retain more women
in mathematics. By that time, she was elected as Vice-President of American Mathematical Society.
She was awarded the Sigma XI Common Wealth Award for Science and Technology in 1995 and
National Medal of Science in 2000. She was also awarded honorary doctorates from the University
of Illinois at Urbana–Champaign in 2000 and by Ohio State University in 2001. She became a
Guggenheim Fellow in 2001. Karen was awarded honorary doctorates by University of Michigan
in 2004 and also by Harvard University in 2007. She won the Leroy P. Steele Prize for Seminal
Contribution to Research of the American Mathematical Society in 2007. In the following year,
she was elected as an honorary member of the London Mathematical Society. In 2012, she was
awarded honorary doctorate by the Princeton University. In the same year, she was elected as a
Fellow of the American Mathematical Society.

Karen is currently a professor emeritus at the University of Texas at Austin, a visiting associate
at the Institute for Advanced Study and a visiting senior research scholar at Princeton University.
Karen is a mathematician, but she is also a role model and a strong advocate for gender equality in
science and mathematics.
Sources: 1. https://en.wikipedia.org/wiki/Karen_Uhlenbeck 2. https://biography.yourdictionary.com/karen-uhlenbeck
3. https://web.ma.utexas.edu/users/uhlen/vita/pers.html 4. https://www.abelprize.no/nyheter/vis.html?tid=74161
� � �
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4.8 OBITUARY

4.8.1 Prominent mathematician Sir Michael Atiyah dies at the age of 89

Sir Michael Francis Atiyah, a British mathematician who united mathematics
and physics during the 1960s in a way not seen since the days of Isaac
Newton, died on January 11, 2019, at the age of 89. Sir Atiyah, who was
awarded the Fields Medal in 1966 primarily for his work in topology, is
considered as one of the greatest British mathematicians since Isaac Newton.

This British-Lebanese mathematician specializing in geometry was born
on 22 April 1929 in Hampstead, London, England. Atiyah grew up in Sudan
and Egypt but spent most of his academic life in the United Kingdom at
University of Oxford and University of Cambridge, and in the United States
at the Institute for Advanced Study. He was a doctoral student of William

V. D. Hodge and was awarded a doctorate in 1955 for a thesis entitled “Some Applications of
Topological Methods in Algebraic Geometry”.

He was the President of the Royal Society during 1990–1995, founding director of the Isaac
Newton Institute during 1990–1996, master of Trinity College, Cambridge during 1990–1997,
chancellor of the University of Leicester during 1995–2005 and the President of the Royal Society
of Edinburgh during 2005–2008. From 1997 until his death, he was an honorary professor at the
University of Edinburgh.
Source: http://www.nytimes.com/2019/01/11/obituaries/michael-atiyah-dead.html

4.8.2 Probability expert Harry Kesten dies at 87

Harry Kesten, the Goldwin Smith Professor Emeritus of Mathematics and
one of the most creative and influential probabilists of the 20th century,
whose insights advanced the modern understanding of probability theory
and its applications, died on March 29, 2019 at the age of 87 in Ithaca. Born
in Germany in 1931, Kesten and his family settled in Amsterdam in 1933
after fleeing the Nazis. He earned a bachelor’s in mathematics from the
University of Amsterdam, then his doctorate from Cornell. He taught for
a year at Princeton University and for two years at Hebrew University in

Jerusalem before returning to Cornell as a visiting assistant professor. He became a full professor
in 1965 and remained until his retirement in 2002. In 2001, he was awarded the Leroy P. Steele
Prize for Lifetime Achievement by the American Mathematical Society. He was a member of
the National Academy of Sciences, the American Academy of Arts and Sciences and the Royal
Netherlands Academy of Arts and Sciences.
Source: http://news.cornell.edu/stories/2019/04/probability-expert-harry-kesten-phd-58-dies-87

4.8.3 Elwyn Berlekamp, game theorist and coding pioneer, dies at 78

Elwyn Berlekamp, a professor emeritus of mathematics and of electrical
engineering and computer sciences and game theorist whose error-correcting
codes allowed spacecraft from Voyager to the Hubble Space Telescope to
send accurate, detailed and beautiful images back to Earth, died on April
9, 2019 at the age of 78. Berlekamp was born in Dover, Ohio on September
6, 1940, and later moved with his family to northern Kentucky, where he
graduated in 1958. He attended the Massachusetts Institute of Technology,
obtained a B. S. and an M. S. in electrical engineering in 1962 and a Ph.D.
in electrical engineering in 1964. That same year, he was appointed an
assistant professor of electrical engineering at Berkeley, but left in 1967 for

Bell Telephone Laboratories, where he had interned as an undergraduate. While at Bell Labs, he
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wrote his seminal book, Algebraic Coding Theory (1968), which is considered the bible of the field.
The well-known Berlekamp polynomial factoring algorithm was the first, and for many years the
most efficient, technique for finding solutions of large polynomial equations created in fields like
coding, and is still used in cryptography. He returned to Berkeley in 1971 with a joint appointment
in mathematics and electrical engineering, reduced his teaching appointment to part-time in 1982
to focus on his company, Cyclotomics, and retired in 2006.
Source: http://news.berkeley.edu/2019/04/18/elwyn-berlekamp-game-theorist-and-coding-pioneer-dies-at-
78/

5. N. S. GOPALAKRISHNAN (4.4.1935–23.11.2018)

R. Sridharan, Chennai Mathematical Institute, Chennai

No man is an island,
Entire of itself.
Each man’s death diminishes me,
For I am involved in mankind.
Therefore, send not to know
For whom the bell tolls,
It tolls for thee.
– John Donne

“Les hommes sont tous
condamnés à mort avec

des sursis indéfinis.”
–Victor Hugo

It came as a shock to me to hear that Gopalakrishnan
is no more, when I came back from the hospital, where
I had been admitted with a serious health condition. In
fact, he was one of my closest friends, one whom I had
known from our college days. We both were students
of Mathematics and were sitting next to each other in
the same bench, along with one more close friend of
ours, P. S. Venkatachari, in the Math.(Hons) classes at
Vivekananda college, Chennai, eventually to get a B. A.

Honours degree in 1955 from the Madras University. Gopalakrishnan was one of the top students
of our batch whereas Chari chose Banking and Finance as his profession. Gopalkrishnan and I
decided to go in for research in Mathematics. We applied to the T.I.F.R. Bombay, were called for
interviews at the T.I.F.R., and we both were selected as Research students in Mathematics at the
Institute. In fact, after we spent a year, learning basic Mathematics through courses during our
first year of stay, we both got interested in working on some problems in “Homological Algebra”,
thanks to the inspiring lectures of Samuel Eilenberg, who visited the Tata Institute in ’56. After he
left, we two, along with our colleague N. Ramabhadran, who was senior to us by a year, named
ourselves as members of “The Dimension Club” and used to have regular seminars, working on
the problems of computation of the so called “homological dimensions” of modules over certain
rings. We in fact wrote a joint paper, which appeared in the “Journal of the Indian Mathematical
society” in ’57-58. However, as soon as he went back to the U.S., , Eilenberg wrote to Prof. K.
Chandrasekharan, who was the Head of the Mathematics section of the T.I.F.R., offering me a
doctoral fellowship, to pursue research at the Columbia University, New York, where he was the
Dean of the Mathematics Department.

I did not want to go, but, however, when he repeated the offer once again the next year, I knew
that I had no chance but to accept it, in view of Eilenberg’s persuasion, and indeed was deputed
by the T.I.F.R. to Columbia University. I however, more or less rushed back as soon as I got my
doctorate from Columbia in 1960, but I was sad to find that both of my collaborators had left the
Institute during my absence. Gopalakrishnan had joined the University of Pune as a lecturer and
Ramabhadran was with the Madras University. This of course was an unexpected shock to me!

Soon after my coming back to the T.I.F.R., Gopalakrishnan used to visit the institute quite often
to discuss mathematics with me and we indeed collaborated on some topics related to my thesis.
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For example, we published a joint paper titled “On the Homological Dimension of Ore Extensions”
in “The Pacific journal of Mathematics”. Indeed, Gopalakrishnan wrote his PhD thesis on topics
related to such questions and he obtained his doctorate from the University of Pune. He also
invited me to the University of Pune for lecturing. In particular, I remember going to Pune every
Saturday for a month or more, to give lectures to students. I must mention in this connection at
least two of them, Mangala Gurjar and Lata Iyer, who both got their PhD from the Pune University
working on problems, suggested during these lectures.

I retired from the T.I.F.R. in 1999 and came to work at the Chennai Mathematical Institute at
the request of my dear friend Prof. Seshadri. What I thought was going to be a stay of one or
two years at the Chennai Mathematical Institute, has now become more than twenty! During
this period, Gopalakrishnan used to visit me every time he was in Chennai, usually accompanied
by our other close friend Venkatachari and we used to reminisce over our good old times with
nostalgia.

Gopalakrishnan had three children, two boys and a girl. I remember with great pleasure the
wonderful time I used to have when I visited him during my T.I.F.R. days (once with my family)
and the kindness and affection shown by him and his family. Most unfortunately, his wife passed
away a few years back, quite unexpectedly, and Gopalakrishnan went to stay in Bombay with his
second son. He gave me his cell number and we used to talk to each other on the telephone very
often. He told me many times that he was very depressed and that he derived mental strength only
through religion. He was an ardent devotee of Adi Shankara. When he learnt through my wife
that I was hospitalised here, he called her often to check whether I was getting better. As soon as I
came back from the hospital, my wife told me about his calls and I tried his cell number to inform
him that I was in better health, but though I called several times there was no response. I learnt
about his passing away quite accidentally when an old friend of mine, who is currently visiting
the Chennai Mathematical Institute, mentioned about his death. I was totally shocked and wanted
to check up with my friend Ravi Rao at T. I. F. R. whether this information was correct. Ravi Rao
confirmed it and gave me the telephone number of Gopalakrishnan’s son. After great difficulty, I
could talk to him and he told me that his father had complained of chest pain on 22 November
2018, was admitted to a hospital, where he passed away after a heart attack the next day. I told
him that I would be grateful to get from him some details about his father’s biographical data,
since I, having been a very close friend, would like write an article on him. Though he promised
that he would send some details soon, I am yet to hear from him.

Gopalakrishnan was dedicated to his profession. He worked as Head of Department of
Mathematics for many years in Pune University from time to time. He was great teacher and
he believed very strongly in the duty of a teacher to convey knowledge to his students. I have
heard about his total commitment to teaching, from many, who have been his students. I shall
now discuss a little bit about the books in Algebra that he wrote.

Gopalakrishnan wrote three books: one titled “University Algebra” and the other being “Com-
mutative Algebra”, and an additional third book containing the solutions of the exercises in the first
mentioned book “University Algebra”. The book “University Algebra” and its companion were
directed towards the needs of Indian undergraduate and Masters students, while “Commutative
Algebra” is written for graduate students. These books have had an enormous impact on students.
In those times, Indian students could not afford to buy books written by foreign authors, since they
were expensive. Gopalakrishnan, having understood the needs of Indian students, wrote books
that could be understood by them and also affordable. His books contain also a lot of exercises
which are doable and give students a lot of confidence. This was very important for graduate
students, since it looked like there was much mathematics to learn to do a Ph.D. But, after reading
Gopalakrishnan’s Commutative Algebra and solving the exercises, the students, perhaps, felt a
little better. Many of the exercises in this book turned out to be useful for doing research.

Gopalakrishnan’s University Algebra served the needs of Indian Undergraduate and Masters
students and was used, for example, by students of the Mumbai University working towards a
Bachelor of Science degree. Apart from his algebra books he also edited the book “Codes, Tableaux,
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Designs and Graphs” on combinatorics, along with N. M. Singhi, Devadatta Kulkarni and S. A.
Katre. This was based on a workshop at Pune University organized in 1989.

Gopalakrishnan was a man who always spoke gently and was never exuberant about his
accomplishments. But the one time when he really felt happy and expressed it to me explicitly was
when his book on Commutative Algebra went through a second edition and no wonder! I have
been told by many and most recently by a friend and colleague working in Computer Science that
he really learnt Commutative algebra from this book and that he bought the Second edition, since
the copy of First edition which he had, was in tatters due to its constant use by him!

Under the various contributions of Gopalakrishnan to mathematics, one should also mention
that he became the Honorary Director of Bhaskaracharya Pratishthana for a few years. He also
played an active role in its activities, for instance, he organised seminars and lectures, in which
several mathematicians participated. Because of his initiative, Bhaskaracharya Pratishthana could
complete 2 Major projects from MHRD.

This article on my dear friend Gopalakrishnan could not have existed if I had not received
help and inducement from my friends Ravi Rao and Katre. I am particularly grateful to my wife’s
cousin Parthasarathy (who incidentally was a student of Gopalakrishnan years back and has an
admiration for him) who took immense pains to help me. For instance, he talked to Varsha Gejji,
the present H.O.D., of Mathematics at the Pune University, who in turn helped me with some
details about Gopalakrishnan. My son Raja Sridharan helped me immensely by going through
the books published by Gopalakrishnan and made many useful comments. When I was doubtful
whether my health would ever permit me write an article, it was my dear friend Aravinda, who
assured me that he would see to it that I do write such an article. I am ever grateful for his immense
help in many ways. I would also like to express my warm thanks to Sambit and Aditya, who
helped me immensely in writing this article.

� � �

6. Opportunities and academic events

Ramesh Kasilingam

6.1 INTERNATIONAL FUNDING AGENCIES

1. African Institute for Mathematical Sciences (AIMS)

2. African Mathematical Union (AMU)

3. African Mathematics Millennium Science Initiative (AMMSI)

4. Brazilian Mathematical Society

5. Centre International de Mathématiques Pure et Appliquées (CIMPA)

6. Eastern Africa Universities Mathematics Programme (EAUMP)

7. Heidelberg Laureate Forum and Klaus Tschira Foundation

8. IMU Commission for Developing Countries (IMU-CDC)

9. IMU Committee for Women in Mathematics (IMU-CWM)

10. IMU Committee on Electronic Information and Communication (CEIC)

11. International Centre for Mathematical Sciences (ICMS)

12. International Centre for Theoretical Physics (ICTP)
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13. International Commission on Mathematical Instruction (ICMI)

14. International Science Programme (ISP), Uppsala University

15. Japan International Cooperation Agency (JICA)

16. London Mathematical Society (LMS)

17. Mathematical Council of the Americas (MCA)

18. National Board for Higher Mathematics (NBHM)

19. Research in Europe (Germany, the Netherlands)

20. Simons Foundation

21. Southeast Asian Mathematical Society (SEAMS)

22. Southern Africa Mathematical Sciences Association (SAMSA)

23. The European Mathematical Society Committee for Developing Countries (EMS-CDC)

24. The World Academy of Sciences (TWAS)

25. Unión Matemática de América Latina y el Caribe (UMALCA)

6.2 NATIONAL FUNDING AGENCIES

1. Department of Science & Technology (DST) http://dst.gov.in, http://serc-dst.org

2. Council of Scientific & Industrial Research (CSIR) http://www.csir.res.in

3. Indian National Science Academy (INSA) http://www.insa.ac.in

4. Bhabha Atomic Research Centre (BARC) http://www.barc.ernet.in

5. Tata Institute of Fundamental Research http://www.tifr.res.in

6. Defense Research & Development Organization (DRDO)

7. Indian Space Research Organization (ISRO) http://www.isro.org

6.3 INTERNATIONAL CONFERENCE TRAVEL GRANTS

1. Department of Science and Tech (DST), New Delhi- International conference travel grants

2. CCSTDS, Chennai- International conference travel grants

3. CSIR, New Delhi- International conference travel grants

4. DBT (Travel Support for attending International Conference/ Seminar/ Symposium)

5. Ministry of Science and Technology: Dept. of Science and Technology - International Travel
Support Scheme

6. Sir Ratan Tata Trust, Mumbai- International conference travel grants

7. International Travel Support (ITS)

8. INSA-CSIR-DAE/BRNS-CICS Travel Fellowship - Indian National Science Academy
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6. Opportunities and academic events

6.4 CATEGORIES OF DST SCHOLARSHIP FOR WOMEN

1. Scholarship for Research in Basic/Applied Science (WOS-A)

2. Scholarship for Research in S & T - based Societal Programs (WOS-B)

3. Internship for the Self-Employment (WOS - C)

6.5 SCHOLARSHIP FOR SINGLE GIRL CHILD

1. CBSE Merit Scholarship Scheme for “Single Girl Child” for +2 studies (http://cbse.nic.in/meritsc.htm)

2. UGC Post-Graduate Indira Gandhi Scholarship for Single Girl Child for PG academic session
2011-12 onwards (http://www.ugc.ac.in) ( Scholarship Rs. 2000 per month)

6.6 SCHOLARSHIPS FOR WOMEN ONLY

1. Project Saraswati Awards Scholarships (http://Www.Fairandlovely.Com)

2. J. N. Tata Endowment Loan Scholarships

3. Women candidates are exempted from paying fee for JEE application form

6.7 CSIR INITIATIVES

1. CSIR Programme on Youth for Leadership in Science (CPYLS)

2. CSIR Diamond Jubilee Research Interns Awards

3. Junior Research Fellowship (JRF- NET), JRF-GATE

4. Technology led entrepreneurship programme to Research Scholars (TEP)

5. Dr Shyama Prasad Mukherjee (SPMF) Fellowships

6. Senior Research Fellowship (SRF)

7. Senior Research Associateships (SRA-Scientist Pool)

8. Travel Grants (PTG)

9. Grant for holding Symposium/ Seminars

[The fellowships are given for doing Ph. D. Relaxation in age limit upto 5 years for SC/ ST/
OBC/ physically handicapped and women candidates. website http://www.csirhrdg.res.in.]

10. National Board for Higher Mathematics Scholarships 2011 for M.A./M.Sc. in Mathematics
http://www.nbhm.dae.gov.in

11. Kishore Vaigyanik Protsahan Yojana (KVPY) http://www.serc-dst.org

12. UGC Rajiv Gandhi National Fellowship 2011-12( for SC/ST students)

13. UGC Maulana Azad National Fellowship 2011-2012 for minority communities

14. UGC post graduate merit scholarship for University Rank Holders

15. National Handicapped Finance and Development Corporation Scholarship for Students with
Disability http://www.nhfdc.nic.in nhfdc97@gmail.com
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16. R & D Support in Earth and Atmospheric Sciences, Ministry of Earth Sciences http://rdeas@moes.
gov. in

17. DST fast track scholarships for young Scientists http://www.serc-dst.org/new/index.as

6.8 RECRUITMENT

Adhoc faculty at NIT Meghalaya, India (Manideepa Saha)
Looking for faculty in adhoc position for Autumn 2019. Date of walk-in interview for same is July
9, 2019 at NIT Meghalaya.
http://nitmeghalaya.in/nitmeghalaya/uploads 3ec76ef4b740d36d634e4c288e122715.pdf

6.9 CONFERENCES

1. Sixth India-Taiwan Conference on Discrete Mathematics (15-18 November 2019) at IIT(BHU)
Varanasi, India (Lavanya Selvaganesh). http://conferences.iitbhu.ac.in/itcdm2019/

2. Conference Groups and Their Actions (9-13 September 2019) at Silesian University of Technology
in Gliwice, Poland (Agnieszka Bier). http://mat.polsl.pl/groups/

3. Summer School “Perspectives in Linear Algebraic Groups” (August 2019) at Bochum (Alas-
tair Litterick) https://www.ruhr-uni-bochum.de/ffm/Lehrstuehle/Lehrstuhl-VI/summer-school-alg-gps-
2019.html

4. National Conference on “Recent Trends in Applied and Computational Mathematics” (July
20 – 21, 2019) at NIT Raipur, India (Sharada Nandan Raw). https://drive.google.com /open?
id=0B4o42GrxOhwOaUNBWlRDM 1R6V2 4xS Tl JZ nV EU lZ4 cm1 SRXRJ

5. International Conference on “History and Recent Developments in Mathematics with Applica-
tions in Science and Technology” ( December 17-19, 2019) at MBP Institute of Technology, New
Vallabh Vidyanagar, Gujarat, India.

6. International Conference on “Mathematical Analysis and Computing” (December 23-24, 2019)
at SSN College of Engineering, Chennai, India (S. Yugesh) http://www.icmac2019.com/

7. 8th International Conference and 24th Annual Conference of Gwalior Academy of Mathematical
Sciences, ICGAMS-2K19 (13-15th December 2019) at VIT, Bhopal University of Bhopal, M.P.,
India (Mamta Agrawal) http://www.vitbhopal.ac.in/GAMS2019

8. 34th Annual Conference of Ramanujan Mathematical Society (August 1–3, 2019) at Dept. of
Mathematics, Ramanujan School of Mathematical Sciences, Pondicherry Univ. (Rajeswari
Seshadri) http://www.pondiuni.edu.in/conferences/mathematics/34RMSConference/

9. International Conference on Advances in Higher Mathematics, Mathematical Sciences and
Mathematical Modelling (ICAHMMSMM-2019), Annual Conference of Calcutta Mathematical
Society (December 20-22, 2019) at Calcutta Math. Society, Kolkata (Koushik Ghosh, Sanjib
Kumar Datta) http://www.calmathsociety.org/uploads/69525080_ICAHMMSMM-2019_Brochure.pdf

� � �

7. Problem Corner

Udayan Prajapati

Problem solving is an effective way to understand the basic concepts and methodology of
Mathematics. Significant efforts have been done at national and international level to identify the
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7. Problem Corner

young talented students through various talent search examinations, and then groom them to
think analytically, and take an innovative approach in their professional career, may it be teaching,
research or any other profession. With a view to contribute a bit in these efforts, we have decided
to pose a problem or two for young students or faculties, in every issue of the bulletin. Readers are
invited to send their solutions by email to udayan64@yahoo.com. Most innovative solution will be
published in the subsequent issue of the bulletin.

Figure 7.1

Young kids are exposed to deductive logic method-
ology of Mathematics with the introduction of geome-
try at the primary school level. Skill to build a bridge
from hypothesis to conclusion is developed at this stage.
Geometry is a rich source of challenging problems and
finding solutions to them requires deeper understanding
of postulates, theorems and their repeated applications.
As an illustration consider the following problem:

1. Problem: Let ABCD be acyclic quadrilateral in-
scribed in circle ω with AC ⊥ BD, see Figure 7.1. Let
P be the point of intersection of AC and BD. Suppose
W, X, Y, and Z are the feet of the perpendiculars drawn
from P on the side AB, BC, CD and DA, respectively. Let
E, F, G and H be the midpoints of AB, BC, CD and DA,
respectively. Prove that E, F, G, H, X, Y and Z are con-
cyclic [IMOTC Practice Test 2017].
Solution: Using the similarity of triangles BPX and BCP,
we get BX · BC = BP2. As ∠BPC = 90◦ and F is the

midpoint of BC one can get BF · BX = BP2. Similarly, using triangles BPW and BAP, one can
get BE · BW = BP2. Thus BE · BW = BF.BX. Hence W, E, F and X are concyclic. A similar
argument yields that F, X, G and Y are concyclic. By similarity of triangles PYD and CPD one can
get ∠YPD = ∠PCD.

As E is the midpoint of the hypotenuse AB of the right angled triangle APB one can get
PE = EB. Hence ∠EBP = ∠EPB. Also the arc AD subtends equal angles at B and C, one can get
∠EBP = ∠PCD. Thus ∠YPD = ∠EPB. Hence Y, P and E are collinear. By a similar argument
G, P and W are collinear. Thus line segment GE subtends a right angle at W as well as at Y. Hence
G, Y, W and E lie on the circle having diameter GE. Thus the circumcircles of W, E, F, X; F, X, G, Y
and G, Y, W, E have radical axis GY. Also the line segments XF and WE are not concurrent. So
G, Y, W, E, X and F lie on a circle and H, as well as, Z lie on the same circle. The centre of the circle
is the intersection of the two line segments GE and HF.
2. Problem for this issue: In an acute-angled triangle ABC, points D and E lie on side BC such
that B–D–E–C. Let O1, O2, O3, O4, O5, O6 be the circumcentres of triangles ABD, ADE, AEC, ABE,
ADC, and ABC, respectively. Prove that O1, O3, O4 and O5 are concyclic if and only if A, O2 and
O6 are collinear [IMOTC Practice Test 2017].

� � �
Do you know?: Sir M. Atiyah got Fields medal for his works in K-theory; he proved the index

theorem of elliptic operators on complex manifolds jointly with Singer, and a fixed point theorem
in collaboration with Bott. Atiyah and Patodi gave a new proof of the index theorem using the heat
equation in 1973. Atiyah is acclaimed for his mathematical writing style. Many of Atiyah’s students
are also well-known mathematicians, e.g., Graeme Segal and Nigel Hitchin are Pólya Prize winners,
and Simon Donaldson is a Fields medalist. In September 2018, Atiyah claimed a simple proof of
the Riemann hypothesis in a talk at the Heidelberg Laureate Forum. Even though his claims were
not accepted by the mathematical community, this event grabbed attention in the scientific world!
This talk is available on YouTube. https://www.youtube.com/watch?v=jXugkzFW5qY. The talk
is even otherwise astounding due to an extensive sketch of the history of the Riemann hypothesis.
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