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From Editors’ Desk

Looking at the recent developments in Mathematics, it is evident that the advancement in
computing technology plays a significant role in resolving many of the long pending Mathemat-
ical problems and in proving or disproving conjectures made by great Mathematicians long ago.
As mentioned in the news section of this bulletin, using muscle power of modern computers, it
is also possible to compute millions of digits in the decimal expansion of π, expressing integers
as sums of three cubes and many other problems of this nature, which attracts the attention of
common man who is even remotely interested in Mathematics. In 1864, Charles Babbage said
that “As soon as an analytical engine exists, it will necessarily guide the future course of the sci-
ence. Whenever any result is sought by its aid, the question will then arise by what course of
calculation can these results be arrived at by the machine in the shortest time?” What he per-
haps meant was although the increase in raw computing power cannot be discounted, but far
more significant is the discovery of more and more efficient algorithms to solve the problem. This
strikingly modern thought, is nowadays more valid than ever, because the faster your computing
equipment, the more you stand to gain from efficient algorithms.

The two feature articles by Prof. John Meakin and Prof. Andreas M. Hinz in this issue high-
light this aspect of Mathematics. The first article discusses the algorithmic problems in algebra
and the other talks about the famous puzzle “The Tower of Brahma (The Tower of Hanoi)”, the
time complexity of the algorithm to solve the puzzle and some Mathematical questions related
to that. In the third article, Prof. M. H. Vasavada pays tribute to reputed Mathematician Prof.
A. R. Rao from Gujarat who was a great problem solver, keenly interested in Geometry and who
gained reputation as the father of hands on mathematics. We also pay our tributes to those Math-
ematicians who left an ever lasting impact on certain areas of Mathematics before leaving this
world in recent past. The other items included in this issue are, latest developments in the field
of Mathematics, notable awards and honors earned by Mathematicians, report on ICIAM 2019,
information about the forth coming academic events and an account of TMC activities.

The first issue of TMC bulletin was published in July, 2019 and we received quite encourag-
ing comments from some of our readers. However, we expect more constructive feedbacks on
various articles published in the issue and make the bulletin as a discussion forum on various
issues connected with Mathematics education and research. We encourage our member societies
to use this platform to spread awareness about their activities among the wider mathematical
community. We invite our readers to contribute an article in concurrence with the objectives of
the bulletin. Editorial board would like to make it clear that this is not a research Journal and any
material published in this bulletin will be subject to critical review by the board.

We are really happy to bring out the second issue of the volume 1 of the bulletin in October,
2019. We thank all the authors who have contributed the articles in this issue, all the editors, our
designers Mrs. Prajkta Holkar and Dr. R. D. Holkar and all those who have directly or indirectly
helped us in bringing out this issue on time.

Chief Editor,
TMC bulletin.

“The burgeoning field of computer science has shifted our view of the physical world from
that of a collection of interacting material particles to one of a seething network of infor-
mation. In this way of looking at nature, the laws of physics are a form of software, or
algorithm, while the material world-the hardware-plays the role of a gigantic computer.”

-Paul Davies
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1. Algorithmic problems in Algebra

John Meakin
Department of Mathematics,University of Nebraska-Lincoln,

Lincoln, Nebraska 68588 USA

1.1 INTRODUCTORY IDEAS

We use algorithms all the time in mathematics and computer science - for ex-
ample to write programs that will enable computers to do something. We want
efficient algorithms to enable fast solutions to anything a computer can do. But
what is an algorithm? Are there any limits on what computers can ever do or
the kinds of problems that can be solved by computers? And what exactly
do we mean by saying that an algorithm is efficient or that a problem can be
solved efficiently?

Intuitively an algorithm is a finite step by step procedure that enables us
to solve some kind of mathematical problem in a predictable finite amount of

time. We have some mathematical problem and we seek an algorithm with the property that
if we somehow encode the problem in a suitable way, then feed the problem as input into the
algorithm, then the algorithm will stop after a finite number of steps and output the solution to
our problem. Many mathematical problems are amenable to attack this way, and all computer
programs depend on some kind of algorithm to enable them to do what we want them to do.

Example 1.1.1 [The Euclidean algorithm] How do we find the greatest common divisor (a, b) of two
integers a and b? This is easy if a and b are small - e.g. (12, 15) = 3 (we did this by factoring the
integers 12 and 15 and quickly observing the largest common factor). But what if the integers are large,
say involving hundreds of digits? Even for relatively small integers, it is inefficient computationally to
factor the integer as a product of primes. Euclid provided an algorithm over 2,000 years ago (in Book VII
of his famous “Elements") that is much more efficient than factoring integers into products of primes if the
integers are large.

Euclid’s Algorithm. Given integers a and b with a > 0, apply the Division Theorem succes-
sively as follows:

b = aq1 + r1 where 0 ≤ r1 < a,
a = r1q2 + r2 where 0 ≤ r2 < r1,
r1 = r2q3 + r3 where 0 ≤ r3 < r2,
........
rn−2 = rn−1qn + rn where 0 ≤ rn < rn−1,
rn−1 = rnqn+1 (i.e. rn divides rn−1, and we stop).
When we reach the point where rn divides rn−1, then rn is the greatest common divisor of a

and b.

In addition to providing an efficient way to calculate the greatest common divisor of two large
integers, Euclid’s algorithm also has many important theoretical consequences. For example,
it is easy to use Euclid’s algorithm to prove Bezout’s identity, which is an important fact used
repeatedly in elementary number theory.

Theorem 1 If the greatest common divisor of two integers a and b is d, then there are integers u and v
such that d = au + bv.

In fact Euclid’s algorithm also provides an algorithm to find integers u and v such that d =
au + bv. Just work backwards in Euclid’s algorithm to solve each remainder in terms of the
previous ones. For example, it is easy to see that (1876, 365) = 1. By working backwards in the
computations involved in doing this using Euclid’s algorithm, we can see that 1 = (1876)(136)−
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(365)(699). So one solution to 1 = (1876)u + (365)v is u = 136, v = −699. There are infinitely
many other integer solutions, all easily obtained from the one we found using Euclid’s algorithm.
Even for this small example, it is not entirely trivial to find integer solutions to this equation.

Example 1.1.2 Gaussian elimination As a second example, consider the problem of finding all simultane-
ous solutions to a system of linear equations (or showing that there is no solution to the system of equations).
This is easy to do by ad hoc methods for small numbers of equations in a small number of variables, but
what if we have many equations and many variables (say thousands of equations and variables)? Such
systems arise all over the place in mathematics and its applications in science and engineering, for example
in network analysis, balancing chemical equations, allocation of resources and so on.

Clearly we need a systematic way for solving a system of n linear equations
a1,1x1 + a1,2x2 + ... + a1,nxn = b1,
a2,1x1 + a2,2x2 + ... + a2,nxn = b2,
...
an,1x1 + an,2x2 + ... + an,nxn = bn

in the n variables x1, x2, ..., xn, or equivalently solving the matrix equation Ax = b where A =
(ai,j) is the n × n matrix of coefficients of the system, b is the n × 1column vector of right hand
sides b = (bj) and x is the n × 1column vector of variables x = (xj). In some cases, there may
be an obvious ad hoc method of finding a quick solution, but in general we need an algorithm of
some kind to handle this problem.

A standard algorithm for doing this is the process of Gaussian elimination which reduces the
problem to solving an equivalent system of linear equations where all coefficients ai,j are zero if
j < i (i.e. the matrix A is in row echelon form). Note that in this case, the last equation just becomes
an,nxn = bn, which is easy to solve (or has no solution if an,n = 0 and bn ̸= 0). Then when we have
solved for xn we can back substitute into the equation an−1,n−1xn−1 + an−1,nxn = bn−1 to solve
for xn−1 and so on. Gaussian elimination involves a systematic way of applying elementary row
operations to reduce the system to an equivalent system whose coefficient matrix is in row echelon
form. The details of Gaussian elimination may be found in virtually any text on linear algebra or
matrix theory. It provides an efficient algorithm for solving a system of linear equations which
may be easily extended to provide the general solution to an arbitrary system of m linear equation
in n variables.

Example 1.1.3 [The Simplex Algorithm] This is an algorithm for solving linear programming problems
of the form: maximize the quantity c1x1 + c2x2 + ... + cnxn (the objective function) subject to constraints
of the form

a1,1x1 + a1,2x2 + ... + a1,nxn ≤ b1,
a2,1x1 + a2,2x2 + ... + a2,nxn ≤ b2,
...
am,1x1 + am,2x2 + ... + am,nxn ≤ bm,
xi ≥ 0

where the xi are unknowns and the ci, bi are constants with bi ≥ 0.

The feasible region, defined by all values of x such that x ≥ 0 and Ax ≤ b, is a (possibly
unbounded) convex polytope. If the objective function has a maximum value in the feasible
region, then its maximum value occurs at (at least one of) the vertices (extreme points) of the
polytope. This reduces the problem to a finite number of computations, but there may be a very
large number of extreme points, so it may be not practical to try them all. However, for very small
linear programming problems, this provides an easy solution.

In general, it can be shown that if an extreme point is not a maximum point of the objective
function then there is an edge containing the point so that the objective function is strictly increas-
ing on the edge moving away from the point. If the edge is finite then the edge connects to another
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extreme point where the objective function has a greater value, otherwise the objective function
is unbounded above on the edge and the linear program has no solution. The simplex algorithm
applies this insight by walking along edges of the polytope to extreme points with greater and
greater objective values. This continues until the maximum value is reached or an unbounded
edge is visited, concluding that the problem has no solution. The algorithm always terminates
because the number of vertices in the polytope is finite; moreover since we jump between vertices
always in the same direction (in which the objective function increases), we hope that the number
of vertices visited will be small. For details of the simplex algorithm, see many online sources or
any text on algorithms or linear programming, for example the text by Katta G. Murty [25].

While the simplex algorithm is very efficient for almost all linear programming problems, it
can be shown that there are some such problems for which the program is not at all efficient. More
recently other quite different algorithms have been developed for solving linear programming
problems.

All mathematicians would agree that the three examples discussed in this section (Euclid’s
algorithm, Gaussian elimination, and the simplex algorithm) are indeed algorithms (and there
are vastly many more procedures that everyone would recognize as algorithms), but what is
the actual definition of an algorithm and how could we use it to prove that there is possibly no
algorithm to solve a particular problem, or to show that there is no efficient algorithm to solve the
problem? In other words, are there real limits to what can ever be done by a computer or what
can be done efficiently by a computer, no matter how smart we are at programming the machine
or storing information?

It turns out that there are many mathematical problems that are provably impossible to solve
with any computer, at least given our current understanding of what a computer is and what an
algorithm is. And there are problems that we believe admit no efficient algorithmic solution, but
which may be solved by a very powerful computer. For example, it is believed that the problem
of factoring a large integer into a product of primes is computationally extremely inefficient, but
the standard for this changes over time with improvements in computer power and factoring
algorithms. It is worth remarking that the computational difficulty of factoring large integers
as products of primes is a key ingredient in the security of the RSA cryptosystem, which is a
modern cryptosystem (based on classical number-theoretic results that Euler proved around 300
years ago) that is used to encode sensitive information like bank transfers.

1.2 POLYNOMIAL EQUATIONS

The problem of solving polynomial equations in one variable is very classical. It is trivial to
find the solution to a linear equation of the form ax + b = 0 (where a and b are real numbers).
Solutions to a quadratic equation ax2 + bx + c = 0 are given by the quadratic formula. There are
also very complicated formulas, due to Cardano around 1545, for solving general cubic equations
ax3 + bx2 + cx + d = 0 and quartic equations ax4 + bx3 + cx2 + dx + e = 0. However the problem
of finding a formula for the solutions to the general polynomial equation anxn + an−1xn−1 + ... +
a1x + a0 = 0 in terms of the usual arithmetic operations of addition, subtraction, multiplication,
division and extraction of roots proved very elusive for centuries until Abel proved in 1824 that
no such (general) formula exists if n ≥ 5. Abel’s proof makes use of a branch of modern algebra
known as Galois theory: it was one of the great achievements of 19th century mathematics. The
proof is contained in most graduate level texts on modern algebra or Galois theory, for example
the book by David Dummit and Richard Foote [6].

More generally, there is a deep study of the set of (complex) solutions to polynomial equations
in several variables with complex coefficients. This forms an essential part of the modern subject
of algebraic geometry, one of the deepest areas of modern mathematics. There are many texts on
algebraic geometry, for example the text by Robin Hartshorne [9].

Polynomial equations (in several variables) with integer coefficients are called diophantine equa-
tions. For example, the equations 2x + 4y + 2 = 0 or 5x3y2 + 2xy4 + 7 = 0 are diophantine
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equations in the two variables x and y. It is easy to see that both of these equations have inte-
ger solutions: namely x = 1, y = −1 is clearly a solution in integers to the first equation and
x = −1, y = 1 is a solution in integers to the second equation. On the other hand, the diophantine
equation 2x + 4y − 1 = 0 clearly does not have any integer solutions since 2x + 4y is an even
integer for any choice of integers x and y. In fact it is easy to see using Bezout’s identity (Theorem
1) that a linear diophantine equation in two variables of the form ax + by − c = 0 has integer
solutions if and only if the greatest common divisor (a, b) of a and b is a divisor of c. So some
diophantine equations have integer solutions and some do not.

At the International Congress of Mathematicians in Paris in 1900, David Hilbert posed a fa-
mous collection of 23 problems that have inspired a great deal of mathematics for over 100 years.
The tenth of Hilbert’s problems (Hilbert’s 10th problem) can be formulated as follows:

Find an algorithm that on input an arbitrary diophantine polynomial p(x1, x2, ..., xn), decides
whether or not the diophantine equation p(x1, x2, ..., xn) = 0 has any integer solution.

Hilbert asked for an algorithm to solve the problem, but it was eventually proved by Matiya-
sevich in 1970, building on work of Davis, Putnam and Robinson, that no such algorithm exists!
Of course if we are given a particular diophantine equation such as the ones above, it may be very
easy to decide whether the equation has integer solutions, but Matiyasevich’s result shows that
there is no general algorithm for deciding this question.

1.3 DECIDABILITY AND UNDECIDABILITY

It is clearly impossible to prove a result like Matiyasevich’s solution to Hilbert’s 10th problem un-
less one has a rigorous definition of what an algorithm is. In the 1930’s several logicians (Kleene,
Church, Markov, Post, Turing..) proposed concepts that were used to give formal definitions of an
algorithm. These concepts enabled a rigorous description of computable functions and decidable
and undecidable problems. It was shown that all of these definitions of computable functions co-
incided, so it was generally accepted that any of them could be used as an appropriate definition
of a computable function. The most commonly used is the concept of a Turing machine, introduced
by Turing in 1936.

The basic model of a Turing machine has a finite control Q (set of internal states), an input
tape that is divided into cells, and a tape head that scans one cell of the tape at a time. There is a
set F of final states and a designated start state q0. The tape has a leftmost cell but is infinite to the
right. Each cell of the tape may hold exactly one of a finite number of tape symbols from a set Σ.
Initially, the n leftmost cells hold the input, which is a string of symbols chosen from a subset of
the tape symbols called the input symbols. The remaining infinity of cells hold a blank B, which
is a special tape symbol that is not an input symbol. In one move, the Turing machine, depending
on the symbol scanned by the tape head and the finite control, changes state, prints a symbol on
the tape cell scanned, replacing what was written there, and moves its head left or right one cell.
The finite set of instructions determining what the machine does when it is in state q reading an
input symbol σ is essentially a program defining the operation of the machine.

The language L(M) accepted by a Turing machine M is the set of all words w (finite strings of
input letters) that cause M to enter a final state when it is started in the start state with the word w
entered on the tape and the reading head scanning the leftmost symbol in w. So L(M) ⊆ Σ∗, the
set of all finite strings of letters in Σ. We can assume without loss of generality that the machine
halts when the input is accepted.

A language L ⊆ Σ∗ that is accepted by a Turing machine is called recursively enumerable. If L
is such a language, M is a Turing machine recognizing L and w is in L, then M eventually halts
on input w. But as long as M is still running on some input, we can never tell whether M will
eventually accept if we run it long enough, or whether M will run forever. A language L is called
recursive if it is accepted by at least one Turing machine M that halts on all inputs. Thus if L is
recursive, some Turing machine M decides whether any given word w ∈ Σ∗ is in L or not, that
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is, M provides an algorithm to decide membership in L. It is a (non-trivial) fact that there are
recursively enumerable languages that are not recursive.

There are many variations on the definition of a Turing machine, and many sophisticated
ways of encoding some mathematical problems so as to convert the problem into one of deciding
membership in some language. Once we have converted our problem into one whose answer is
either “Yes" or “No", and then encoded all instances of the problem by strings over some finite
alphabet, then we can transfer the question of whether there exists an algorithm to solve the
problem into whether or not a particular language is recursive. This may be extremely difficult
to do of course. For example, reducing Hilbert’s 10th problem to this form is a highly non-trivial
piece of mathematics. A problem whose language is recursive is called decidable. Otherwise the
problem is undecidable.

There is a large literature devoted to decidable and undecidable problems, recursive functions,
and related notions from mathematical logic and theoretical computer science. See for example
the book by Martin Davis [4] for an introduction to this subject.

In the work leading up to the eventual solution to Hilbert’s 10th problem, Matiyesevich found
that there are close connections between solutions to diophantine equations and recursively enu-
merable languages. His solution to the problem then uses the fact that there are recursively enu-
merable languages that are not recursive. Thus Matiyesevich’s solution to Hilbert’s 10th problem
may be stated as follows.

Theorem 2 Hilbert’s 10th problem is undecidable.

For a self contained proof of this theorem, see the article by Martin Davis [5].
I will close this section with a very brief excursion into the field of computational complexity,

which roughly aims to describe and quantify how efficient an algorithm is or how complex (from
a computational point of view) an algorithmic problem is. Computational complexity is usually
based on the amount of time, space, or other resource needed to recognize a language on some
universal computing device such as a Turing machine. One defines computational complexity
classes of problems and tries to classify problems according to the complexity class that they
belong to.

For example, the complexity class P consists of all those algorithmic problems that can be
solved on a sequential machine (such as a Turing machine) in an amount of time that is polyno-
mial in the length of the input. Problems in P are said to have a polynomial time algorithm for
their solution. They are thought to be computationally feasible or efficient. On the other hand,
the complexity class NP consists of all those algorithmic problems whose solutions can be found
in polynomial time on a non-deterministic Turing machine. A non-deterministic Turing machine
differs from a deterministic Turing machine in that when it is in a given state reading an input
symbol it may choose any one of finitely many options for choosing the symbol to write on the
tape, the state to move into, and the direction of motion of the reading head. Clearly P ⊆ NP.
Problems in NP are viewed as computationally difficult. The fundamental question of interest,
and one of the most difficult open problems in theoretical computer science, is whether P = NP.
This is in fact one of the seven so-called Millenium problems posed by the Clay Mathematical
Institute, for which the institute offers a cash prize of US$1,000,000 for the first correct solution.

There are many other complexity classes, some based on time complexity and others on space
complexity considerations, and a large literature devoted to the study of the relationship between
complexity classes and the classification of the computational complexity of many algorithmic
problems in mathematics. For an introduction to this subject, see the book by Hopcroft and Ull-
man [12] or the book by Arora, Sanjeev; Barak, Boaz [2].

The remainder of this article will be devoted to a discussion of some algorithmic questions in
modern algebra, particularly in the theories of groups and semigroups.
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1.4 GROUPS AND SEMIGROUPS

A semigroup is a set S together with a binary operation (that we could denote by ∗ or simply by
juxtaposition) such that

(a) a ∗ b ∈ S for all a, b ∈ S. (Closure axiom)

(b) (a ∗ b) ∗ c = a ∗ (b ∗ c) for all a, b, c ∈ S. (Associative law)

Semigroups are ubiquitous in mathematics. Apart from the usual examples of semigroups that
one encounters in elementary arithmetic (such as the integers, or the real numbers, with respect
to either addition or multiplication), most undergraduates in mathematics know that matrix mul-
tiplication is associative, as is composition of functions. There are a large number of semigroups
even with a small number of elements. For example, up to isomorphism there are 15,973 semi-
groups of order 6 (i.e. there are 15,973 essentially different ways to define an associative multipli-
cation on a 6-element set!).

An elementary theorem in the subject asserts that every semigroup embeds in a suitable full
transformation semigroup, that is the semigroup (TX, ◦) of functions from a set X to itself with
respect to composition of functions. In other words, every semigroup can be identified with
a semigroup of functions from some set X to itself (but not necessarily with all functions from
X to X of course). Semigroups arise very naturally in many parts of mathematics and other
subjects: for example there are strong connections between semigroups and formal language
theory, automata theory, operator algebras, topology, geometry, and a host of other subjects. For
an elementary introduction to the algebraic theory of semigroups, see the book by John Howie
[13].

A semigroup is called a monoid if it possesses an identity element - i.e. an element e such that
a ∗ e = e ∗ a = a for all a. It is easy to prove that a monoid has a unique identity. A group G is
a monoid in which every element possesses an inverse, i.e. for all a ∈ G there exists an element
b ∈ G such that a ∗ b = b ∗ a = e. In that case it is easy to prove that such an element b is uniquely
determined by a: it is usually denoted by a−1 and is called the inverse of a in G.

Again, groups arise all over the place in mathematics and its applications. For example the
set GLn(R) of invertible n × n matrices with real entries forms a group with respect to matrix
multiplication; and the set SX of all permutations of a set X forms a group, called the symmetric
group, with respect to composition of functions. Cayley’s theorem asserts that every group may
be embedded in a suitable symmetric group - i.e. groups may be considered as groups of permu-
tations. Groups are ubiquitous but not as ubiquitous as semigroups of course. For example there
are only two groups of order 6 up to isomorphism and in fact there is only one group or order p
for any prime p. There is a very deep and detailed literature about the structure of finite groups
and many books about the subject - see for example the book by John Humphreys [14]. Virtually
any general book on modern algebra (for example [6]) will have chapters and lots of information
about group theory in fact.

There is a very strong, classical connection (developed out of the early work of Klein, Fricke
and Poincaré in the latter part of the 19th century) between group theory and topology via the
notion of the fundamental group of a topological space and various other groups that are invari-
ants of topological spaces and geometric structures. Much of the subject of algebraic topology is
concerned with studying spaces via these groups. Any book on algebraic topology will provide
a wealth of information about this - for example, Allen Hatcher’s book [10].

Groups also arise naturally in connection with the study of symmetry in mathematics. For
example, the dihedral group D2n is the group of symmetries of a regular n-gon (for n ≥ 3), i.e the
rigid motions in 3-space that take a copy of the n-gon, move this copy in any way in 3-space and
place it back on the original n-gon so that it exactly covers it. The operation is composition of
symmetries. It is not too difficult to see that this group has 2n elements: if n = 3 (i.e. the n-gon is
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an equilateral triangle), then the group D6 may be naturally identified with the symmetric group
S3. We say that these groups are isomorphic, i.e. there is a one-to-one function of one group onto
the other one that preserves the group operation. Groups play a large role in crystallography,
where the symmetries of the crystal give important information.

For groups, monoids and semigroups we often just use juxtaposition to denote the binary
operation (i.e. we just write ab instead of a ∗ b). If we adopt this convention, then the identity of a
monoid will usually be denoted by 1 instead of e. If the semigroup is commutative, i.e. a ∗ b = b ∗ a
for all a, b ∈ S, then we sometimes (but not always) use additive notation and denote a ∗ b by
a + b: in that case the (additive) identity of a commutative monoid is usually denoted by 0 of
course. Commutative groups are referred to as abelian groups in the literature. Thus for example,
(Z,+) is an abelian group but the dihedral group D2n is not abelian.

1.5 GENERATORS AND RELATIONS

A subset A of a semigroup S is called a set of generators for S if every element of S can be written
somehow (not necessarily uniquely) as a finite product in S of elements of A. In this case we
say that S is generated by A and write S = ⟨A⟩. A subset A of a group G is called a set of
generators for G if every element of G can be written somehow as a finite product of elements of
A or inverses of elements of A. That is, if g is an arbitrary element of G then there exist elements
a1, a2, ..., an ∈ A such that g = a±1

1 a±1
2 ...a±1

n . (Here the ai are not necessarily distinct of course.)
For example, the group (Z,+) of integers with respect to addition is generated by the single

element 1 since every positive integer n can be written as a sum n = 1 + 1 + ... + 1 (n times) and
every negative integer is a finite sum of copies of −1 (the additive inverse of 1). The integer 0
(the additive identity of the group Z) is by convention a sum of zero copies of 1. We can also
use {−1} or {2, 3} as a set of generators for (Z,+) of course - i.e. there is nothing unique about
a generating set for a group or semigroup. However, {2, 4} is not a set of generators for (Z,+)
since it is not possible to write 1 as a sum of copies of ±2 and ±4.

As another example, consider the dihedral group D2n. The group D2n is generated by two
symmetries, namely the rotation r that rotates the regular n-gon an angle 2π/n clockwise about
the center O of the n-gon, and the reflection s in 3-space about the line through O and one of
the vertices of the n-gon. Note that rn = s2 = 1 and rs = sr−1. One can check that every
other relationship that holds between the generators r and s of D2n is a consequence of these
relations. We say that D2n is presented by the generators r and s subject to these relations, and we write
D2n = Gp⟨r, s : rn = s2 = 1, rs = sr−1⟩. One can view the relations as additional constraints on
the generators r and s (beyond the laws rr−1 = r−1r = ss−1 = s−1s = 1 needed to make D2n
a group). In general, groups and semigroups and other algebraic structures are often given by
means of generators and relations. The relations are additional constraints that the generators of
a free group (or free semigroup) must satisfy.

Let X be a (non-empty) set and consider the set X+ of all finite strings of the form w = x1x2...xn
with each xi ∈ X and n ∈ N = {1, 2, 3...}: w is called a word over X. (Think of X as an alphabet
and w as a word in the letters of the alphabet.) One can multiply words simply by concatenating
them: (x1x2...xn).(y1y2...ym) = x1x2...xny1y2...ym. Clearly this multiplication is associative, so
X+ is a semigroup generated by X. There are no constraints on the generators other than the
associative law which must hold in any semigroup, so X+ is the free semigroup on X. If S is any
semigroup generated by X, then there may be additional constraints on the generators, so S is a
homomorphic image of the free semigroup X+. Thus every semigroup is a homomorphic image
of some free semigroup. Let X∗ = X+ ∪ {Λ}, where Λ denotes the empty word. Then X∗ is
a monoid (with identity Λ) and X∗ is the free monoid on X. Every monoid is a homomorphic
image of some free monoid.

For example, if X = {a, b} and we impose the relation ab = ba on the generators, then we
denote the resulting semigroup by S = Sgp⟨a, b : ab = ba⟩. It is obvious that every element of S
can be uniquely written in the form aibj for some i, j ≥ 0 (not both 0). It is easy to see that S is
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commutative, in fact S is isomorphic to the direct product N × N of two copies of (N,+), where
(N,+) is the free semigroup on one generator.

As another simple example, let B = Mon⟨a, b : ab = 1⟩. This is the image of the free monoid
{a, b}∗ obtained by imposing the additional relation ab = 1. This is known as the bicyclic monoid.
One can think of the bicyclic monoid as being generated by the shift operator b(n) = n + 1 for
n ∈ N and its inverse, a(n) = n − 1 for n ≥ 2. Note that ab(n) = a(b(n)) = a(n + 1) = n for all
n ∈ N, so ab is the identity function on N, i.e. ab = 1 in B. However, ba is the identity function
on the restricted domain of integers n ≥ 2, so ba ̸= 1 in this monoid. One can show that every
element of B can be uniquely written in the form biaj for some i, j ≥ 0.

In general, for each set X and each set R = {(ui, vi) : i ∈ I} ⊆ X+× X+ of relations, we denote
by Sgp⟨X : R⟩ (or Sgp⟨X : ui = vi, i ∈ I⟩) the semigroup presented by set X of generators and set
R of relations. This is the image of the free semigroup X+ obtained by imposing the relations in R.
Similarly we denote by Mon⟨X : R⟩ the monoid presented by the set X and the set R of relations.
(Here some of the relations in R may be of the form ui = 1 of course).

The analogous situation for groups is slightly more complicated. If X is a set of generators for
a group G then elements of G can be written as products of elements of X or their inverses, and
we automatically have the constraint xx−1 = x−1x = 1 in G. So to build the free group FG(X) on
X we need to start with words x1x2...xn ∈ (X ∪ X−1)∗ and multiply them but also keep track of
the xx−1 = 1 relations. It is obvious that if w = x1x2...xn is a word in (X ∪ X−1)∗, and xi = x−1

i+1
for some index i, then we can cancel this occurrence and obtain a shorter word that is equal to w
in any group. This process can be repeated so as to replace w by its reduced form r(w) which is a
word in (X ∪ X−1)∗ that has no occurrence of xx−1 (or x−1x) in r(w). It is not too difficult to show
that every word w is equivalent to exactly one reduced word r(w). So we define the free group
FG(X) to be the set of reduced words over the alphabet (X ∪ X−1)∗. The product of two reduced
words u and v in FG(X) is u.v = r(uv). For example, u = ab−1 and v = ba are reduced words in
{a, b, a−1, b−1}∗. Their product in FG(a, b) is u.v = r(uv) = r(ab−1ba) = a2.

As for semigroups and monoids, every group is a homomorphic image of an appropriate free
group. The group presented by a set X of generators and set R of relations will be denoted by
Gp⟨X : R⟩. This is the image of the free group FG(X) obtained by imposing the relations in R. In
the group theory setting, since u = v in a group is equivalent to uv−1 = 1, we can assume that
all relations are of the form ui = 1. Thus a group G can be given by a presentation of the form
G = Gp⟨X : ui = 1, i ∈ I⟩. For example the free abelian group on two generators is the group
FA(a, b) = Gp⟨a, b : aba−1b−1 = 1⟩. This is isomorphic to the direct product Z × Z, where Z is
the group of integers with respect to addition. The dihedral group D2n has a presentation of the
form D2n = Gp⟨r, s : rn = s2 = 1, rs = sr−1⟩.

There is a large literature about presentations of groups by generators and relations: see for
example the book by Roger Lyndon and Paul Schupp [20] for an introduction to this branch of
group theory.

1.6 ALGORITHMIC PROBLEMS IN GROUPS AND SEMIGROUPS

There are many algorithmic problems that arise naturally in algebra, several of which occur when
an algebraic structure is presented by generators and relations. For example, in 1911 Max Dehn
posed three fundamental algorithmic problems about presentations of groups, namely the word
problem, the isomorphism problem and the conjugacy problem.

The word problem for a presentation G = Gp⟨X : R⟩ is the following algorithmic problem. Is
there an algorithm that decides, on input any word w ∈ (X ∪ X−1)∗, whether w = 1 in the group
G? That is, we seek an algorithm such that if we feed an arbitrary word w into the algorithm, it
eventually stops with the output “Yes" if w = 1 in G and “No" if w ̸= 1 in G. This is equivalent
to seeking an algorithm that decides, on input two words u and v, whether u = v in G of course,
since u = v in G iff uv−1 = 1. A variation on this is the uniform word problem which asks for an
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algorithm that decides, on input any presentation G = Gp⟨X : R⟩ and any word w ∈ (X ∪ X−1)∗,
whether w = 1 in G.

The isomorphism problem asks for an algorithm that decides, on input two group presentations
G1 = Gp⟨X1 : R1⟩ and G2 = Gp⟨X2 : R2⟩, whether G1 and G2 are isomorphic groups or not.

The conjugacy problem for a group presentation G = Gp⟨X : R⟩ asks for an algorithm that
decides, on input two words u, v ∈ (X ∪ X−1)∗, whether they are conjugate in G, i.e. whether
or not there exists some element g ∈ G such that u = gvg−1 in G. Clearly the word problem is
decidable if the conjugacy problem is decidable, since the only conjugate of the identity element
is the identity element. Again, there is a variation that has the presentation for G as part of the
input.

One may also consider the word problem and the isomorphism problem for semigroups and
monoids, but not the conjugacy problem in the form posed in group theory since elements do not
necessarily have inverses in monoids. For the word problem (for semigroups or monoids) it is
necessary to ask for an algorithm that decides, on input two words u and v, whether u = v in
the semigroup of course, since u = v does not imply uv−1 = 1 (this does not make sense, even
in a monoid). The problem is trivial for a free semigroup X+ or a free monoid X∗: two words
x1x2...xn and y1y2...ym are equal if and only if m = n and xi = yi for all i. For the bicyclic monoid
B = Mon⟨a, b : ab = 1⟩, one may prove relatively easily that every element can be reduced to a
unique word of the form biaj for some i, j ≥ 0. Hence to solve the word problem, on input two
words u and v, reduce each word to the form above and check whether the forms are the same.
In general, the word problem is undecidable however, as the following theorem of Post (1947)
shows.

Theorem 3 There exist finitely presented semigroups with undecidable word problem.

For some groups, or some classes of groups, these algorithmic problems may be quite easy to
solve. For example, if G = FG(X) = Gp⟨X : ∅⟩, then two words u and v are equal in FG(X) if
and only if they have the same reduced form, r(u) = r(v). Two free groups FG(X) and FG(Y)
are isomorphic iff |X| = |Y|. And two elements u and v of FG(X) are conjugate iff the cyclically
reduced forms of u and v are equivalent under a cyclic permutation of their letters. For a free
abelian group FA(a, b), it is easy to see that every word can be uniquely written in the form aibj

for some i, j ∈ Z, so this solves the word problem. Clearly two elements of an abelian group are
conjugate if and only if they are equal, so the conjugacy problem reduces to the word problem.
The isomorphism problem for finitely presented abelian groups is easily solved once one knows
the decompostion of the abelian groups into a direct product of cyclic groups.

In general the word problem, the isomorphism problem and the conjugacy problem for finitely
presented groups are all undecidable. The following theorem, which builds on Theorem 3 but is
considerably more difficult to prove than that theorem, was proved independently by Novikov
in 1955 and Boone in 1958.

Theorem 4 There are finitely presented groups with undecidable word problem.

A self contained proof of Theorem 4 may be found in Joseph Rotman’s group theory book [26].
There are many large classes of groups for which the word problem is decidable however. For
example, the following theorem is due to Wilhelm Magnus (1932).

Theorem 5 Every one-relator group has decidable word problem.

By a one-relator group we mean a group with a single defining relation, G = Gp⟨X : w = 1⟩.
Here one may assume without loss of generality that the word w is reduced, and in fact that it
is cyclically reduced, i.e. the first letter of w is not equal to the inverse of the last letter. It is not
known whether groups with two defining relations must have decidable word problem or not.
There are large classes of groups for which the word problem is known to be decidable however.
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For example, the word problem is decidable for any hyperbolic group by an algorithm known as
Dehn’s algorithm. While I will not delve into this in these notes, the study of hyperbolic groups
(in the sense of Gromov) is one of the important areas of the growing subject of geometric group
theory. The subject was initiated by Mikhail Gromov in his influential paper [8].

A major open problem is the word problem for one relation semigroups.

Open Problem Does every one relation semigroup S = Sgp⟨X : u = v⟩ have decidable word
problem? (Here u, v ∈ X+ of course.) The corresponding problem for one-relator monoids with
relator of the form w = 1 was solved in the affirmative by Sergei Adian [1] in 1966, and many
other cases have been solved, but the general problem remains open.

There are many other algorithmic problems in group theory and semigroup theory. I will
mention just a few such problems, most of which remain open in general.

The generalized word problem for groups

Let G = Gp⟨X : R⟩ be a finitely presented group and A ⊆ G a finite subset of G. Denote
by H = ⟨A⟩ the subgroup of G generated by A: that is, the smallest subset of G that contains A
and is itself a group with respect to the same operation as in G. It is easy to see that ⟨A⟩ is the
set of all elements of G that can be written as finite products of elements of A and their inverses,
⟨A⟩ = {g ∈ G : g = a±1

1 a±1
2 ...a±1

k , ai ∈ A}. For example, if G = (Z,+) and A = {2}, then ⟨A⟩
consists of the even integers. If G = D2n = Gp⟨r, s : rn = s2 = 1, rs = sr−1⟩, then ⟨r⟩ is the
cyclic group of order n consisting of all rotations of the n-gon in the plane of the n-gon around
the center point O.

The generalized word problem for G asks for an algorithm that, on input a finite set A ⊆ G and a
word w = x1x2...xn ∈ (X ∪ X−1)∗, decides whether w represents a word in ⟨A⟩ or not. Note that if
A = {1}, then the corresponding problem reduces to the word problem. Thus if the generalized
word problem is decidable, so is the word problem.

The generalized word problem for a free group FG(X) is decidable. One way to see this is
to construct a finite graph associated with a finitely generated subgroup H of FG(X) as follows.
Suppose that H = ⟨g1, g2, ..., gk⟩ where without loss of generality we may assume that each gi is
a reduced word. Start by forming the “flower graph" F (g1, g2, ...gk). This is the graph with one
distinguished vertex (that we will denote by α) and a loop (petal) based at α and labeled by each
word gi in the generating set. So this graph has k petals. If gi = y1y2...yt, then the petal labeled by
gi has t edges. It is possible that there are two edges with the same label coming out of the vertex
α or going in to the vertex α. In that case, fold these edges together to construct a graph with
one fewer edge. Then it may be necessary to fold additional edges either at α or at some other
vertex, until eventually we reach a graph, denoted by Γ(H), with the property that we never see
two edges with the same label either starting at the same vertex or ending at the same vertex.
Then we stop. The resulting graph is called the Stallings graph of H. This graph has the very nice
property that a reduced word is in the subgroup H if and only if it labels a circuit in Γ(H) starting
and ending at α. So we decide whether w ∈ H by finding its reduced form and checking whether
it labels such a circuit. This solves the generalized word problem. In fact Stallings graphs have a
wide variety of other applications in the study of subgroups of free groups [30], [16].

The generalized word problem for finitely presented groups may be undecidable even if the
word problem is decidable. For example, the direct product F2 × F2 of two free groups of rank
2 has undecidable generalized word problem [24]. There are classes of groups for which the
generalized word problem is known to be decidable, for example surface groups (fundamental
groups of compact surfaces) have decidable generalized word problem, and there are classes of
groups for which the problem is known to be undecidable in general. But there are many groups
for which it is not known whether the generalized word problem is decidable or not. For example,
as far as I know, the following problem about one-relator groups is open.

Open Problem Does every one-relator group have decidable generalized word problem?
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The submonoid membership problem

A problem related to the generalized word problem is the submonoid membership problem: given
a finitely presented monoid M = Mon⟨X : ui = vi, i = 1, ..., n⟩ is there an algorithm that will de-
cide, on input a set {s1, s2, ..., sk} of elements of M, and another element element s ∈ X∗ whether
s can be written somehow as a product of the elements si (i.e. is s in the submonoid generated by
the elements si, i = 1, ..., k?). This seems to be a more difficult problem than the generalized word
problem for groups and not a lot is known about it. It is clear that a group with decidable sub-
monoid membership problem must have decidable generalized word problem, but the converse
is known to be false [19]. It is known that free groups have decidable submonoid membership
problem and there are several other results (both positive and negative) in special cases, but the
problem in general is difficult. A survey of some of the results about this problem and the re-
lated problem of deciding membership in rational subsets of groups may be found in the article by
Markus Lohrey [18]. The following result was very recently proved by Robert Gray [7]

Theorem 6 There are one-relator groups with undecidable submonoid membership problem.

The membership problem for specific submonoids of one-relator groups may be decidable
however. An interesting open problem along these lines is the following.

Open problem Let G = ⟨X : w = 1⟩ be a one-relator group where w = x1x2...xn is a cyclically
reduced word. Let P be the set of prefixes of the word w, i.e. P = {1, x1, x1x2, ..., x1x2...xn−1}. Let
P∗ be the submonoid of G generated by P: i.e. P∗ consists of all elements of G that can be written
somehow as finite products of the prefixes of w in G. Is membership in P∗ decidable?

This problem is of interest in the algorithmic theory of a class of monoids known as inverse
monoids. By a result of Ivanov, Margolis and Meakin [15], a positive solution to this problem
would imply a positive solution to the word problem for the class of one-relator inverse monoids
with cyclically reduced relator. As a consequence of his Theorem 6, Gray proves that the word
problem is not in general decidable for all one-relator inverse monoids but it is not known whether
it is solvable for one relator inverse monoids with a reduced relator. By a result in [15], a positive
solution to this problem would imply a positive solution to the word problem for all one-relator
semigroups. I will not delve into the theory of inverse semigroups in this article, but see my
survey paper [23] for many results about the theory of presentations of inverse semigroups.

1.7 CONCLUDING REMARKS

This article is an outgrowth of a workshop that I gave for students at Taungyi University, Myan-
mar in November 2017. The material in this article has provided just a brief introduction to
the extensive literature about algorithmic problems and the use of algorithms in algebra and in
mathematics in general. The paper is in no way considered to be a detailed survey of the use of
algorithms in mathematics, or even in group theory or semigroup theory. For more information
about the types of algorithmic problems in algebra considered in this paper, see the survey paper
of Kharlampovich and Sapir [17] or the survey paper by Margolis, Meakin and Sapir [21] or the
survey paper by Sapir [27] or Sapir’s book [28] or my paper [22].

There are several widely used computer algebra packages for doing computations with groups,
semigroups and other areas of modern algebra. These include the packages “GAP" and “Magma",
which are extensively used in computational group theory and computational semigroup theory,
and “Macaulay" which is heavily used in computational commutative algebra and computational
algebraic geometry. For information about the subject of computational group theory, see the
book by Holt, Eick and O’Brien [11] or the book by Sims [29]. For an introduction to the subject
of computational algebraic geometry, see the book by Cox, Little and O’Shea [3].
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2. The Tower of Brahma
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The legend: D’aprés une vieille légende indienne, les brahmes se succédent depuis
bien longtemps, sur les marches de l’autel, dans le Temple de Bénarés, pour exécuter
le déplacement de la Tour Sacrée, de Brahma, aux soixante- quatre étages en or fin, gar-
nis de diamants de Golconde. Quand tout sera fini, la Tour et les brahmes tomberont,
et ce sera la fin du monde!

∗These were the words of Édouard Lucas (18421891) when he described the legendary origin
of his famous puzzle La Tour d’Hanoï (The Tower of Hanoi) on the accompanying 1 leaflet (see

∗ c⃝A. M. Hinz 2019
1The reason for naming the mundane model of the Tower of Brahma after the city in nowadays Vietnam is a

commercial one: Hanoï was in the French newspaper headlines at the time of launching the puzzle on the market.
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[4, p. 11]). As with other legends also this one comes in many variations. The most popular
English rendering is the one by Walter William Rouse Ball (18501925), based on a French text by
Henri de Parville (18381909); cf. [4, p. 1f]:

In the great temple at Benares, beneath the dome which marks the centre of the world, rests a
brass-plate in which are fixed three diamond needles, each a cubit high and as thick as the body
of a bee. On one of these needles, at the creation, God placed sixty-four discs of pure gold, the
largest disc resting on the brass plate, and the others getting smaller and smaller up to the top
one. This is the Tower of Bramah [sic!]. Day and night unceasingly the priests transfer the discs
from one diamond needle to another according to the fixed and immutable laws of Bramah [sic!],
which require that the priest must not move more than one disc at a time and that he must place
this disc on a needle so that there is no smaller disc below it. When the sixty-four discs shall have
been thus transferred from the needle on which at the creation God placed them to one of the
other needles, tower, temple, and Brahmins alike will crumble into dust, and with a thunderclap
the world will vanish.

Although my colleague Tarkeshwar Singh talked to some brahmins during our visit of the
Kashi Vishwanath temple in the summer of 20182, we could not find out whether the legend of
the Tower of Brahma has traditional Hindu roots apart from the obvious reference to the trimurti
of Brahma, Vishnu and Shiva and to Benares as the center and origin of the world or if the story
is just a thoughtful imagination of Lucas and de Parville.

In any case we are facing the questions whether there is a solution for the task and if so, how
long it will take to achieve it. In answering these and other questions we will demonstrate the
power of this innocent problem to introduce mathematical modelling and basic notions of what

Figure 2.1: A modern Tower of
Hanoi, c⃝2001 H. Steinlein

is called discrete mathematics. But let us begin with some
immediate observations. As usual, facing a gargantuan task
as with 64 discs, we look at a simpler physical model with 8
discs, say, as in Figure 2.1. Lucas’s original Tower of Hanoi
also had 8 discs; see [4, Figure 0.5]. The object in our photo
has been washed with the waters of the Ganges river at
Varanasi on 13 July 2018.
The solution
From the rules of the game, where instead of the needles we
refer to pegs as in the figure, we get:

Observation 1 When the largest disc moves from one peg to an-
other, all other discs are on the idle peg, i.e. the one not involved in
that move.

This leads directly to a recursive algorithm with the pegs
called 0, 1 and 2, replacing the names of the Hindu gods from

the legend, and the discs labelled from 1 to n according to increasing size:

Algorithm 0 To transfer a tower of n ∈ N discs from peg i to peg j ̸= i(i, j ∈ 0, 1, 2), do the following:

1. Transfer the tower of n − 1 smaller discs from peg i to peg 3 − i − j.

2. Move disc n from peg i to j.

3. Transfer the tower of n − 1 smaller discs from peg 3 − i − j to peg j.

Our 8-disc problem can therefore be solved by recourse (from Latin: recurrere, running back-
wards) to the 7-disc case, performed twice with only the pegs interchanged. Eventually we arrive

2I am grateful to Tarkeshwar Singh (Birla Institute of Technology & Science Pilani, K.K.Birla, Goa) and Lavanya
Selvaganesh (Indian Institute of Technology (Banaras Hindu University), Varanasi) for making my dream of Benares
come true.
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2. The Tower of Brahma

at the clearly solvable 1-disc move, so that the algorithm actually terminates. We can also say
something about the number of individual disc moves made during execution: if we denote by
mn the minimal number of moves to solve the n-disc task, the three steps in Algorithm 0, if each
is performed in an optimal way, make mn−1, 1, and again mn−1 moves, whence mn ≤ 2mn−1 + 1.
But is the procedure really optimal?

mn = 2mn−1 + 1 (2.1)

Virtually all accounts on the Tower of Brahma/Hanoi take this for granted without providing
further evidence. But there is a hidden assumption made in the construction of the algorithm,
namely that the largest disc n is moved only once, i.e. directly from the source peg i to the target
peg j. This is not as obvious as it seems! For a sound argument we make another observation:

Observation 2 In a minimal solution the largest disc makes at most two moves.

This is clear because a third move would bring the largest disc back to where it was before and
then all its moves in between could be deleted.

Now assume that in some solution the largest disc moves twice. Then it is necessarily from
peg i through peg 3 − i − j to peg j. To make these moves possible and to arrive at the goal
peg, the tower consisting of the n − 1 smaller discs has to be transferred thrice, namely from peg
i to peg j, then back to peg i and finally to peg j again. The whole solution will take at least
3mn−1 + 2 > 2mn−1 + 1 moves and therefore cannot be minimal. So we arrive at:

Proposition 1 Algorithm 0 solves the transfer of an n-tower making the minimal number of moves. This
number fulfills the recurrence relation (2.1) with the obvious seed m0 = 0.

Starting from any given number of discs, like n = 64 in the Tower of Brahma or n = 8 in the
Tower of Hanoi, we can successively reduce the n in (2.1) until we reach n = 1. This method is
called finite descent. For the Tower of Hanoi this is feasible and will give us the first few terms
0, 1, 3, 7, 15, 31, 63, 127, 255 of the sequence mn. For the Tower of Brahma, however, this will be
too cumbersome and we will have (for the first time) to employ higher, i.e. infinite, mathematics,
namely the principle of (complete) induction which is equivalent to the method of infinite descent.

Theorem 1 The minimum number of moves mn to solve the Tower of Brahma/Hanoi with n discs is equal
to the n-th Mersenne number Mn = 2n − 1.

Proof. For the base case, m0 = 0 = 20 − 1 = M0. In the induction step we have by (2.1) and from
the induction assumption:

mn = 2mn−1 + 1 = 2Mn−1 + 1 = 2(2n−1 − 1) + 1 = 2n − 1 = Mn

With the same kind of argument it can be shown that the optimal solution for a fixed n is
unique. If we assume that one move takes one second, the human problem solver will need 4 1

4
minutes for Lucass Tower of Hanoi, but the brahmins, who have to perform 264 − 1 = 1,84,46,74,
40,73,70,95,51,615 moves, a number well-known from the story associated with the game of chess,
will be occupied for more than 584 crore centuries. If modern cosmologists calculations are cor-
rect, the brahmins have not yet touched disc 60, so we are safe for a while!

Recursive algorithms are not easy to follow for humans and in particular, we may assume the
same about the brahmins. What they need to perform the optimal solution is an iterative one, i.e.
a step-by-step procedure. It can be based on the next observation which again can be proved by
induction on the number of discs.

Observation 3 In the minimal solution to transfer an n-tower from peg i to peg j, the label of the idle peg
runs cyclically from i through 3 − i − j to j, if n is odd, and from i through j to 3 − i − j, if n is even.

[ 15 \
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Respecting this, there is only one move possible at any time due to the divine rule never to place a
larger disc onto a smaller one. We trust that humans, and even more so brahmins, will not violate
this rule, but they can make mistakes with respect to observation 3. In order to detect and correct
them we have to develop an appropriate mathematical model.

The mathematical model A natural and unambiguous way to code the states of the Tower of
Hanoi, i.e. the legal distributions of n discs among the three pegs, is by strings s = sn · · · s1,
where sd is the label of the peg disc d ∈ 1, · · · n is lying on. E.g., in := i · · · i are the so-called
perfect states with all discs on peg i. Given a state s we may ask whether this state lies on the
optimal 1n, 2n−path. This can be answered by recourse to the automaton in Figure 2.2.

0

1 2
0

12

Figure 2.2: Automaton for
distance to perfect states

The automaton consists of three states (circles) and lines as
transition rules: entering i in state j of the automaton yields state
3− i − j, if i ̸= j, and state i = j otherwise. Now put sn, · · · , s1 suc-
cessively into the automaton, starting in state 0; then s lies on the
1n, 2n-path if and only if the states of the automaton have changed
after each of the n inputs. For instance, s = 200 is on the optimal
13, 23-path, whereas s = 121 is not.

If we detect an error or if the puzzle has been abandoned in
some state s, our new task is to get from s to perfect state jn (on
a minimal path). Since Observations 1 and 2 are still valid, the
following algorithm will do the job:

Algorithm 1 To get from a state s = snsn−1 · · · s1 =: sn s̄ to perfect
state jn, do the following: if sn = j, then transform state s̄ into state

jn−1; otherwise:

1. Transform state s̄ into state (3 − sn − j)n−1.

2. Move disc n from peg sn to peg j.

3. Transfer the tower of n − 1 smaller discs from peg 3 − sn − j to peg j.

We can also obtain direct information about the optimal path from s to jn by employing the
above automaton. Enter s successively from sn to s1 into the automaton, initially in its state j, add
(starting from 0) 2d−1, if the state of the automaton has changed after the input of sd, and note
the last d where this has happened. Then this disc is the one to be moved in the first move, the
final state of the automaton gives the label of the idle peg in that move and the sum obtained is
the distance d(s, jn) of state s to the perfect tower on peg j, i.e. the length of the (only) optimal
solution. Note that a state s is uniquely determined by the two values d(s, in), d(s, jn) and that
d(s, in) + d(s, jn) + d(s, kn) = 2Mn, if i ̸= j and k = 3 − i − j. It follows that the average distance
to a fixed perfect state is 2

3 Mn. For more details, see [4, Section 2.2].
The possibility to calculate the distance from any state to the initial perfect tower now allows

for solving the inverse problem, namely to determine the age of the world by registering the
current state the brahmins have reached. The reader is invited to find the age of the universe
if the golden discs in Benares are distributed among the diamond needles in the following way:
discs 51 and 52 are on the goal needle, 58 and 59 on the intermediate needle and all the others on
the initial needle.

Hanoi graphs
When it comes to more subtle questions, we have to resort to more sophisticated mathematical
models. For instance, if we ask for a minimal solution for transforming some initial state s into
a given target state t, may we still assume that the largest disc moves only once and that there
is only one solution? No, we cannot! To have a clear picture we introduce what is called Hanoi
graphs; cf. [4, Section 2.3]. The legal states are the vertices of these graphs and two vertices are
joined by an edge, if the corresponding states differ by a move of a single disc. Hanoi graphs can
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Figure 2.3: Hanoi graphs H1
3 , H2

3 , and H3
3

be constructed recursively with respect to the
number of discs n and are therefore denoted
by Hn

3 , the 3 standing for the number of pegs.
Instead of a formal definition we refer to Fig-
ure 2.3 which shows the first steps, where
three copies of Hn−1

3 are linked by edges corre-
sponding to moves of disc n to obtain Hn

3 . This
shows that the Hanoi graphs are connected, i.e.
all tasks s → t are solvable, and that the dis-
tance d(s, t) is properly defined as the length
of a shortest path between s and t.

It is obvious that there are two shortest paths, e.g., in H2
3 from 01 to 10 and that two moves of

the largest discs are necessary to get the only shortest path from 011 to 100 in H3
3 . This is the coup

de grace for the general assumption of careless authors that the largest disc moves only once in
a minimal solution! On the other hand, observations 1 and 2 are still valid. This shows that the
examples are typical:

Proposition 2 For the minimal solution(s) of the s → t task we have the following possibilities, where we
assume that the largest disc lies on different pegs in s and t:

1. there is exactly one minimal solution and the largest disc moves once;

2. there is exactly one minimal solution and the largest disc moves twice;

3. there are exactly two minimal solutions, with one largest disc move in one and two largest disc moves
in the other.

The decision between the cases can, of course, be made by calculating the lengths of solutions
with either one or two largest disc moves and taking the minimum. A combinatorial analysis (see
[4, Section 2.4.1]) leads to the incredible formula [2, Proposition 7] for the average distance in Hn

3 :

466
885

2n − 1
3
+

6
59

(
2 +

3
17

√
17

)(
Θ+

9

)n

− 3
5

(
1
3

)n

+
6
59

(
2 − 3

17

√
17

)(
Θ−

9

)n

(2.2)

where Θ± := 1
2

(
5 ±

√
17

)
. A more elegant way to decide for every pair s, t individually has

been described by Dan Romik in [8] in the form of an automaton (see [4, Sections 2.4.3 and
4.2.1] for details). His idea was to employ a class of graphs isomorphic to Hanoi graphs Hn

3 , the

Figure 2.4: The Sierpiński trian-
glein San Clemente (Rome) as an-
ticipated by the Cosmati in the
12th century, c⃝ 2001 A. M. Hinz

so-called Sierpiński graph Sn
3 (see [4, Section 4.1]). They had

been given this name already in [7], where they turned out to
be instrumental in deriving from Equation 2.2 that the aver-
age distance on the Sierpiński triangle is 466/885; Figure 2.4.
Open problems Sierpiński graphs can easily be extended to
include Sn

p for p ≥ 4 (see [4, Section 4.2]). In recent years
graphs of this type have become the object of a very active
field of research, in particular with respect to the study of
graph parameters. See [5] for a survey. The natural general-
ization of Hanoi graphs Hn

p emerges from allowing p pegs in
the Tower of Hanoi (see [4, Section 5.6]). They have a quite
sophisticated structure (see Figure 2.5) and lead to a wealth
of difficult questions; cf. [3] and [6].

Observation 1 and 2 have to be changed because there are
now p− 2 idle pegs and the largest disc may need as many as

p − 1 moves in a minimal solution. An example for the latter to occur is the task 022333 → 300101
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for n = 6 discs on p = 4 pegs, the fourth peg being labelled as 3. So it is not surprising that even
the most elementary task, namely to transfer a perfect tower from one peg to another, turned out
to be an extremely challenging problem which has been posed back in 1939 (or even earlier), but
solved so far only for the case p = 4 by Thierry Bousch in 2014; see [1].

Let us define a kind of hypertetrahedral root of k ∈ N0 for p ≥ 3 by

∇p(k) = max
{

µ ∈ N0 |
((

p − 3 + µ

p − 2

))
≤ k

}
Then we can formulate the most outstanding open problem about the Tower of Hanoi (cf. [4,

Chapter 5]).

Conjecture 1 (Frame-Stewart Conjecture). The number of moves in a minimal solution for the task to

transfer a tower of n discs from one of p ≥ 3 pegs to another one is
n−1
∑

k=0
2∇p(k).
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Figure 2.5: The Hanoi graph H3
4

The latter number is known to be an upper bound for
the minimal number of moves (see [4, Section 5.5.3]) which
means that the brahmins could have finished their task in the
presence of the fourth peg after only 18,433 moves, i.e. in less
than 6 hours! As it is still true that the largest disc will move
only once in such a solution, Conjecture 1 can be reduced to
the following statement.

Conjecture 2 Given a distribution of n discs leaving two pegs
empty, then to reach a n perfect tower on one of these pegs one

needs at least 1
2

n
∑

k=1
2∇p(k)

For details, see [4, Section 5.5].

Finally, there is the variant called the Linear Tower of Hanoi,
where the pegs are arranged in a line and disc moves are only allowed between neighboring pegs.
The case of three pegs is easy: the minimal solution to get from one end peg to the other one forms
a hamiltonian path in Hn

3 ; see [4, Section 2.3.1]. However, for more pegs, we do not even have a
conjecture about optimal paths! Numerical experiments show that for four pegs the sequence of
minimal move numbers with respect to disc numbers n ∈ N0 starts as

0, 3, 10, 19, 34, 57, 88, 123, 176, 253, 342, 449, 572, 749, 980, 1261, 1560, · · ·

The Tower of Brahma is an outstanding mathematical riddle which can serve as an educa-
tional tool at all levels of sophistication and also demonstrates, to cite Ian Stewart from his fore-
word to [4], “how even the simplest of mathematical concepts can propel us into deep waters”.

Acknowledgements. I am grateful to Ciril Petr (Maribor, Slovenia) and Borut Luẑar (Novo mesto,
Slovenia) for technical and computational support. I also thank Ambat Vijayakumar (Kochi, In-
dia) for suggesting to write this note and Shrikrishna Gopalrao Dani (Mumbai, India) for thought-
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Related Fields 87(1990), 129138.

(8) Romik, D. , Shortest paths in the Tower of Hanoi graph and finite automata, SIAM J. Dis-
crete Math. 20(2006), 610622.

□ □ □

3. Prof. A. R. Rao and his Geometry Club

M. H. Vasavada,
Former Professor & Head, Dept. of Mathematics,

S. P. University, Vallabh Vidyanagar

It is important that the brain is used as an activity room, and not merely a store room.

— Prof. A. R. Rao

Professor Annaswamy Ranganatha Rao (popularly known as Raosaheb) was born on Septem-
ber 23, 1908 in Samudrajakkam, a small village in Tamilnadu. He had his school and college
education in Chennai (the then Madras) and post-graduate education in Bombay University.
By a freak accident, he landed in Junagadh as a lecturer in Bahauddin College. Junagadh, a

sleepy town in western part of Gujarat, had hardly to offer
anything worthwhile in intellectual domain and it is aston-
ishing that Raosaheb could not only adjust to the atmosphere
there, but lived there for twenty-seven important years of his
life and flourished mathematically, almost in isolation.

According to him, this was possible because he spent his
long summer holidays in Bangalore and Chennai, with his
brother, who, though not a professional mathematician, was
deeply interested in mathematics, and with his former teach-
ers, and returned to Junagadh, charged with fresh ideas and

information.
After retiring from active service as a mathematics professor and principal in various colleges

in Gujarat, Prof. Rao joined, in 1974, Vikram A. Sarabhai Community Science Centre at Ahmed-
abad. It was here that he translated his raw ideas of mathematical models into the concept of a
full fledged mathematical laboratory, pioneered the cause of non formal teaching of mathematics
and gained reputation as the father of hands on mathematics.

His contribution to popularization of mathematics earned him several laurels at state and na-
tional levels. He was honoured by the Gujarat Government in Science City, Ahmedabad at the

19



TMC Bulletin, October 2019

hands of Shri Narendrabhai Modi, the then Chief Minister of Gujarat. He received the National
Award for popularizing Mathematics and Science from the National Council of Science and Tech-
nology Communication. He was also awarded, in 2010, a Harmony Silver Award for Silver Citi-
zens by Harmony for Silvers Foundation, an organization established by Tina Ambani, working
to enhance the quality of life of the elderly in India. In the introduction of the awardee for this
award, Prof. Rao has been described as Socrates of Ahmedabad, and Ghalib of Mathematics.

Prof. Rao was a great problem solver, who not only solved difficult problems but constructed
challenging ones as well. Thanks to his problem-solving expertise, he used to be invited for

training Indian team members for International Mathe-
matical Olympiad. An excellent and inspiring teacher,
Raosaheb excelled in the art of public speaking. His pop-
ular talks on mathematical subjects kept the audience
spellbound. A couple of documentary films have been
made, depicting his life and work.

Even though Prof. Rao was interested in Num-
ber Theory and Combinatorics a great deal, his first
love was Geometry. His insight and interest in
Geometry were simply amazing. He would de-
scribe the Four Dimensional objects with as much

ease as a school boy would describe a circle. The Geometry Club meetings, that
he used to conduct during the last few years of his life, were a living testimony
to his love for geometry and his mastery in solving geometry problems. So much
inspired were the club members by Raosaheb, that they continue to meet, more than eight years
after his passing away.

His book, aptly titled Brain Sharpeners, is a collec-
tion of interesting problems with hints and solutions,
while his another book titled A Manual of Mathematical
Models and Teaching Aids serves as a guide to under-
standing and making mathematical models.

Raosaheb was a fine human being. With all his math-
ematical prowess and sparkling brilliance, he was sim-
ple, humble and unassuming. He passed away on April
11, 2011, Raosaheb’s students and admirers established
the Prof. A. R. Rao Foundation in the year 2008, his
centenary year, to promote mathematical activities in
Gujarat-a small gesture to repay the debt the mathemat-

ical community of Gujarat owes to the Mathematics genius.

3.1 GEOMETRY CLUB

Prof. A. R. Rao had an uncanny ability to attract people for mathematical discussion and a ca-
sual interaction with him would convince a visitor of the depth of his knowledge and his ability
to make the discussion interesting and enjoyable. So it was not uncommon to find Raosaheb sur-
rounded by a group of people , explaining passionately a mathematical model, or highlighting
the beauty of some result, or giving an elegant solution of a puzzle. It was in one such informal
meeting that Prof. N. N. Roghelia, a retired professor of Mathematics from M. G. Science col-
lage. Ahmedabad, requested Raosaheb to give lectures on Projective Geometry. It was February
12, 2005 and Prof. A. R. Rao Geometry Club was born. There would be weekly meeting, on every
Saturday, at Vikram A. Sarabhai Community Science Centre, Ahmedabad, where Prof. Rao was
working for more than three decades. Initially there were three or four members, but as the word
spread, more and more geometry enthusiasts joined. They were not necessarily students or teach-
ers of mathematics. The motley group comprised of a Reserve Bank officer, an ISRO scientist,
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a gynecologist, school principals, university and college professors, physics and engineering stu-
dents and, of course, mathematics teachers and students. As Raosaheb, due to age, grew too weak
to come to the Community Science Centre, the venue shifted to his residence. The room used to
get a bit congested, but nobody minded it. The pleasure of hearing the master far outweighed any
inconvenience. Prof. Rao, at 98, would be ready fifteen minutes before the start of the meeting to
receive his students. Geometry, and nothing but geometry, would be discussed for the next hour
and a half. In the beginning, lectures on Projective Geometry were given, as proposed. Gradually,
the focus shifted to Euclidean Geometry problems. The meeting would end with assignment of
homework. (Fortunately, we were not punished for not doing homework). Some members did
come up with solutions of the problems, but it was Raosaheb who always had the last word. De-
spite his age, (nearing a century), his thinking was amazingly clear. His solutions were always
elegant and he often gave two or three solutions of a problem, while we struggled for even one.

The last meeting with Raosaheb, at his residence, was
held in the first week of January, 2011, a few days before
he was hospitalized for the treatment of his terminal ill-
ness.

It has been more than eight years since Raosaheb
passed away. Raosaheb is no more, but his Geometry
Club lives on. There is no constitution of the Club, no of-
fice bearers, no membership fee. The memory of Raosa-
heb and interest in geometry have kept the members to-
gether. With the halo of Raosaheb gone, some members
have dropped out but a few (about ten) continue to meet.

The informal, but intense, discussions and enthusiasm have to be seen to be believed, Anything,
and everything, that is discussed is documented courtesy Dr. Jayeshbhai Patel, a reputed gy-
necologist of Ahmedabad. Xerox copies of the material are made available to the members, the
following week. A mammoth collection of geometry problems and their solutions stands witness
to the wide ranging discussions in the Club meetings. Now the members have also formed Prof.
A. R. Rao Geometry Whatsapp Group. Only messages pertaining to mathematics are permitted.
Shri Sabirbhai Telwala (recipient of Prof. A. R. Rao Geometry Award) and Prof. N. N. Roghelia
, along with other members, keep the group busy by posing interesting problems.

Vikram A. Sarabhai Community Science Centre, provides the space for the meetings despite
their severe constraints. The members are indeed thankful to the Centre. If you wish to witness
an intellectual activity, with no desire on the part of the participants for fame, money or power,
carried out solely for intellectual pleasure, please come to VASCSC at 4:00 p.m. on any Saturday.
You too can join the discussion and enjoy a cup of coffee.

□ □ □

4. What is happening in the Mathematical world?

Devbhadra V. Shah

4.1 A 53 YEAR OLD NETWORK COLORING CONJECTURE IS DISPROVED

A 53 year old network coloring conjecture about the best way to assign colors to the nodes of a
network from Graph Theory is disproved by Russian mathematician Yaroslav Shitov in just three
pages. Paper posted online last month has disproved a 53-year-old conjecture about the best way
to assign colors to the nodes of a network. In his paper Yaroslav shows that there are better ways
to color certain networks than many mathematicians had supposed possible.
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Network coloring problems have been a focus of study among mathematicians for nearly 200
years. The goal is to find how to colour the nodes of some graph so that no two connected nodes
share the same color. In 1966, Stephen Hedetniemi gave a major conjecture in Graph Theory
that the minimum number of colors required by a tensor product of two graphs is the same as
the number of colors required by one of its two basic graphs - whichever of the two numbers is
smaller. Over the decades, mathematicians combined several evidences, some of which pointed
to the conjecture being true and some to it being false. But now the Yaroslav has come up with
a simple way to construct counterexamples: tensor products that require fewer colors than their
two constituent graphs.

Graph coloring problems tend to be simple to state, but they are often enormously hard to
solve. Even the question that launched the field - Do four colors suffice to color any map? - took
more than a century to answer (the answer is yes, in case you were wondering).

Depending on the context, such a coloring can provide an effective way to seat guests at a
wedding, schedule factory tasks for different time slots, or even solve a sudoku puzzle.
Source: http://www.quantamagazine.org/mathematician-disproves-hedetniemis-graph-theory-conjecture-
20190617/

4.2 GREEK MATHEMATICIAN SOLVES 78 YEAR OLD RIDDLE OF DUFFIN AND
SCHAEFFER CONJECTURE

Greek mathematician Dimitris Koukoulopoulos and his Oxford colleague James Maynard solved
the “Duffin and Schaeffer conjecture” that has puzzled mathematicians of Analytic Number The-
ory for 78 years. In doing so, it provides a final answer to a question that has preoccupied math-
ematicians since ancient times: Under what circumstances is it possible to represent irrational
numbers that go on forever with simple fractions?

Ancient mathematicians, for instance, recognized that the elusive ratio of a circles circumfer-
ence to its diameter can be well approximated by the fraction 22

7 . Later mathematicians discovered
an even better and nearly as concise approximation for pi as 355

113 .
In 1837 the mathematician Gustav Lejeune Dirichlet found a rule for how well irrational num-

bers can be approximated by rational ones. It is easy to find approximations so long as one is not
too particular about the error. But Dirichlet proved a straightforward relationship between frac-
tions, irrational numbers and the errors separating the two. He proved that for every irrational
number, there exist infinitely many fractions that approximate the number closely. Specifically,
the error of each fraction is no more than 1 divided by the square of the denominator. Dirichlet
proved that there are infinite number of fractions that go closer and closer to pi as the denomina-
tor of the fraction increases.

Dirichlets discovery was, in a sense, a narrow statement about rational approximation. It
said that you can find infinitely many approximating fractions for each irrational number if your
denominators can be any whole number, and if you are willing to accept an error that is 1 over
the denominator squared. But what if you want your denominators to be drawn from some (still
infinite) subset of the whole numbers, like all prime numbers, or all perfect squares? And what if
you want your approximation error to be 0.00001, or any other values you might choose? Will you
succeed at producing infinitely many approximating fractions under such specific conditions?

The Duffin-Schaeffer conjecture is an attempt to provide the most general possible framework
for thinking about rational approximation. In 1941 the mathematicians R. J. Duffin and A. C.
Schaeffer mentioned the criteria we can set in order to approximate numbers if we exclude some
denominators.

Mathematicians had suspected for decades that this simple criterion was the key to under-
standing when good approximations are available, but they were never able to prove it. Kouk-
oulopoulos and Maynard were able to do so only after they reimagined this problem about num-
bers in terms of connections between points and lines in a graph - a dramatic shift in perspective.
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4. What is happening in the Mathematical world?

Dimitris Koukoulopoulos and James Maynard announced their proof of the Duffin-Schaeffer
conjecture in July in a talk at a conference in Italy.
Source: http://greece.greekreporter.com/2019/08/11/greek-mathematician-solves-78-year-old-riddle/

4.3 NEWLY DISCOVERED LARGEST KNOWN PRIME NUMBER HAS ABOUT 25 MILLION
DIGITS

Professional and amateur mathematicians from a worldwide research project called the Great
Internet Mersenne Prime Search (GIMPS) have discovered the largest known prime number. The
new number (282,589,933 − 1) contains 2,48,62,048 digits, more than one and a half million digits
larger than the previously recorded prime number, discovered in 2017. It belongs to a special
class of rare prime numbers called Mersenne primes and is only the 51st known Mersenne prime
ever discovered, each increasingly more difficult to find.

The latest addition to the list of known primes was discovered by the GIMPS, a grassroots com-
puting project in which volunteers download a free program which searches for prime numbers
and run it on their computers. Everyone lucky enough to find a new prime gets a cash reward.
This time around, the lucky discoverer was Patrick Laroche from Florida who took less than four
months on only his fourth try. In its search for new primes GIMPS only considers numbers that
are of the form 2n − 1 where n is a known prime. The proof that the latest discovery really is
prime took twelve days of non-stop computing on a machine with an Intel i5-4590T CPU.
Source: http://www.sci-news.com/othersciences/mathematics/largest-prime-number-06751.html

4.4 GOOGLE EMPLOYEE EMMA HARUKAIWAO BREAKS PI WORLD RECORD
CALCULATION

Google employee Emma HarukaIwao announced a new record on 14 March 2019 (pi day). Using
Googles cloud computing service she has calculated the first 31 trillion digits of π. Previously
only the first 22 trillion digits of π were known. The calculation required 170TB of data and took
25 machines 121 days to complete.
Source: http://time.com/5551469/pi-day-world-record/

4.5 SUM OF THREE CUBES PROBLEM SOLVED FOR NUMBER 42

As mentioned in our previous issue, Problem of expressing any natural number as sum of cubes
of three integers (or proving that it cannot be expressed in that form), was resolved before 2019
for any natural number ≤ 100 except numbers 33 and 42. We also reported that, Earlier this year,
Prof. Andrew Booker of University of Bristol in the U. K. cracked problem for the number 33
and attempt to resolve the problem for 42 continued.

Now, after some months, Andrew Booker and MIT Professor Andrew Sutherland cracked the
problem for 42 and expressed 42 as the sum of three cubes. They used over 5,00,000 parallel
home PCs to act as a sort of “planetary supercomputer” and performed over a million hours of
calculations to show that.

42 = (−80538738812075974)3 + (80435758145817515)3 + (12602123297335631)3

Now that the problem is resolved for all natural numbers from 1 to 100, mathematicians
should go for numbers up to 1,000. There are still plenty of numbers to solve 114, 165, 390,
579, 627, 633, 732, 906, 921 and 975 are all awaiting a solution to the sum of three cubes.
Sources:

1. http://www.sciencealert.com/the-sum-of-three-cubes-problem-has-been-solved-for-42

2. http://www.extremetech.com/computing/298112-life-the-universe-and-math-42- proven-to-be-the-sum-
of3-cubes
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4.6 MATHEMATICIAN ALAN TURING TO BE CELEBRATED ON NEW Č50 NOTE

Alan Turing - the father of modern computing is credited for saving mil-
lions of lives and he will be now new face of č50 note. Bank of England
Governor Mark Carney announced that Alan Turing, who killed himself in
1954 will appear on the new note by the end of 2021. With an image of the
new č50 note will include a table and mathematical formulae from one of
his papers, his signature and technical drawings of his code machine. It will

also include a quote he gave: “This is only a foretaste of what is to come, and only the shadow of
what is going to be”.

Alan Turing was an outstanding mathematician whose work had an enormous impact on how
we live today. As the father of computer science and artificial intelligence, as well as war hero,
Turings contributions were path-breaking. Turing is a giant on whose shoulders so many now
stand. Turing played an instrumental role in bringing the Second World War to a close by break-
ing the Enigma code, which was used by the Nazis for secret communications. He developed
a machine to decipher the messages encrypted by Enigma machines, and his work had a huge
impact on the fields of computer science and artificial intelligence. Turing devised the Imitation
Game, now known as the Turing Test, a way to determine whether a computer is capable of think-
ing like a human. While Turing made huge contributions to both the war effort and science, he
was victimized by the British Government and charged him with uncivilized indecency in 1952.
To avoid prison, on 7 June 1954, Turing ate an apple mixed with cyanide and committed suicide.
Sources:

1. http://www.theguardian.com/business/2019/jul/15/alan-turing-to-feature-on-new-50-note

2. http://www.manchester.ac.uk/discover/news/alan-turing-will-be-face-of-new-50-note/

4.7 INDIA BAGGED GOLD MEDAL IN INTERNATIONAL MATHEMATICS OLYMPIAD:

60th International Mathematical Olympiad (IMO) was held at world heritage city Bath, UK dur-
ing 11-22 July 2019. This year 621 contestants from 112 countries participated in IMO. Both these
numbers are highest so far in IMO history. 556 male and 65 female participants were there.

A team of Indian high school students won 1 gold (after a seven-year gap), 4 silver and 1
honourable mention, in this Olympiad. The Indian squad, who faced contestants from 112 com-
peting countries, finished at the 15th place with an overall score of 156 points. Teams from U.S.
and China took the joint first place with 227 points. India stood first among the Commonwealth
countries. The detailed result and a photograph of our team is given in the internal back cover
page of this issue.

This year six participants got perfect score of 42 points out of 42 points. There are two from
China, Two from USA, one from Poland and one from South Korea. The cut-offs for Gold, Silver
and Bronze were 31, 24 and 17 respectively. 52, 94 & 156 participants have received Gold, Silver
& Bronze Medals respectively and 144 participants have got Honourable Mention. A participant
without any medal but scores 7 out of 7 points in at least one question out of 6 questions, gets
Honourable Mention.

The team was picked to represent India after going through a strenuous process, which in-
cluded several tests and training. Altogether 30 students from among 1,50,000 who applied, went
through a month-long training at the Homi Bhabha Centre for Science Education. An Olympiad-
level test was conducted at the end of the training, leading to the selection of the final six.

Usually participating countries send the questions. The host country select 30 questions, con-
sidered as short listed questions. From the shortlisted problems six are to be considered as final
questions for IMO.
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4. What is happening in the Mathematical world?

This year, problem number 6 was from Indian faculty Anant Mudgal (see
adjoining photograph), a second year BSc (Honors) Mathematics and Com-
puter Science student, at Chennai Mathematical Institute. He was IMO partic-
ipant in 2015, 2016, 2017 & 2018, in which he got honourable mention, Bronze,
Bronze and Silver respectively. This year he was one of the resource persons
of International Mathematical Olympiad Training Camp of Indian Team. The
Problem 6 was considered as the toughest problems of IMO-2019.

Sources:

1. www.imo-official.org/country_individual_r.aspx?code=IND

2. www.dailypioneer.com/2019/india/india-bags-1-gold–7-silvers-in-maths-olympiad.html

4.8 AWARDS

Prof. Gregory Lawler has been awarded the Wolf Prize for Mathematics

Prof. Gregory Lawler of Chicago University has been awarded the Wolf
Prize for Mathematics for his research in probability theory involving random
walks and Brownian motion. Lawlers research in relation to this prize concen-
trated on understanding various mathematical models for long random walks
with strong interactions. Awarded by the Israeli Wolf Foundation, the prize
honors the greatest achievements every year in six fields: agriculture, chem-
istry, mathematics, medicine, physics, and the arts. The award for each subject
area carries a $1,00,000 prize.
Source: news.uchicago.edu/story/pioneering-uchicago-mathematician-wins-

prestigious-wolf-prize

4.9 RECOGNITION

Manjul Bhargava and Akshay Venkatesh elected as FRS

American-Canadian mathematician Manjul Bhargava and Australian math-
ematician Akshay Venkatesh were elected as a fellow of the Royal Society
of London. Both Manjul Bhargava and Akshay Venkatesh are Indian origin
mathematicians and well-known for their contributions to the populariza-
tion of mathematics. Field medalist Manjul Bhargava is a leading expert in
number theory in which he has made several pioneering breakthroughs. He
is a Professor of Mathematics at Princeton University, the Stieltjes Professor
of Number Theory at Leiden University and also holds Adjunct Professor-

ships at the Indian Institute of Technology Bombay and the University of Hyderabad. Bhargava
was awarded the Fields Medal in 2014.

Akshay Venkatesh is a professor at the School of Mathematics at the In-
stitute for Advanced Study, Princeton, NJ, USA. His research interests are in
the fields of counting, equi-distribution problems in automorphic forms and
number theory, in particular representation theory, locally symmetric spaces,
ergodic theory, and algebraic topology. He is the only Australian to have won
medals at both the International Physics Olympiad and International Math-
ematical Olympiad, which he did at the age of 12. In 2018, he was awarded
the Fields Medal for his synthesis of analytic number theory, homogeneous

dynamics, topology, and representation theory. The Royal Society was founded in the 1660s to
promote “the development and use of science for the benefit of humanity.” It is made up of ap-
proximately 1,600 of the most eminent scientists, engineers and technologists from the United
Kingdom and the Commonwealth. Fellows and foreign members are elected for life through a
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peer review process on the basis of excellence in science. Each year up to 52 fellows and up to
10 foreign members are elected from a group of around 700 candidates who are proposed by the
existing fellows.
Sources:

1. www.ias.edu/news/akshay-venkatesh-and-manjul-bhargava-elected-fellows-royal-society2.

2. en.wikipedia.org/wiki/Manjul_Bhargava

3. en.wikipedia.org/wiki/Akshay_Venkatesh

Bhargav Bhatt was selected as one of the 2019 Simons Investigators

Indian American Bhargav Bhatt of the University of Michigan was selected as
one of the 2019 Simons Investigators named by the Simons Foundation. Bhar-
gav works in arithmetic algebraic geometry, with an emphasis on questions in
positive and mixed characteristic. His research, which often draws on ideas
from derived algebraic geometry, has also contributed to the solution of long-
standing problems in commutative algebra and algebraic topology.

Simons Investigators are outstanding theoretical scientists who receive a
research support of $1,00,000 per year for a period of five years and can be renewed for an addi-
tional five years, enabling them to undertake the long-term study of fundamental questions. The
intent of the Simons Investigators in mathematics, physics, astrophysics and theoretical computer
science programs is to support outstanding scientists in their most productive years, when they
are establishing creative new research directions, providing leadership to the field and effectively
mentoring junior scientists.
Source: lsa.umich.edu/math/news-events/all-news/search-news/bharbav-bhatt-named- 2019-
simons-investigator.html

4.10 OBITUARY

Goro Shimura, a giant number theorist died at the age of 89

Japanese mathematician Goro Shimura, a giant number theorist and Emeritus
Professor of Mathematics of Princeton University died on 3rd May 2019 at the
age of 89. He was a true giant in the fields of modern number theory, arith-
metic geometry and automorphic forms, whose pioneering papers and ideas
have shaped these fields in unmistakable and enduring ways. He established
many deep and surprising connections between these fields and often seeded
research directions with his own pioneering and foundational work.

Shimura once said that his guiding philosophy was that many geometric
objects have a natural way of being presented other than the conventional mathematical expres-
sions. This thinking led him to solve many longstanding problems and raise new areas of in-
quiry. In 1964, he formulated an important conjecture, building on the work of his friend Yutaka
Taniyama, that suggested a surprising relation between elliptic and modular curves. That conjec-
ture turned out to be key to Andrew Wiles solution of Fermats Last Theorem.

Among many honors and awards, Shimura received a Guggenheim Fellowship in 1979, the
Cole Prize for number theory in 1976, the Asahi Prize in 1991 and the Steele Prize for lifetime
achievement in 1996. He wrote more than 100 scholarly papers and books.
Source: https://www.princeton.edu/news/2019/05/08/goro-shimura-giant-number- theory -
dies -89
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4. What is happening in the Mathematical world?

Mitchell Feigenbaum, one of the founders of chaos theory died at the age of 74

Mitchell Feigenbaum, physicist and mathematician who was one of the
founders of chaos theory died on 30 June 2019 at the age of 74. Feigenbaum was
the professor at Rockefeller University, New York and later became director of
its Center for Studies in Physics and Biology. One of the keystones constant
of chaos theory is named Feigenbaum constant. Value of this constant is about
4.6692016. And it shows up, quite universally, in certain kinds of mathematical
and physical systems that can exhibit chaotic behavior. The constant and the

equations in which it appears has widespread application across many areas of physics, chemistry
and biology. They helped illuminate problems of fluid flow and meteorology. His mathematical
gifts, including his grasp of randomness, and his facility with associated geometries, found some
outlets beyond pure science. He helped an atlas publisher develop an accurate way of placing
portions of the spherical surface of Earth onto a two-dimensional page. He devised means of
creating geometric designs on currency that would defy copying or counterfeiting. He won pres-
tigious Wolf Prize for his work on experiment on fluid dynamics at low temperatures. He was
also a recipient of the MacArthur Foundation award.
Source: www.washingtonpost.com/local/obituaries/mitchell-feigenbaum-an-architect-of-chaos-
theory-dies-at-74/2019/07/12/d0be719a-a2b8-11e9-bd56-eac6bb02d01d_story.html

George Simmons, well-known author died at the age of 94

Colorado College Professor Emeritus of Mathematics George Simmons, an au-
thor of widely used textbooks on university mathematics died on 06 Aug. 2019
at the age of 94. Simmons was well known for delivering his lectures in ways
which were engaging for students, and he used a writing style in his field
which earned him a worldwide reputation for clear and precise instruction.
Simmons brilliant teaching also was supported by his dedication to writing
of texts such as: Introduction to Topology and Modern Analysis (1963), Dif-

ferential Equations with Application and Historical Notes (1972), Precalculus Mathematics in a
Nutshell (1981), Calculus with Analytic Geometry (1985) and Calculus Gems (1992).
Source: en.wikipedia.org/wiki/George_F._Simmons

V. S. Varadarajan, an eminent Indian mathematician died at the age of 81

V. S. Varadarajan, an eminent mathematician and one of the famous four
group of mathematicians at Indian Statistical Institute died in Apr 2019 at the
age of 81.Veeravalli Seshadri Varadarajan was one of the famous four group of
mathematicians at the Indian Statistical Institute, Kolkata. He was Professor
Emeritus and distinguished Professor at University of California, Los Angeles
where he worked for 49 years until his retirement in 2014. Prof. Varadarajan,
led a research career of lasting international influence. With the others of the

“famous four” from ISI in this period, the gifted young researchers K. R. Parthasarathy, R. Ranga
Rao, and S. R. S. Varadhan, he was regarded as someone who played an early important role in
the development of probability theory in India. Varadarajans work includes probability theory,
representation theory, theory of differential equations with irregular singularities and supersym-
metry. Prof. Varadarajan was a professor at ISI from 1962 to 1965. His international recognitions
include an honorary doctorate in physics from the University of Genoa, and the Lars Onsager
medal from the Norwegian University of Science and Technology. He was a speaker at the In-
ternational Congress of Mathematicians in 1974, a high honor for a mathematician at any stage
of career. He also wrote a number of excellent expository articles on Harish-Chandras work. He
was Managing Editor of the Pacific Journal of Mathematics for 3 decades. In March 2019, he do-
nated 1 million dollar to University of California, Los angelis, for creation of visiting Ramanujan
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Professorship in the Mathematics Department, which we reported in the previous issue of our
bulletin.
Sources:

1. thewire.in/the-sciences/v-s-varadarajan-reflections-on-a-long-innings

2. www.math.ucla.edu/news/memoriam-veeravalli-seshadri-varadarajan

Hoàng Tuy, the father of global optimization in applied maths died at the age of 92

Hoàng Tuy a prominent Vietnamese applied mathematician and the a pio-
neer in global optimization in applied mathematics died on 14 July 2019 at
the age of 92. In 1964, he invented a method called “Tuys cut” and that was
considered the first step for a brand new mathematical discipline: global opti-
mization. Tuy became the first person in the world to receive the Constantin
Carathéodory Prize from the International Society of Global Optimization for
his pioneering work and fundamental contributions to global optimization

in September 2011. Tuy set the foundation for mathematical development in Vietnam. He was
assigned to lead the post-war education reform by the Ministry of Education and Training in
1955. He was also in charge of drafting all text books. He published over 100 works in renowned
international magazines on various areas of mathematics.
Source: vietnamnews.vn/society/522697/hoang-tuy-a- warm - personality -and- prominent -
ability.html#JJ4gEqk8KrPTIyqQ.97

□ □ □

5. Sanjoy Sen-Obituary

D. K. Ganguly
Vice President, Calcutta Mathematical Society

With deep sorrow we learned that on August 14, 2018, our friend, colleague and Secretary of
Calcutta Mathematical Society (CMS), Professor Sanjoy Sen, died at the age of 65 after sudden
attack of acute jaundice. Sanjoy Sen was born in Kolkata on February 15, 1953.

He studied at Sanskrit Collegiate School, Kolkata and in 1968 he passed Higher Secondary
(H. S. ) examination obtaining 1st division with National Scholarship from this school. Having
completed high school, Sanjay Sen took admission in Presidency College, Kolkata to study B. Sc.
with Mathematics Honours and received B. Sc. (Honours) degree in Mathematics securing 1st
class marks along with National Scholarship in the year 1971 from this college. Then he entered
the Department of Applied Mathematics of the University of Calcutta to join the M. Sc. program
and obtained M. Sc. degree in Applied Mathematics securing 1st class in the year 1973. After
post graduation, Sanjoy joined as an Assistant Research Officer (Hydraulics) at River Research In-
stitute, Govt. of West Bengal and also he became Research Officer in that institute. In 1983 Sanjoy
left the River Research Institute and joined as a Lecturer in the Department of Applied Mathe-
matics of Calcutta University and he did research on Theoretical Seismology in the Department
of Applied Mathematics under the supervision of Dr. A. Mukherjee, a renowned Professor of
the Department of Applied Mathematics of Calcutta University and received Ph. D. (Sc.) degree
in Applied Mathematics from Calcutta University in the year 1989. He was promoted to Reader
position in his department in the year 1996 and became a Professor in the year 2000. He retired
from his department on February 28, 2017.

Sanjoy Sen was a highly conscientious teacher who successfully presented his prolific research
into lucid and stimulating lectures. He was a modest man. Sanjoys career spanned a significant
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contribution in academic activities including the chairmanship of U. G. Board of Studies in Math-
ematics of Calcutta University (2000-2008), the Head of the Department of Applied Mathematics,
Calcutta University (2008-2010) and a member of Senate House of Calcutta University (2012-2013).
He also served as an administrative person on various colleges and universities in West Bengal
and an external member of Ph. D. Committee in Mathematics, Tripura University, as well as
a member of syllabus reform committee of Higher Secondary Council, West Bengal (2002-2006).
The scientific output of Dr. Sen consists of more than 35 papers published in National and Inter-
national journals of Mathematics. He had broad research interest and contributed to many areas
of Mathematics. His most significant contributions were to the following branches of mathemat-
ics: Mathematical Earth Sciences including Theoretical Seismology, Modelling of River System,
Hydrological problems.

He is a co-author of a popular book on computer science “Introduction to Computer Funda-
mentals and Programming” published in 2002. Nine of his students obtained their Ph. D. (Sc.)
degree in Applied Mathematics under his supervision. His excellent ideas can be found in the
papers of his students.

Sanjoy Sen was a life member of Calcutta Mathematical Society, The Institute of Theoretical
Physics, Kolkata and also the Association of Exploration Geophysicists, Hyderabad and Emer-
itus member of European Geosciences Union. He was an executive committee member of The
Mathematics Consortium (India).

He became the Vice-President of Calcutta Mathematical Society during the year 2009-2012.
He served as the Secretary of Calcutta Mathematical Society from the year 2012 until his death.
As a secretary, Sanjoy Sen maintained a strong interest in preserving the important role that

the Calcutta Mathematical Society plays in advancing research in mathematics through its pub-
lications of journals of Calcutta Mathematical Society, Conferences, Seminars/Symposia /Work-
shops and special lectures.

The college and university teachers enrichment programme organized by CMS in every year
is a consequence of Sanjoys effort.

He is survived by his wife who is an Associate Professor in Economics in Dum Dum Motijheel
College, Kolkata and their two sons (elder one Physician and the other Medical student).

With the departure of Sanjoy Sen, we lost a devoted teacher, a good administrator and also a
sensitive man of impeccable honesty whose uncompromising passion for the truth made a lasting
impression on all of us. His memory will always remain in our hearts.

□ □ □

6. Report on 9th International Congress of Industrial and Applied
Mathematics, July 15-19, 2019, Valencia, Spain.

(Communicated by Prof. Mohan C Joshi, IIT, Gandhinagar )

6.1 THE OPENING CEREMONY

The 9th International Congress of Industrial and Applied Mathematics, 2019 was held in Valencia;
the Art, Science and Culture City of Spain. It is here the father of the present day neuroscience -
Santiago Ramon Cajal- was born. Cajal was awarded Nobel Prize of Physiology and Medicine in
1906 for his pioneering work on the structure of nervous system. The Congress was inaugurated
by King Felipe VI of Spain on July 14 by addressing the gathering of more than 4,500 participants
and by presenting the medals to ICIAM 2019 prize winners.
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6.2 LECTURE HIGHLIGHTS

The Prize Winning Lectures:

ICIAM Collatz Prize - Siddhartha Mishra (ETH, Zurich, Switzerland) was awarded for his break-
through contribution that skillfully models real world problems and uses rigorous mathematical
analysis for the development of efficient and accurate numerical schemes and high performance
computing. Collatz Prize was established to provide international recognition to individual scien-
tist less than 42 years of age, for outstanding work on industrial and applied mathematics. Mishra
spoke on ’The convergence of numerical schemes for hyperbolic systems of conservation laws’.

ICIAM Lagrange Prize - George Papanicolaou (Stanford University, EEUU) was awarded for his
use of inter disciplinary mathematics to solve problems involving inhomogeneity, wave propa-
gation, random media diffusion, scattering and imaging. The Lagrange Prize was established to
provide international recognition to individual mathematicians who have made an exceptional
contribution to applied mathematics throughout their careers. The title of Papanicolaou talk was
’Data structures in imaging’.

ICIAM Maxwell Prize - Claude Bardos (University of Paris Denis Diderot,France) was awarded
for his contributions to nonlinear partial differential equations, kinetic theory and mathematical
fluid dynamics. The Maxwell Prize was established to provide international recognition to indi-
vidual mathematicians who have demonstrated originality in applied mathematics. The title of
his talk was ’From the d’Alembert paradox to the 1984 Kato criteria via the 1941 1/3 Kolmogorov
law and 1949 Onsager conjecture’.

ICIAM Pioneer Prize - Yvon Maday (Sorbonne University, Paris, France) was awarded for his
contributions to developing powerful spectral methods for numerical simulation in medical sci-
ences. The Pioneer Prize was established for innovative work introducing applied mathematical
methods and scientific computing techniques to industrial problem. The title of Maday’s talk
was ’Coupling of reduced mathematical models and data for assimilation and the development
of digital twins’.

ICIAM Su Buchin Prize - Giulia Di Nunno (University of Oslo, Norway) was awarded for her
long lasting record of actively and efficiently encouraging top level mathematical research and
education in developing African countries. The Su Buchin Prize was established to provide
international recognition of an outstanding contribution by an individual in the application of
mathematics to emerging economies and human development, in particular at the economic and
cultural level in developing countries. The title of the talk was ’Time change in modeling and
stochastic calculus and control’.

Special Lectures:

John von Neumann Lecture was delivered by SIAM Prize winner Margaret Wright of Courant In-
stitute. In her lecture Wright brought to lime light a section of those areas in which von Neumann
took a nontrivial interest - linking its relevance to modern day applied mathematics.

The Olga Taussky - Todd lecture is one of the invited lectures at ICIAM and the honour is
conferred upon a woman, who has made outstanding contribution in applied mathematics or
scientific computing. This year Francoise Marie Louise Tisseur from University of Manchester
was selected. She dwelt on the challenges in nonlinear eigenvalue problem.

A Public Lecture on machine learning applications was delivered by SIAM Prize winner E
Weinan of Princeton University - emphasizing its impact and limitations in future areas of re-
search of artificial intelligence.
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Invited Lectures:

There were 27 invited lectures and the speakers expounded on the most advanced mathematical
techniques to deal with a variety of applications in industry, medicine, environment and society.

6.3 THE MISCELLANEOUS EVENTS

The Congress hosted several debates and discussions on topics like - future directions and limi-
tations of role of artificial intelligence; interface between mathematics and medicine, future role
of mathematicians in academia and industry. Also, the Industry Day was of special attention. It
gave forum to several industries from Europe and USA to talk about mathematical technology
transfer of some very high level of collaborative research between academia and Industry.

ICIAM 2023:

Tokyo will host the 10th International Congress of Industrial and Applied Mathematics, (ICIAM
2023) at the sprawling campus of Waseda University, Tokyo, Japan in August 2023.

□ □ □

7. Problem Corner

Udayan Prajapati

In the last issue we presented a challenging problem in Geometry along with its solution. And
also posed a geometric problem for our readers, solution of which is still awaited. Combinatorics,
a branch of mathematics which is about counting, is another source of challenging problems. It
has many applications in other areas of mathematics, including graph theory, coding and cryp-
tography, and probability. As per Wikipedia, combinatorics is involved with

• the enumeration (counting) of specified structures, sometimes referred to as arrangements
or configurations in a very general sense, associated with finite systems,

• the existence of such structures that satisfy certain given criteria,

• the construction of these structures, perhaps in many ways, and

• optimization, finding the “best” structure or solution among several possibilities, be it the
“largest”, “smallest” or satisfying some other optimality criterion.

In this issue, we present a problem from combinatorics along with its solution and pose a prob-
lem for our readers from the same area. Readers are invited to email their solutions to Udayan Pra-
japati ( udayan64@yahoo.com), Coordinator Problem Corner before 10th December, 2019. Most
innovative solution will be published in the subsequent issue of the bulletin.

1. Problem: Let f (n, r) be the arithmetic mean of the minima of all r-subsets of the set Jn =

{1, 2, · · · , n}. Prove that f (n, r) =
n + 1
r + 1

. [IMO 1981, This problem was proposed from

Germany.]

Solution: It is easy to verify it for n = 1 or r = 1. So assume that n > 1, r > 1. Also assume
that it is valid for such n1 and r1 with n1 + r1 < n + r. The sum of minima of all r−subsets

of Jn is
(

n
r

)
f (n, r). We shall apply induction on n + r.

Let Ar be an r-subset of Jn with n > 1, r > 1. One can have the two cases as follow:
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(i) n is a member of Ar. Then Ar − {n} is an (r − 1)-subset of An−1 with An−1 ̸= ϕ. Also
the minimum of An is same as the minimum of the corresponding An−1. The number

of such Ar or Ar−1 are
(

n − 1
r − 1

)
each. So the sum of the average of minimum of all

such (r − 1)-subsets of Jn−1 = {1, 2, · · · , n − 1} is
(

n − 1
r − 1

)
f (n − 1, r − 1).

(ii) n is not a member of Ar. Then obviously Ar is non-empty subset of Jn−1. There are

exactly
(

n − 1
r

)
such r-subsets of Jn−1. In this case the sum of all such minimum is(

n − 1
r

)
f (n − 1, r).

Thus by addition principle
(

n
r

)
f (n, r) =

(
n − 1
r − 1

)
f (n − 1, r − 1) +

(
n − 1

r

)
f (n − 1, r).

So by induction hypothesis(
n
r

)
f (n, r) =

(
n − 1
r − 1

)
f (n − 1, r − 1) +

(
n − 1

r

)
f (n − 1, r)

=
n!

r!(n − r)!
+

n!
(r + 1)!(n − 1 − r)!

=
n!

r!(n − r)!

(
1 +

n − r
r + 1

)
=

(
n
r

)(
1 + r + n − r

r + 1

)
=

(
n
r

)
n + 1
r + 1

Thus f (n, r) =
n + 1
r + 1

.

Problem for this issue

Evaluate the number of n × n matrices having entries 0 and 1 such that no two rows and
no two columns are identical. (Problem Proposer: Dhruv Bhasin, is an integrated Ph. D.
student of IISER Pune.)

□ □ □

8. Calendar of National / International Mathematics events

Ramesh Kasilingam

December 2019

• Dec 22-24, 2019, Three Days International Conference On Vedic Mathematics-2019, Emerg-
ing Dimensions And Applications In Science, Technology and Social Sciences Research
(ICVM-2019), National Academy Of Agricultural Sciences (NAAS), NASC Complex, Pusa,
New Delhi-110012.

• Dec 26-28, 2019, 9th National Conference TIME2019 (Technology and Innovations in Math
Education) For Math Teachers at School Level, The Centre of Excellence in Science and
Mathematics Education, IISER, Pune.www.math.iitb.ac.in/TIME2019/
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8. Calendar of National / International Mathematics events

January 2020

• Jan 5-6, 2020, SIAM Symposium on Algorithm Engineering and Experiments (ALENEX20),
https://www.siam.org/ conferences/ cm/ conference/ alenex20, Salt Lake City, Utah, U.S.

• Jan 5-8, 2020, ACM-SIAM Symposium on Discrete Algorithms (SODA20) https://www.siam.
org / conferences /cm/ conference/ soda20 Salt Lake City, Utah, U.S.

• Jan 6-10, 2020, XV Summer School in Discrete Mathematics, http://eventos.cmm.uchile.cl/ disc-
retas2020 /, Valparaiso, Chile.

• Jan 20-24, 2020 9th Winter School on Network Optimization (netopt2020) http:// netopt2020.
campus.ciencias.ulisboa.pt / node/17, Monte Estoril, Portugal.

• January 20-25, 2020, PARI/GP Atelier 2020 http://pari.math.u-bordeaux.fr/Events/PARI2020/,
Institut Fourier, Université Grenoble Alpes, France.

February 2020

• Feb 10-14, 2020, Symmetries of Discrete Object, https://www.math.auckland.ac.nz/ conder/SODO
-2020/, Rotorua, New Zealand.

• Feb 11-13, 2020, SIAM Workshop on Combinatorial Scientific Computing (CSC20) https://
www.siam.org/conferences/cm/conference/csc20 Seattle, Washington, U.S.

• Feb 13-15, 2020, 6th Annual International Conference on Algorithms and Discrete Applied
Mathematics (CALDAM 2020) https://www.iith.ac.in/ caldam2020/, IIT Hyderabad, Hyder-
abad, India.

• Feb 16, 2020, 3rd Iranian Conference on Computational Geometry (ICCG 2020), http://iccg.
aut.ac.ir, Amirkabir University of Technology (Tehran Polytechnic), Tehran, Iran.

• February 17-28, 2020, A CIMPA research school on Group Actions in Arithmetic and Geom-
etry, http://www.rnta.eu/Yogyakarta2020/, Universitas Gadjah Mada Yogyakarta, Indonesia.

• February 18-21, 2020 Catania Set Theory and Topology 2020, http://at.yorku.ca/cgi-bin /calen-
dar/d/fago88 (Italy) at University of Catania.

• Feb 24-28, 2020, The Cryptographer’s Track at the RSA Conference (CT-RSA) https://sites.
google.com/view/ctrsa2020/home San Francisco, USA.

March 2020

• March 16-22, 2020, a conference on Higher Dimensional Algebraic Geometry, https://sites.
google.com/ view/ jami-program-2019-2020,in honor of Prof. Shokurov’s 70th birthday, at Johns
Hopkins University, Baltimore, MD.

• Mar 18-20, 2020, International Conference on Mathematics and Computing (ICMC 2020),http
: // icmc2020.in, Sikkim, India.

• March 18-21, 2020 54th Spring Topology and Dynamical Systems Conference, http://at.yorku
.ca/cgi-bin/calendar/d/fago71, STDC2020 (USA) at Murray, KY, USA.

• March 23-April 3, 2020, Trends in Knot Theory http://at.yorku.ca/cgi-bin/calendar/d/fago84, at
ICTS Bangalore (India).
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• Mar 27-29, Graduate Student Combinatorics Conference 2020, https://sites.google.com/view
/gscc2020/home?authuser=1, University of California, San Diego (UCSD), CA.

• March 30-April 3, 2020, Arithmetic geometry, cycles, Hodge theory, regulators, periods and
heights,https://www.newton.ac.uk/event/kahw03, Isaac Newton Institute for Mathematical Sci-
ences, Cambridge, UK.

□ □ □

9. TMC activities

(Communicated by Prof. S. A. Katre)

9.1 A SYMPOSIUM IN MATHEMATICS, JULY 22, 2019:

A symposium in Mathematics, partially supported by TMC, was held on the Birthday of Professor
S. S. Abhyankar, Founder of Bhaskaracharya Pratishthana, an Educational and Research Institute
in Mathematics, Pune, on Monday, 22nd July 2019, at Bhaskaracharya Pratishthana, Pune, an
Institutional Member of TMC. Three one hour lectures were delivered in the Symposium as per
the following details:

Prof. V. Srinivas, TIFR, Mumbai delivered a lecture on “Embeddings of affine varieties”. In this
lecture an introduction to the topic of affine varieties, and their embeddings in affine space was
given, touching on results of Abhyankar, Nori, and others, including that of the speaker himself.

Prof. Ravi Rao, TIFR, Mumbai delivered a lecture on “The Inverse Laplace expansion problem”.
In the lecture it was proved by Laplace expansion the property, that the first row (a1, · · · , an) of
an n × n invertible matrix, has a property P: There exist (b1, · · · , bn) such that a1b1 + a2b2 + · · ·+
anbn = 1. It was discussed whether a row (a1, · · · , an) which has a property P, can be completed
to an invertible matrix.

Prof. Dinesh Thakur, University of Rochester, USA delivered a talk on “Fermat-Wilson congru-
ences, arithmetic derivatives and zeta values”. In the lecture the speaker’s result on Fermat-
Wilson congruences, and connections with arithmetic derivatives and zeta values were discussed,
as this can be explained within the framework of Abhyankar’s “high school math” preferance!

9.2 REPORT ON TMC-WORKSHOP AT RANCHI DURING AUGUST 10-13,
2019- BY K. C. PRASAD, RANCHI

A 4-day TMC-Workshop on Linear Algebra and Applications was organized in the University
Dept. of Mathematics, Dr. Shyama Prasad Mukherji University (DSPMU), Ranchi during 10-13,
2019 under the aegis of The Indian Mathematics Consortium (TMC). Jharkhand Society of Mathe-
matical Sciences (JSMS), a Society member of TMC got DSPMU coordinated with the Consortium
for this workshop. Prof. S. A. Katre, Chair Professor, Lokmanya Tilak Chair, S. P. Pune Univer-
sity and Treasurer, TMC was the convener of this workshop. Besides himself, he associated Prof.
K. C. Prasad, Retired Prof. R. U. , Dr. Ganesh Kadu, Asst. Prof. , S. P. Pune University and Dr.
Shameek Paul, Asst. Prof. , RKMV University, Belur (W.B.) as three additional resource persons
for the workshop.

Four lectures each of 75 minutes duration along with one 1 - hour guest lecture in semi -
technical/expository vein was organized daily. In guest lectures, students were acquainted with
relevance of mathematics and sister subjects in emerging science, technology and A. I. by Prof.
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9. TMC activities

D. K. Singh, Director, BIT, Sindri; Prof. B. K. Rajhans, Retd. Prof., IIT (ISM), Dhanbad focused
on applications of linear algebra in solving a system of linear differential equations; Prof. M. K.
Singh, Ranchi U. discussed state of population of genotypes - a topic in Genetics and and Dr.
Govind Jha, Vinoba Bhave University, Hbag talked on stability of dynamical systems of 2-body
and 3- body problems. Also on 12 th , August, one long (4.30 to 6 pm) doubt clearing tutorial
session was engaged by Mr. Himanshu Pandey (recorder of the Workshop) in the lead role .

Given that students had a familiarity with the subject through usual course work, it was de-
cided to tune the students in the essential thought process emphasizing on natural course of
evolution of the ideas through examples and abstraction in line with Linear Algebra and Appli-
cations by David C Lay et al.

Prof. K. C. Prasad digged out some essential ideas and building blocks of linear algebra.
Dr. Shameek Paul discussed basics of Vector spaces. Dr. Ganesh Kadu discussed linear transfor-
mations, Linear operators, their Matrix representations, Invariant subspaces, Eigen value, Eigen
vectors, their illustrations and relevant results.

Prof. Katre focused on various applications starting with exploring various bases of Vector
spaces of Polynomials consisting of Lagrange polynomials/Bernstein polynomials and used it
to indicate a constructive proof of Weierstrass approximation theorem. Prof. Katre further dis-
cussed Bezier curves and Bezier surfaces and their applications in Design Engineering and draw-
ing models of cars. He finally enlightened the students on use of linear algebra in Google search
for ranking of webpages.

80 students (20 from senior Honours classes and 60 from PG classes) of different colleges and
Universities (DSPMU, RU, CUJ) of Ranchi attended this workshop. Inaugural and Valedictory
programs were graced by the presence of Prof. N. C. Das, President, JSMS, Retd. Professor
of Mathematics IIT (ISM) Dhanbad, Sri Shailesh Kumar Singh, IAS, and Principal Secretary to
the Dept of Higher and Technical Education, GOJ, Dr. A. K. Jha, Dr. Ashoke Kumar Mahato,
Organising Secretary, Prof. S. A. Katre, Convener, Prof. K. C. Prasad, Coordinator, Prof. A. K.
Choudhary, Director, HRDC, RU, Dr. N. D. Goswami, Registrar DSPMU and Mr. B. K. Singh,
Director, School of Pharmacy, Ranchi, Dr. R. A. Tiwari, Ex HOD, RU. , Prof. S. N. Munda, V. C. ,
DSPM University, Ranchi.

TMC workshop at Ranchi
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Score of the Indian Team at IMO-2019 

Contestant P1 P2 P3 P4 P5 P6 Total
Rank

Award
Abs. Rel.

Team results 42 32 7 41 33 1 156 15 87.39% G, S, S, S, S, HM

Pranjal Srivastava 7 6 7 7 7 1 35 18 97.26% Gold medal

Ritam Nag 7 6 0 7 7 0 27 101 83.87% Silver medal

Anubhab Ghosal 7 6 0 7 7 0 27 101 83.87% Silver medal

Bhavya Agrawalla 7 6 0 7 7 0 27 101 83.87% Silver medal

Ojas Mittal 7 7 0 7 3 0 24 143 77.10% Silver medal

Soumil Aggarwal 7 1 0 6 2 0 16 303 51.29% Honourable mention

Indian Team at IMO - 2019



                    Society Members of The Mathematics Consortium 

4��)�*0&�*���/$!)�/%��(��+�%!/3���%-0�$%-�,,�((%�
4�%&*�*����-%.$� �+"��* %����-�%�������
4�+�%!/3�"+-��,!�%�(�0*�/%+*.����$!%-��,,(%��/%+*.���0�'*+2�
4�2�(%+-���� !)3�+"���/$!)�/%��(���%!*�!.���2�(%+-�
4�$%1�&%��*%1!-.%/3���/$!)�/%��(��+�%!/3���+($�,0-�
4�* %�*���� !)3�+"��* 0./-%�(����,,(%���(!���/$!)�/%�.���0*!�
4��.$)%-���/$!)�/%��(��+�%!/3���-%*�#�-�
4��)�*0&�*��+�%!/3�+"���/$!)�/%�.��* ���/$!)�/%��(���%!*�!.����0*,0-�
4�$�-'$�* ��+�%!/3�+"���/$!)�/%��(���%!*�!.����*�$%�
4+-0)�"+-��*/!- %.�%,(%*�-3���/$!)�/%�.���!!-0/�
4
�(�0//����/$!)�/%��(��+�%!/3���+('�/��
4�!,�(���/$!)�/%��(��+�%!/3����/$)�* 0���!,�(�
4�0&�-�/���*%/���* �(���$)! ��� �

Institutional Members of The Mathematics Consortium 

4	$�.'�-��$�-3���-�/%.$/$�*����0*!�
4��2�$�-(�(��!$-0��*%1!-.%/3���!2��!($%�
4�+2-+.&!!��� %��
+((!#!���0*!�
4��3�(��#$�� 0��/%+*�(��*./%/0/!���#-��
4�/�(�	%$�-%���&,�3!!��* %�*��*./%/0/!�+"��*"+-)�/%+*��!�$*+(+#3��
�* ���*�#!)!*/���	�����������2�(%+-�

4�%.1!.1�-�3����/%+*�(��*./%/0/!�+"��!�$*+(+#3�����������#,0-�
4�����%1!'�*�* ��
!*/!*�-3�
+((!#!���$�-����+('�//��

 

Publisher 
The Mathematics Consortium (India), 

(Reg no MAHA/562/2016 /Pune dated 01/04/2016), 
43/16 Gundhar Banglow, Erandawane, Pune 411004, India. 

themathconsort@gmail.com. 

Printers 
  AUM Copy Point, G-26, Saffron Complex, Nr. Maharana Pratap Chowk, Fatehgunj,  Vadodara-390001;  

Phone: 0265 2786005;  Email: aumcopypoint.ap@gmail.com. 

   

Annual Subscription for 4 issues (Hard copies)
Individual : TMC members: Rs. 700; Others: Rs. 1000.
Societies/Institutions : TMC members: Rs. 1400; Others: Rs. 2000.
Outside India :  USD ($) 50.

Contact Persons
Prof. Vijay Pathak Prof. S. A. Katre

vdpmsu@gmail.com (9426324267) sakatre@gmail.com (9890001215)


	MaroonAlgorithmic problems in Algebra RedOrangeJohn Meakin
	MaroonThe Tower of Brahma RedOrangeAndreas M. Hinz
	MaroonProf. A. R. Rao and his Geometry Club RedOrangeM. H. Vasavada
	MaroonWhat is happening in the Mathematical world? RedOrangeDevbhadra V. Shah
	MaroonSanjoy Sen-Obituary RedOrangeD. K. Ganguly 
	MaroonReport on 9th International Congress of Industrial and Applied Mathematics, July 15-19, 2019, Valencia, Spain. RedOrangeMohan C Joshi
	MaroonProblem Corner RedOrangeUdayan Prajapati
	MaroonCalendar of National / International Mathematics events RedOrangeRamesh Kasilingam
	MaroonTMC activities RedOrangeS. A. Katre

